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Lecture 1 — Tuesday, January 08, 2019

1. Limit Theorems and Weak Convergence

Central Limit Theorem

At the beginning of the nineteenth century, Pierre-Simon Laplace rediscovered Abraham de
Moivre’s version of the central limit theorem. De Moivre had introduced the normal approxima-
tion in the context of games of chance; Laplace remarked, with some understatement, that “this
doctrine is far from encouraging play.”

Let X1, Xo,... be independent random variables satisfying
1 n
P(X,=1)=P(X,=-1)=5 and 8,= z;Xz
1=
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The strong and weak laws of large numbers give S, /n — 0 almost surely and in probability. More
generally, S, /n? — 0 in probability if and only if p > 1/2. The critical scale is therefore \/n. At this
scale the probability histogram converges to the bell-shaped curve shown in Figure 1; remarkably,
this behaviour persists under assumptions far more general than the present symmetric random
walk model.
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FIGURE 1

To identify the limiting curve, consider P(Ss, = 2k); the even time 2n avoids parity distractions.
Suppose that 2k/v/2n — z. Heuristically, the probability of the lattice point corresponding to =
should be approximately the bin width, of order 1/4/n, multiplied by a limiting density evaluated
at z. We now determine that density directly.

We will use Stirling’s formula,
n! ~V2rne "n",

where the notation ~ means that the ratio of the two sides converges to 1 as n — oc.

Lemma 1.1 Suppose that a, — 0, that 1 + a, > 0 for all sufficiently large n, and that
apb, — . Then
(1+ ap)’ — €%

Proof. The standard limit log(1 + a,)/a, — 1 follows from a Taylor expansion or I'Hépital’s

rule. Consequently,

log(1 n
by log(1 + a,) = anby, M — .
Qn

Exponentiating gives the result. O

Let H and T denote the numbers of +1 and —1 increments, respectively, among the first 2n steps.
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The event Sy, = 2k is equivalent to
H-T =2k, H+T =2n, and H=n+k.

It follows that

1
P<52n:2k>=( o )2

n—+k
1 (2n)!
T 220 (n+ k)l(n— k)]
1 V2n (2n)2"
Y 920 am i+ kv — k (n £ k) R(n — k)nk
1 1 1

VAT (kjn)? (L+ k/n) R (L — ke /n)n

The denominator in the final factor can be decomposed as
(1+k/n)"R(1 —k/n)"* = (1 +k/n)kQ —k/n)~*(1 — K2 /n?)™

The assumption 2k/v2n — x is equivalent to k/y/n — x/v/2, and therefore k2/n — 22/2.
Applying Lemma 1.1 to each factor gives

(L4 k)t — e (1—k/n)™F =2 and  (1-k2/n?)" — e /2

Thus the entire denominator converges to e* /2, while /1 — (k/ n)2 — 1. We have thus proved
the following local limit theorem:

Theorem 1.2 If n — oo and 2k/v/2n — z, then

P(Say, = 2k) ~ \/Le—f/?.

™

Definition 1.3 The function

is the standard Gaussian density. In this notation, Theorem 1.2 says that

P(Son = 2K) ~ ()] >

n
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FIGURE 2

The graph of ¢ appears in Figure 2. To pass from the point probabilities in Theorem 1.2 to interval
probabilities, fix a < b. The admissible values of 2k/+/2n are separated by 1/2/n, so the following
sum is a Riemann sum:

S2n /b
Pla< <b) = P(Ss,, = 2k) —> dz.
<“—m—> > BSn=2 — [ v
aVv2n<2k<bv/2n

Thus, we have the following:

Theorem 1.4 (De Moivre—Laplace central limit theorem) For every a < b,

S b
P<a§n§b — | (z)dz asn — oco.
7<) =

Remark 1.5 The preceding calculation treats even values of n. The odd case requires only
a parity adjustment and yields the same limit.

\

Weak Convergence of Distribution Functions

For a real random variable Y, the function x — P(Y < x) records its distribution. For example,

Fao) =F (5% <o)
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is the distribution function of S,,/\/n. If

then Theorem 1.4 implies that F,(xz) — ®(z) for every z. For discontinuous limiting distribution
functions, however, pointwise convergence at every point is too much to require.

Definition 1.6 A sequence of distribution functions (F},) converges weakly to a distri-
bution function F if F,,(x) — F(z) at every continuity point x of F.

For a simple illustration, let
F(z) = Tio<q
be the distribution function of the random variable that is identically zero, and define

Fo(r) = F(x —1/n) = 1{1/n<a}-

These distributions should converge to the point mass at zero. Nevertheless, F;,(0) = 0 for every n,
whereas F'(0) = 1. Thus pointwise convergence fails precisely at the jump of F', and Definition 1.6
excludes that point.

If uy, and p are probability measures on R, with respective distribution functions Fj, and F', then
tn =  means that F, converges weakly to F. Likewise,

X, 4 x

means that the law of X, converges weakly to the law of X; this is called convergence in
distribution.

Distribution of Maxima

Let X1, Xo,... be independent and identically distributed exponential random variables with rate
1, and set
M, = max Xj.
1<k<n

We seek centering constants a, and scaling constants b, > 0 for which (M, — a,)/b, has a
nondegenerate limiting distribution. Independence gives

n

P(M, <y) = [[P(Xe <) = (1—e¥)" (y=0).
k=1
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Consequently,
P <M” — < x) = (1—eete)”,
bn

By Lemma 1.1, a nontrivial limit arises when ne~%»~% converges to a finite, nonzero function of
x. Taking a, = logn and b, = 1 gives

e ®\" -
P(Mn—lognga:):<1— ) — e .
n
The limiting distribution function z +— e~¢ " is the standard Gumbel distribution. Thus the
centred maximum M, — logn converges in distribution to a standard Gumbel random variable.

Exercise 1.7 Show that convergence in probability implies convergence in distribution.

Solution. Suppose that X, Pox , and let x be a continuity point of the distribution function
Fx. For every € > 0,
{Xn <2} C{X <z 4} U{|Xn - X| >},

and
{X <z—-¢} C{X, <z}U{|X, — X|>¢e}.

Consequently,
Fx(z —¢) <liminf Fx, (z) < limsup Fx, (z) < Fx(z +¢).

n—oo n—00

Letting € | 0 and using continuity at x gives Fx, (z) — Fx(x). Hence X,, converges to X in
distribution. 0

Remark 1.8 Convergence in probability requires X,, and X to be defined on a common
probability space. Convergence in distribution depends only on their laws, so the random
variables need not share a probability space.
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Lecture 2 — Thursday, January 10, 2019

Suppose that X,, has density f, and X has density f, so that

P(X, € B) = /Bfn(az) dzx

for every Borel set B C R.

Theorem 2.1 (Scheffé’s theorem) If f,(z) — f(z) for almost every z, then X, 4 X,
In fact,

sup |P(X,, € B) —P(X € B)] — 0.
BeBr

However, the converse is false.

Proof. For every Borel set B,

IP(X, € B) — XeB|_’/ fn(z) — )) dx

< [ Ufula) = sl da.

Write u, = (fn, — f)* and v, = (fn — = (f — fu)T. Since both f,, and f integrate to 1,

/Run(x) da:—/Rvn(x) dx:/R(fn(a:)—f(a:))dsc:O.

/Ifn - |d:c—2/R () dz.

We have v,(z) — 0 almost everywhere and 0 < v,(x) < f(x). The dominated convergence
theorem now shows that the final integral tends to 0, uniformly in the choice of B. Taking

Therefore,

B = (—o0, z]| proves convergence of the distribution functions at every x, and hence convergence
in distribution. O

Example 2.2 Let Xi,...,Xo,41 be independent random variables, each uniformly dis-
tributed on [0, 1], and denote their order statistics by

Xy < < Xng)-
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Determine the limiting distribution of the sample median X, 1).

X n
X )" Kihra)
I
e o ® oo - @ e e o—+» I
0 0.25 0.5 Lo 5) 1
central order statistics

FIGURE 3

The central points are illustrated in Figure 3.

Solution. The density of X, 1) is

2
FXiny (@) = (20 4-1) ( :)aj"(l —z)", 0<z<Ll
Indeed, one observation lies near x, while exactly n of the remaining 2n observations lie to its left
and n lie to its right. Define
1
Yn = (X(n+1) — 2> vV 8n.

The substitution z = 1/2 4+ y/v/8n gives the density

=) () (-) 7
_ ((2:)2;) 23;7”1 (1_12/721>n
L e

Ver

—

Here (2:)2’2” ~ 1/y/mn, and Lemma 1.1 handles the final factor. The Scheffé theorem therefore
yields

Y, % N(0,1).
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Exercise 2.3 Let p, and p be probability mass functions on Z. Prove that if p, (k) — p(k)
for every k € Z, then the corresponding distribution functions converge weakly. This is the
discrete analogue of Theorem 2.1.

Solution. Fix ¢ > 0. Choose M so large that

> plk) <e.

|k|>M
Pointwise convergence on the finite set {—M, ..., M} gives
> Ipa(k) = p(k)] — 0

|k|<M

and

Z pa(k) =1 - Z pn(k) — 1 - Z p(k) <e.

|k[>M k| <M |k|<M

It follows that
> Ipa(k) = p(k)| — 0.

kEZ

For every x € R,

|Fu(z) = F(2)] <Y [pa(k) — p(k)],

kEZ

so the distribution functions converge uniformly, and therefore weakly. O

Example 2.4 Fix A > 0, and let X,, ~ Bin(n, A\/n). Show that X, % X, where X ~
Poisson(\).

Solution. For each fixed nonnegative integer k,

ween- () (1-2)”
= n(n—l)..ﬁlgn—kJrl);\’; <1_ ;\L)n_k

10
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The limiting values form the probability mass function of a Poisson random variable with param-
eter X\. The discrete version of the Scheffé theorem therefore gives the claimed convergence in
distribution. O

Lecture 3 — Tuesday, January 15, 2019

Skorohod Representation in R

Recall from Definition 1.6 that F,, = F means F,(z) — F(z) at every continuity point of F'. The
Scheffé theorem gives one sufficient condition for this convergence. The next result provides a
particularly useful coupling of weakly convergent distributions.

Theorem 3.1 (Skorohod representation theorem on R) Suppose that F,, = F. Then
there exist random variables X,, and X, defined on a common probability space, such that
X, has distribution function F;,, X has distribution function F', and X,, — X almost surely.

We will prove Theorem 3.1 later; for now, we will use it to derive some consequences of weak
convergence. One application concerns convergence of moments. Write

mkm:/ z|* dF,(z)
R

for the kth absolute moment and
M = / z" dF,(x)
R

for the kth moment.

Proposition 3.2 Let k£ > 0 be an integer and let £ > k. Suppose that F;,, = F and that
there is a constant b such that my,, < b for every n. Then

My — M = / 2* dF ().
R

Proof. By Theorem 3.1, we may realize X,, ~ F,, and X ~ F on a common probability space so

11



MAT 1601H GRADUATE PROBABILITY II WINTER 2019

that X,, — X almost surely. Fatou’s lemma gives
E [\Xﬂ < liminfE [|Xn|ﬂ <b.
n—oo
Moreover, for every R > 0,

E [|Xn’k]1{|Xn|>R}} < ﬁlﬁi {\Xn\q < %

Thus (X£) is uniformly integrable. Since X% — X* almost surely, their expectations converge,
and hence my,, — my. O

Definition 3.3 For a distribution function F', define its generalized inverse by

Fl(u)=sup{fy eR: F(y) <u}, 0<u<l.

The geometry of this definition is shown in Figure 4.

F(y)
4
e ——
———90
Up---========------ °
—
5 :
1 ) y
F~Y(u)
FIGURE 4

Lemma 3.4 (Inverse transform sampling) If U ~ Unif[0, 1], then F~}(U) has distri-
bution function F'.

Proof. The definition of the generalized inverse gives

FYU)<y ifandonlyif U< F(y).

12
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Therefore,

For example, if

1—eY, y>0,
F(y) =
0, y <0,

then F~!(u) = —log(1 — u). Hence —log(1 — U), and equivalently —log(U), has an exponential
distribution with rate 1.

Definition 3.5 We call u € (0,1) a plateau value of F' if F((a) = F(b) = u for some a < b.

Lemma 3.6 If F,, = F and u is not a plateau value of F', then

F Y (u) — F~Y(u).

n

Proof. Set ¢ = F~!(u), and fix ¢ > 0. Choose continuity points a,b of F such that
g—e<a<qg<b<qg+e.

Because u is not a plateau value, these points may be chosen so that F(a) < u < F(b). Weak
convergence gives Fy,(a) < u < F,(b) for all sufficiently large n. By the definition of the generalized

inverse,
a < FNu) <b.

Thus |F,; ! (u) — q| < € for all sufficiently large n. O

Proof of Theorem 3.1. Distinct plateau values of F' correspond to disjoint nonempty open
intervals, each of which contains a rational number. Hence F has at most countably many plateau
values. Let U be uniformly distributed on [0, 1], and define

X,=FEYU) and X =FYU).

By Lemma 3.4, these random variables have the required distribution functions. With probability
1, the value of U is not among the countably many plateau values of F'. On that event, Lemma 3.6
gives X,, — X. Thus the convergence is almost sure. O

13
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The phrases weak convergence, convergence in distribution, and convergence in law are
synonymous on R. This probabilistic notion agrees with the following analytic criterion:

Proposition 3.7 F,, = F'if and only if, for every bounded continuous function g : R — R,

/Rg(x)an(x)—>/Rg(x)dF(x).

Proof. Forward implication. By Theorem 3.1, choose X,, ~ F, and X ~ F on a common
probability space such that X,, — X almost surely. Continuity gives g(X,,) — ¢g(X) almost surely,
and boundedness permits an application of the bounded convergence theorem. Therefore,

/ gdF, = Elg(X,)] — E[g(X)] = / gdrF.

Reverse implication. Assume convergence of the integrals for every bounded continuous g. Fix a
continuity point a of F' and € > 0. Define

L, z < a,
Jac(x) =S1—(z—a)/e, a<z<a-+e,
0, T >a+e.

This continuous approximation to the indicator of (—oo, a] is illustrated in Figure 5.

FIGURE 5

Writing g = 1(_,q, We have
Ja < Yae < Gate-

14
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The corresponding integral inequalities are summarized by the following diagram:

/ga+5 dF, = Fy(a+¢) /ga+6 dF = F(a+e¢)
> >
[ oncar, [ gucdr
> >

/ ga dF, = Fy(a) / gu dF = F(a)

By hypothesis, the middle integral in the left column converges to the middle integral in the right
column. Hence
limsup Fj,(a) < /ga,6 dF < F(a+e¢).

n—oo

Letting € | 0 and using continuity at a gives lim sup,, F,(a) < F(a). Applying the same argument
t0 ga—e,c yields

n—00

liminf F,,(a) > /ga_ag dF > F(a —¢).

Again sending ¢ | 0 gives liminf,, F},(a) > F(a). Therefore F,(a) — F'(a), as required. O

Notation 3.8 If S is a topological space equipped with its Borel o-algebra and .,y are
probability measures on S, then u, = u means that

/gdﬂn—>/9du
S S

for every bounded continuous function g : S — R.

Proposition 3.7 allows for a simpler proof of Exercise 1.7:

Lemma 3.9 If X, 2> X, then X,, = X.

Proof. Every subsequence of (X,,) has a further subsequence that converges almost surely to X.
Along such a further subsequence, g(X,,) — ¢g(X) almost surely for every bounded continuous g,

15
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and the bounded convergence theorem gives

Thus every subsequence of the real sequence (E[g(X,,)]) has a further subsequence converging to
E[g(X)]. The entire sequence must therefore have this limit. The conclusion now follows from
Proposition 3.7. 0

Characteristic Functions

Definition 3.10 A measurable function Z : Q@ — C is a complex random variable.
When its real and imaginary parts are integrable, its expectation is defined by

E[Z] = E[Re Z] + iE[Im Z].

Definition 3.11 For a real random variable X, its characteristic function is the function
px : R — C defined by

ox(\) =E [ei’\X] = E[cos(AX)] + iE[sin(AX)].

This expectation always exists because ’ei)‘X } = 1. If F is the distribution function of X,
then equivalently

wr(N) :/Rei)‘xdF(a:).

The Lévy continuity theorem, which we will prove later, states that X, = X if and only if
vx, (A) = ox(A) for every A € R. This is one reason characteristic functions are so effective in
limit theorems.

Proposition 3.12 Let ¢ = ¢x. Then the following properties hold:

1. For every A € R, |p(A)| < 1. Indeed,

eV = [Ele?¥)| < Bl

ei)‘X‘] =1.

2. The function ¢ is continuous. To see this, suppose that A\, — X. Then e*X — ¢AX

16
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almost surely, and the bounded convergence theorem gives ¢(A,;) — ©(\).

3.IX 2 X , so that X is symmetric about 0, then ¢ is real-valued. In fact,

¢(A) = E[e™] = E[e™] = p(N).
The converse is also true, although its proof requires the inversion theory developed
below.

4. For every A € R,

p(N) = E[e™™¥] = (=)
5. If X and Y are independent, then px1y = ¢x@y. Indeed,

px4v(A) = E[e?e™] = B[] = ox (Vv (A).

6. For a,b € R,
Pax1p(A) = E[eN X)) = ey (a)).

Example 3.13 Let X take the values 1 and —1, each with probability 1/2. If X, Xo, ...
are independent copies of X and

compute the characteristic functions of X, Sy, and S,,/\/n.

Solution. Directly from the definition,

X L —iA
ex(A) = e re +2€ = cos \.

Independence and part (5) of Proposition 3.12 give

n n )\
©s, (A) = cos™ A and ©s,/yn(A) = cos <\/ﬁ> .

The expansion cosu = 1 —u?/2 + o(u?) shows that

cos” <\;\ﬁ> e N2,

17
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This is the characteristic function version of the simple random walk central limit theorem. O

Lecture 4 — Thursday, January 17, 2019

Characteristic functions are especially useful for sums of independent random variables: a convo-
lution of distributions becomes an ordinary product of functions by part Proposition 3.12(5).

Exercise 4.1 If X ~ N(0,1), then

IP’(XGA):/l

Use integration by parts to prove that px(\) = e~

Solution. Let f(z) = (27)Y2e~*"/2. Since f'(z) = —af(z), differentiation under the integral
sign and integration by parts give

O (\) = i/Ra:ei/\xf(x) dz
- iAx gl
= —z/ e fi(x) dx
R
=3 ([ei’\xf(x)] - i)\/ e f () d:v)
oo R
= —Adex ().
The boundary term vanishes because f(x) — 0 exponentially fast. Together with ¢x(0) = 1, this

differential equation has the unique solution ¢y () = e=**/2, O

Example 4.2 If X is uniformly distributed on [0, 1], then
i 1
i

e

1
ex(\) = / e dx =
0

18



MAT 1601H GRADUATE PROBABILITY II WINTER 2019

If Y is uniformly distributed on [—1, 1], then YV dox — 1, and hence

—iA (20X -
_i e "MeHr—1)  sinA
— 2)\) — —
(,Dy()\) € goX( )\) % b\

The value at A = 0 is defined by continuity and equals 1. Although Y is bounded, its
characteristic function is not absolutely integrable; the significance of this distinction will
appear in the inversion theorem.

Example 4.3 If X has an exponential distribution with rate 1, then

0o 0 1
A) = A\t —x de = (iA—-1)x de = )
ox(N) /0 e " du /0 e T= T

The boundary term at infinity vanishes because €** has modulus 1, whereas e™* — 0.

Example 4.4 If X has a Poisson distribution with parameter v > 0, then

o0 k
7 vV
ox(A) = g e o

where the X; are independent Bernoulli random variables with parameter p. Then
ox,(A) =pe* +1—p=1+p(e? - 1),

and therefore .
ex(N) = (1+p(e*=1))".

19
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Remark 4.6 If X has density f, then ¢x is the Fourier transform of f:

ex(\) = /Rei’\xf(x) dz.

Formally, we expect the inverse relation

1 o
- AT L0 d.
27T/Re o(A)

Even when the probability measure p has no density, we can still seek a formula for p((a,b))

/()

in terms of its characteristic function. The elementary calculation

b ) e—i)\:v
e—z)m dr = — :
o iA

suggests the appropriate inversion kernel.

b e—iAa _ ,—idb
I\

a

Lecture 5 — Tuesday, January 22, 2019

Theorem 5.1 (Lévy inversion formula) Let p be a probability measure on R with
characteristic function ¢, and let @ < b. Then

T e—iAa _ e—i)\b
fim 5 [ e A = (@) + gal{a)) + gu((BD).

In particular, the characteristic function determines the probability of every interval, and hence
determines the probability measure uniquely.

Proof. Define the sine integral by
Si(z) = / st g
o ¢

The Dirichlet integral famously gives Si(x) — 7/2 as  — o0, and Si is bounded on R. For fixed
T, Fubini’s theorem applies because

p—ida _ g—ib
A

b
/ e_Z)‘ydy‘ <b-—a.
a

20
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Using ¢(A) = [ €% du(z), we obtain

1 [T e—ida _ o—idb
o [ S e = [ Kr(e) duta),
T J_T 1 R
where T _ixza) o)
1 eiMz—a) _ pix(z—
Kr(z) = — .
T(l') 2 /—T A dA
For 0 € R, set
T 6i>\0
Rr(0) = dA.
0= [ 5

The cosine term is odd in A and integrates to zero, while the sine term is even. For 6§ > 0, the
change of variables u = 6\ gives

T o oT _:
Rp(0) = / Sm(f” dr =2 / MY Gy = 28i(07).
-T 0 u

By oddness, the formula for every 8 is
Rr(0) = 2Si(|0|T) sgn(h).

It follows that K¢ is bounded uniformly in both 7" and z. Moreover,

1, x € (a,b),
Kr(z) — ¢1/2, z € {a,b},
0, x ¢ [a,b)].

Indeed, outside [a, b] the two sine integral limits cancel; inside (a,b) they have opposite signs and
add to m; at an endpoint exactly one term contributes 7/2. The bounded convergence theorem
therefore gives

fim [ K@) du(o) = [ Jim Kr()du(o) = pl(a.0) + guah) + (b))

T—oo JRr T—o00

Let us now turn to the precise relationship between characteristic functions and weak convergence:

21
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Theorem 5.2 (Lévy continuity theorem)

L. If pip = p, then @, (t) — @u(t) for every t € R.
2. Suppose that ¢, (t) — ¢(t) for every t € R, where ¢, is the characteristic function

of un and ¢ is continuous at 0. Then there exists a probability measure p such that
© = pu and fin = p.

\ J

Part (1) follows immediately from Proposition 3.7, applied separately to cos(tx) and sin(¢x). The
reverse direction requires a compactness argument.

Theorem 5.3 (Helly’s selection theorem) If (F),) is a sequence of distribution functions,
then there exist a subsequence (Fy,, ) and a right-continuous, nondecreasing function £ : R —
[0, 1] such that

Foy (2) — F(z)

at every continuity point z of F.

The limiting function in Theorem 5.3 need not be a distribution function, because it may fail to
have the correct limits at infinity. For example, the distribution functions

Fn(:v) = ]l{ngyc} and Gn(x) = ]l{fngw}

converge pointwise to the constant functions 0 and 1, respectively.

Remark 5.4 The right-continuous, nondecreasing functions from R to [0, 1] can be viewed
as distribution functions on the extended real line RU{—o00, +00}. The two examples above
place all mass at +00 and —oo, respectively.

Proof of Theorem 5.3. Enumerate the rational numbers as ¢, gs2,.... Since every sequence
in [0,1] has a convergent subsequence, first choose a subsequence along which F,,(q1) converges.
From it choose a further subsequence along which F),(g2) converges, and continue inductively. The
diagonal subsequence, still denoted (F},, ), converges at every rational point. Define G : Q — [0, 1]
by

G(q) = lim Fy, (q).

k—o0
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The function G is nondecreasing: if ¢ < r, then

Glq) = lim Fo(g) < lim Fy, (r) = G(7).

For x € R, set
F(z) =inf{G(q) : ¢ € Q, ¢ > a}.

This function is nondecreasing. It is also right-continuous. Indeed, if z,, | x, then F(x,,) > F(x).
Conversely, given ¢ > 0, choose a rational ¢ > x with G(q) < F(z) + €. For all sufficiently large
m, Tm < q, and hence

F(zpm) <G(q) < F(z) +¢.

Thus F(xm,) — F(z).

It remains to prove convergence at every continuity point z of F'. Fix € > 0. By continuity, choose
rational numbers ¢_ < x < g4 so that

F(z)—e<G(q-) <G(gy) < F(z) +e.

Monotonicity gives
Fnk (Q—) < Fnk(x) < Fnk (Q-i-)'

Passing to lower and upper limits yields

F(z) —e <liminf F,, (z) < limsup F,, (z) < F(x) +«.

k=00 k—o00

Letting € | 0 proves F,, (z) = F(x). O

Lecture 6 — Thursday, January 24, 2019

Definition 6.1 A sequence (u,) of probability measures on R is tight if for every e > 0,
there exists K > 0 such that
pn([—K, K]°) <&

for every n. (If u, has distribution function F),, then we also say that (F,) is tight.)

Equivalently, it is enough that this inequality hold for all sufficiently large n, because the

23



MAT 1601H GRADUATE PROBABILITY II WINTER 2019

finitely many remaining probability measures can be absorbed by increasing K.

Tightness prevents probability mass from escaping to infinity. It identifies exactly when the limit
furnished by Theorem 5.3 is a genuine distribution function.

Lemma 6.2 Suppose that F,(z) — F(z) at every continuity point of a right-continuous,
nondecreasing function F' : R — [0, 1]. Then F is a distribution function if and only if (F,)
is tight.

Proof. Forward implication. Suppose that F' is a distribution function. Fix ¢ > 0, and choose
K > 0 such that —K and K are continuity points of F' and

F(-K)+1-F(K)<e.
For all sufficiently large n, convergence at —K and K gives
F.(-K)+1-F,(K) < 3e.
After increasing K to handle the finitely many remaining indices, the sequence is tight.

Reverse implication. Suppose that (F,) is tight. Fix ¢ > 0, and choose K > 0, with —K and K
continuity points of F', such that

Fo(—K)+1— Fp(K) < ¢

for every n. To justify this choice, let wu, be the probability measure with distribution function
F,,. First use tightness to find Ky > 0 such that

pin([— Ko, Kol) <€

for every n, and then choose a continuity point K > K for which —K is also a continuity point.
Since
Fu(—K) + 1= Fu(K) < pin([—Ko, Kol°),

the required inequality follows. Passing to the limit gives
F(-K)4+1-F(K)<e.

As ¢ ] 0, this forces
lim F(z) =0 and lim F(z)=1.

T——00 T—r+00
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Together with right-continuity and monotonicity, these are precisely the remaining requirements
for F' to be a distribution function. O

Theorem 6.3 (Prokhorov’s theorem on R) Every tight sequence of probability mea-
sures on R has a weakly convergent subsequence.

Proof. Apply Theorem 5.3 and then Lemma 6.2. O

Lemma 6.4 Let p be a probability measure with characteristic function . For every

u > 0, .
u<}jj])si/Zu—mnmx

The integral on the right is real and nonnegative.

Proof.

/_1;(1 — (V) dA= /R/_Z(l — ) dhdp(e)
_ Q/R <u B sinijuw)) ()
B T

If |x| > 2/u, then

sin(uz) < 1 and 1 sin(uz) > 1
ux 2 uT 2
Consequently,
/u(1_ ()\))d)\>2u/ L) = u ([—2 QD
(e Sl LT Ak
which proves the claim. O

Proof of part (2) of Theorem 5.2. By Lemma 6.4,
2 2]° 1 [
P <= 1 —pn(N)dA.
w([-22]) <5 [La- e
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For fixed u, the bounded convergence theorem gives

1 [ 1 [
v aseonan— 3 [Ca-eonan
U J_y UJ—y

Because ¢(0) = 1 and ¢ is continuous at 0, the final average tends to 0 as v | 0. Hence (un)
is tight. By Theorem 6.3, every subsequence has a further subsequence converging weakly to
some probability measure u. Part (1) then shows that the characteristic function of any such
subsequential limit is . The inversion formula makes this limit unique. Therefore the full sequence

converges weakly to p, and ¢ = ¢,,. O

Lecture 7— Tuesday, January 29, 2019

Remark 7.1 The tail bound in Lemma 6.4,

w({ermi=2}) <2 Ma-eonan

shows directly how the tails of y are controlled by the behaviour of ¢ near 0.

Theorem 7.2 If ¢ is integrable on R, then p has the continuous density

) = /R e (1) dt.

:27r

Proof. By the inversion formula and the bound

b
/ e_lytdy‘ <b-a,
a

e—zat _ e—zbt

1t

the dominated convergence theorem gives

a e—iat . e—ibt
NSRRI ET G ay e
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Letting b | a shows that p({a}) =0, so u has no atoms. Therefore, for a < b,

o =g [ ([eoar)ewa= [ (5 [rema)a= [

where Fubini’s theorem is justified by the integrability of ¢. The function f is continuous by the
dominated convergence theorem, so it is the desired density. O

The Taylor series

72

eim _ i (Z:E)J
il
7=0

has a remainder satisfying, for real x,

. ™ (ix)d
ez:c_Z( .')

1
< min ‘:L'|m+ 2™ .
= 7| (m+1)!" m!

Substituting x = AX, taking expectations, and absorbing constants depending only on m into ¢y,
we obtain

o)=Y LB < A [ming|a X ).
i=0

If E[|X|™] < oo, the expectation on the right tends to 0 by the dominated convergence theorem,
since the integrand converges pointwise to 0 and is bounded by | X|™.

s N

Proposition 7.3 If E[|X|"] < oo, then

o) = S P w1 ofam)
=0 7

as A — 0.

In particular, if 4 = E[X] and 02 = Var(X) < oo, then

2 2
o) = 1+iph — 2702 o0,
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Theorem 7.4 (Lindeberg—Lévy central limit theorem) Let X;, Xs,...be independent
and identically distributed, with E[X;] = 0 and E[X?] = 02 < co. Then

Xi++Xn a

NG 5 N(0,0%).
Proof. By Proposition 7.3,
o2\? 9
gOXl()\):l— 5 +O(>\ )

Ify, =(X1+---+ X,)/+/n, then independence gives

02)\2 " 2)\2
=(1- 1 —oX*/2
< o + of /n)) —e

o) =k ()

The limiting function is the characteristic function of N'(0,0?), so Theorem 5.2 proves the claim.

O
Lemma 7.5 If f is twice differentiable at x, then
() = }llli% flx+h) —2];(230) —l—f(ac—h).
Proof. Taylor expansion in the two directions gives
flx£h)= f(z) £ f'(x)h + JL;I,Q(:C)h2 + o(R?).
Adding the two expansions cancels the linear terms and proves the formula. O

Theorem 7.6 If

Jimn sup p(=h) — 2s02(0) +olh) o,
h—0 h

then E[X?] < co. The quotient is always nonpositive, and the hypothesis is slightly weaker
than the existence of ¢”(0). Moreover,

. 2—p(=h)—p(h
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Proof.

—h) —2¢p(0 h 2 —2cos(hX
¢(=h) ;:;()JMO():_E[ h2( )}

Since the integrand is nonnegative, Fatou’s lemma and Lemma 7.5 imply

7mnwp¢040—2ﬂ@)+w00
h—0 h

liminfE | 2= 2000 %)
h—0 h?

> E |liminf 2~ 2costhX) cos(hX)
h—0 h?

= E[X?].
The left-hand side is finite by hypothesis, so the second moment is finite. Now

2 —2cos(hX)
< - 7

2
0< s <X

and the integrand converges almost surely to X?2. The dominated convergence theorem therefore
gives the asserted limit. O

The Polya criterion, proved below, characterizes a useful family of characteristic functions: a
continuous, even function that equals 1 at the origin, is convex and nonnegative on [0, 00), and
tends to 0 at infinity is a characteristic function. The triangular examples in Figures 6 and 7
motivate the proof.

P1(z)

(v1() = (1= Ja)*

FIGURE 6
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Ya()

| > T

FIGURE 7

The functions in Figure 7 have the form 1,(x) = (1—|az|)*. Each is a characteristic function, and
the proof of the Polya criterion represents a general 1 as a mixture of these triangular functions.

Example 7.7 Let Y and Y’ be independent random variables uniformly distributed on
[—1/2,1/2]. Find the density and characteristic function of Y +Y”, and use Fourier inversion
to construct a random variable whose characteristic function is (1 — [¢])™.

Solution. More generally, if Y is uniformly distributed on [a, b], then

1 b GibA _ gia
v\ =5, /a =T

For Y, Y’ ~ Unif[—1/2,1/2], convolution gives the triangular density

ty) = (1 —|yD)™,

shown in Figure 8.
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t(y)

FIGURE 8

By independence,

oiN2 _ g—ir/2\ 2
N = —m
Py +y(A) i

2 —2cos A
A2 '

This function is integrable. The Fourier inversion formula therefore gives

1 2—2cos A _;
— — [ 2P iyA
t(y) QW/R 2 e dA.

At y = 0, this identity becomes

1 2 —2cos A
t(0)=— | ———d)\=1.
(0) 27r/R A2
It follows that L9 9 \
— 2cos
A= ————

is itself a probability density. If @ has density ¢, then its characteristic function is pg(t) = (1—|¢])".
Thus Fourier inversion has exchanged the triangular density and the normalized squared-sinc
density. O
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Lecture 8 — Thursday, January 31, 2019

Theorem 8.1 (Podlya’s criterion) Let ¢ : R — R satisfy the following conditions:

—_

. is continuous and ¢(t) = ¢(—t) for every t;

©(0) = 1;

. ¢ is convex on (0,00);

o

o(t) = 0 as t — oo.

Then ¢ is a characteristic function. More precisely, there exists a probability measure v on

(0, 00) such that .
o(t) = /Ooo <1 - T) dv(s).

Remark 8.2 The calculation above shows that a random variable with density (1 —
cos x)/(mx?) has characteristic function (1 — |¢|)T. Scaling therefore shows that every trian-

gular function appearing in the mixture in Theorem 8.1 is a characteristic function.

Proof. Let ¢/, be the right derivative of ¢ on [0,00). Convexity guarantees that this derivative
exists everywhere, is right-continuous, and is nondecreasing.

¢l (1)
A
r—e e
° O right-continuous
and nondecreasing
—9
—

FIGURE 9
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Define a measure n on (0,00) by
n((a,0]) = ¢ (0) — ¢/ (a),
as suggested by Figure 9. Define v by the size bias
v(A) = / sdn(s).
A
Since ¢(t) — 0 and ¢ is convex, ¢/, (t) — 0. Consequently,

1

(aso0) =—¢pla) = [ S duls)

For t > 0, the fundamental theorem of calculus and Tonelli’s theorem give

cp(t):—/toogoﬁr(s)ds:/too/:oidu(r)ds:/too (1—:>du(r):/ooo <1—:>+dz/(r).

Evenness extends this representation to every t:

olt) = /OOO (1 _ |7f|>+ du(r).

1= ¢(0) = v((0,00)),

so v is a probability measure. If v has finite support, the integral is a convex combination of

At t =0,

triangular characteristic functions and is therefore a characteristic function. For general v, choose
finitely supported probability measures v, = v. For each fixed ¢, the integrand is bounded and
continuous as a function of r > 0, so

/OOO ( _ |:|)+d1/n(r) ).

These approximating functions are characteristic functions, and ¢ is continuous at 0. The Lévy
continuity theorem now proves that ¢ is a characteristic function. O

Remark 8.3 The proof illustrates a general advantage of weak convergence: arbitrary
probability measures can often be approximated by finitely supported measures, for which
calculations are elementary.
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Example 8.4 Let ¢(z) = e 1#I" where 0 < a < 1.

FiGURE 10

The shape is illustrated in Figure 10. The Polya criterion shows that ¢ is a characteristic
function. Let X; and X5 be independent random variables having this characteristic function.
Then

_ «
_ 2l

PX1+Xo ('I') =YX, ($)(PX2 (x) =YX, (21/ax) = Pot/ax, (1‘)

The inversion formula therefore gives
X1+ Xo i 21/aX1.

For comparison, if Y7, Y5 are independent standard Gaussian random variables, then Y; +
Y2 L V2y;.

The central limit theorem identifies the standard Gaussian law as a fixed point of convolution
followed by the normalization x ~ x/v/2. The preceding example exhibits analogous fixed points
with other scaling exponents.

Remark 8.5 The space of finite variance distributions can be visualized as a set in which
repeated normalized convolution drives distributions toward the A/(0, 1) fixed point, as shown
in Figure 11.
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finite variance
! distribuéions

12 .
-,

, normalized -~
convohition

-

FIGURE 11

Y,

Definition 8.6 A random variable Y has a stable law if, for every positive integer k, there
exist constants a; > 0 and b; € R such that, whenever Y7,...,Y; are independent copies of

k
Zi:l Y7' — bk i Yl'
ak

Example 8.7 Gaussian and Cauchy laws are stable. Stable laws are natural candidates for
limits in generalized central limit theorems; among nondegenerate stable laws, the Gaussian

laws are precisely those with finite variance.

Lecture 9 — Tuesday, February 05, 2019

Proofs of the Central Limit Theorem

The characteristic function proof of the central limit theorem has a useful geometric interpretation.
Suppose that X1, Xo, ... are independent and identically distributed, with mean 0 and variance 1,

and write

Sp=X14++ Xa.
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If p(A\) = E[e"*X1], then the central limit theorem is equivalent, by the Lévy continuity theorem,

to
)\ n
SOS”/\/E()‘> = W(f) — e N for every A € R.
n

For intuition, temporarily suppose that ¢ is real and positive near the origin, and set ¥ = log ¢.
Then

A A2
log ¢g, / /m(A) =n¥ N — =

\ 4
>

multiply by n

horizontal magnification
near the origin

7 | !

FIGURE 12

As illustrated in Figure 12, the map A — n¥(\/y/n) magnifies the behavior of ¥ near the origin.
The quadratic function —A?/2 is unchanged by this rescaling because

2<_<A/ﬂ>2>:_v
2 2"

This fixed point property suggests looking for other limiting laws and other normalizations. If
U(A) = —|\|?, then the analogous identity

20 @) —w(\)

holds precisely when v = 1/a.

Definition 9.1 Let o > 0. A probability distribution is called strictly symmetric a-
stable if either, and hence both, of the following equivalent conditions holds:
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1. Its characteristic function ¢ satisfies

A 2
S0<21/a> = p(A) for every A € R.

2. If X7 and X5 are independent random variables with the given distribution, then

X1+ X2 4
W:Xl'

The equivalence follows directly from the product rule for characteristic functions. In particular,
whenever

(Pa(A) — ef\)\|a

is a characteristic function, it defines a strictly symmetric a-stable law. For example, the distri-
bution N(0,2) has characteristic function e~ and is therefore strictly symmetric 2-stable.

Proposition 9.2 If a > 2, then A — e " is not the characteristic function of a nonde-
generate random variable.

Proof. Suppose that X had this characteristic function. By Theorem 7.6,

_ _ _ _ e~ |h®
h—0 h?2 h—0 h? h—0

Thus X = 0 almost surely, whose characteristic function is identically equal to 1. This contradicts
ox () = e " for X #£ 0. O

Proposition 9.3 If 0 < a <1, then A — e M is a characteristic function.

Proof. For A > 0, differentiation gives

d2 «@ «@
@6_)\ = (a2)\20‘_2 —ala— 1))\0‘_2) > 0.

Hence the function is convex on [0,00). It is also even, continuous, equal to 1 at the origin, and

converges to 0 at infinity. Poélya’s criterion, Theorem 8.1, therefore shows that it is a characteristic
function. O
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Definition 9.4 A random variable X has the standard Cauchy distribution if

IP’(XGA):/Ade

for every Borel set A C R.

The standard Cauchy characteristic function is @ x(\) = e I\l Consequently, if X1,..., X, are
independent standard Cauchy random variables, then
X 4+ 4+ X
1+ + Xn i X
n

This stability is consistent with the failure of the usual law of large numbers: a standard Cauchy
random variable does not have a finite first moment. Cauchy distributions also arise geometrically
in optics through Huygens’ principle.

The remaining exponents 1 < «a < 2 can be constructed from a random mixture. Begin with
©(A) = cos A, the characteristic function of a Rademacher random variable satisfying

If (¢n)n>0 is a probability mass function, then

we(A) = Z cn cos(A)"
n=0

is the characteristic function of Xy + --- 4+ X7, where the X; are independent copies of X, the
nonnegative integer-valued random variable T is independent of them, and P(T' = n) = ¢,. More
generally, the following elementary fact will be useful.

Proposition 9.5 Let (¢y)n>0 be characteristic functions and let ¢, > 0 satisfy

o
ch =1.
n=0

Then > > ¢,y is a characteristic function.

Proof. For every n, choose a random variable Y,, with characteristic function ¢,. Let T be
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independent of the collection (Y},)n>0 and satisfy P(T' = n) = ¢,,. Conditioning on 7" gives

o 0
MYT § : CnE MYn E Cn Son
n=0 n=0

Fix 0 < a < 2, set 8 = a/2, and define

co=0 and ¢, =(-1)"" (g), n>1.

Because 0 < 8 < 1, all these coefficients are nonnegative. The generalized binomial expansion

yields
[e.9]
chm” =1-(1-2)°
n=1

Taking z = 1 shows that Y ° /¢, = 1. Proposition 9.5, applied with ¢, () = cos(A)", now shows
that
©e(\) =1 — (1 — cos \)*/?

is a characteristic function.

Since 1 —cos A = A2/2 + O(\?) as A — 0,

Al

A
SOC()\) =1- 20&/2

+o(]Al%).

Consequently, for each fixed A € R,

R S AN
Pe nl/a - 20/2p 0 n eXp 2a/2

The left-hand side is the characteristic function of a normalized sum of independent copies of the

random variable with characteristic function ¢.. The Lévy continuity theorem therefore proves that

the limiting function is a characteristic function. Rescaling its random variable by v/2 produces

the characteristic function e~ A",

Theorem 9.6 The function A — e~ M" is a characteristic function if and only if 0 < o < 2.
For every such a, it is the characteristic function of a strictly symmetric a-stable law.
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Proof. Forward implication. Proposition 9.2 rules out « > 2, while a < 0 does not give a function
continuous at the origin with value 1.

Reverse implication. The mixture construction above proves the assertion for every 0 < a < 2.
The scaling identity in Definition 9.1(1) then gives strict symmetric a-stability. O

Thus normalized sums need not converge only to Gaussian distributions. With a normalization of

1/a

order n'/“, heavy-tailed summands can instead converge to a non-Gaussian stable law.

Lecture 10 — Thursday, February 07, 2019

We next give a third proof of the central limit theorem. Unlike the proofs based on Stirling’s
formula and characteristic function expansions, this argument replaces the summands one at a
time by Gaussian random variables. It also leads naturally to a central limit theorem for non-
identically distributed variables.

Lemma 10.1 Let f: R — C be k times continuously differentiable. If | f*)(z)| < b for
every ¢ € R, then
k—

W) () .
fla+ )= L) <

—_

<

for all z, h € R.

Proof. Taylor’s theorem with integral remainder gives, when h > 0,

@ (z) . h
/ jﬂ(x) h = (k_ll),/o (h—t)F= 1) (2 4 ¢) de.

flx+h)—

Taking absolute values and integrating b(h — t)*~1 gives bh* /k!. When h < 0, the same argument
applies after reversing the limits of integration. O

If both f” and f®) are bounded, Lemma 10.1 gives two useful estimates for the second-order

Ry(w.h) = fa+ ) f(@) — Fah - 102

remainder
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Indeed,
7" ls
Ryl < o ana Ry ) < oot

Thus, with C'y = max{[|/"[|cc/6, [[ /" [loc},

|R¢(x,h)| < Cr(|h]> AR?). (10.1)

Theorem 10.2 Suppose that X1, Xo, ... are independent and identically distributed, with
E[X:]=0, E[X?]=1, and E[|Xi]’] < occ.

Let N have the standard Gaussian distribution. If f: R — C is bounded and three times
continuously differentiable, with || f”||cc < b, then

‘E [f(J(*ﬁ*X)] —E[f(N)]] <om (Euxm ¥ 2\/2) .

Proof. Let Zy,...,Z, be independent standard Gaussian random variables, independent of the
Xj. Define

Zit -+ L+ X -+ X
v '

Replacing the variables one at a time and applying the triangle inequality gives

R Lo ]
Pl 3)- (- )]

The random variable W}, is independent of both X} and Z;. By Lemma 10.1,

Wi =

/" 2
p(wir 25 ) = somy + pow T 4 PO gy

where |Ry x| < b|Xx|?/(6n%?). The analogous expansion with Z; has a remainder bounded by
b|Zk|?/(6n3/?). Since X and Zj have the same first two moments, independence causes the first
three terms in the two expected expansions to cancel. Therefore

() o
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3

E[|Xx[’] + E[|Z¢ )

( Pl i) ,

because (Z1 + -+ + Z,)/+/n has the standard Gaussian distribution. O

Lecture 11 — Tuesday, February 12, 2019

To understand the non-identically distributed case, use the truncated remainder estimate (10.1).
For centered independent variables X1, ..., X, , set

kn

sh =Y E[X2)].

j=1
Replace X,,; by an independent Gaussian variable Z,,; with the same variance. The corresponding

remainder is bounded by a constant multiple of

|Xn]|

83 82 ’

and the same estimate holds with Z,; in place of X,,;. This observation leads to the following
theorem.

Theorem 11.1 (Lindeberg—Feller central limit theorem) For every n, let
Xnt,y ..., Xpk, be independent random variables with mean zero. Suppose that 52 >0
and that, for every € > 0,

2 ZE X211 5esn) | — 0. (11.1)
noj=1

Then
1 &
S—Zan — N(0,1).
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Proof. Let Z,; be independent centered Gaussian random variables, independent of the array,
with
27 _ 2

For a bounded function f with bounded second and third derivatives, the replacement argument
and (10.1) show that the difference between the expectations obtained from the X,,; and the Z,;

is at most
Cy ZE

For any £ > 0, the contribution from the original variables is bounded by

2
|Xm| Xei 1ZuP 2

3 2
Sh Sh

+

2
Sh

1
e D EX]+ 5 LS X215, 500 | = 2+ 0(1).
j=1 "=l

Condition (11.1) also implies
E[X2;]

AN}

max 5
1<j<kn S

Indeed, each variance ratio is at most 2 plus the left-hand side of (11.1). Writing a%j = E[ZTQL]-]/SZL
the Gaussian contribution is at most

kn 13
IIEHZ”JH:2\/> 3 <2\/>maxam—>0
; 53

It follows that the replacement error tends to zero. Choosing f(z) = ¢** shows that the charac-
teristic function of the normalized row sum converges pointwise to the characteristic function of

N(0,1). The conclusion follows from the Lévy continuity theorem. O

For identically distributed summands with finite variance, the truncation needed above follows
directly from the dominated convergence theorem. More explicitly, for every k > 0,

k3

xea Nl cxeg o B
= 5 H|X;[>k} Jn’

J \/ﬁ
and hence

ZE[ |]<E[X211 ]+k—3
Nl 1| Xa[=k} N

First letting n — oo and then & — oo recovers the identically distributed central limit theorem

without assuming a finite third moment.
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The same estimate gives a convenient sufficient condition for a triangular array whose nth row
contains exactly n terms.

Corollary 11.2 For each positive integer n, let X,1,..., X, be independent random
variables with mean zero, and suppose that

> E[X2] =n.
j=1

Define .
_ 1
Enk = n ZE [ng]l{anjbk}} .
j=1
If
supé,r — 0 as k — oo,
n>1
then

Xn1 + -+ Xon
NG

— N(0,1).

Proof. Fix e > 0 and k > 0. Once n is large enough that e\/n > k,

1 < _ _
~> E [ijﬂ{\xnjbs\/ﬁ} S Enk < SUD Ep e
n = m>1

The final expression can be made arbitrarily small by choosing k sufficiently large. Thus the
Lindeberg condition (11.1) holds with s,, = y/n, and Theorem 11.1 gives the conclusion. O

2. Conditional Expectation and Martingales

Conditional Expectation

Conditional expectation formalizes the expected value of a random variable after some information
has been revealed. A sub-o-field represents the available information, so the expression

E X | G

random variable  available information,
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must itself be a random variable whose value depends only on G.

The discrete case makes this interpretation concrete. Let X and Y be independent, with X
uniformly distributed on {1,2,3} and Y uniformly distributed on {1,2}. The information in
(X +Y) reveals the value of the sum but not the individual values of X and Y. Equivalently, it
reveals which cell of the partition in Figure 13 contains the outcome.

4 N
X+Y=2 X+Y =3 X+Y=4 X+Y =5
® () () ® ®
a b @ d € f
Q
\_ J
FIGURE 13

Label the six equally likely outcomes so that a = (1,1), b = (1,2), c = (2,1), d = (2,2), e = (3,1),
and f = (3,2). The conditional expectation of Y is constant on each level set of X + Y. In fact,

Z =E[Y | o(X +Y)]

satisfies
Z(a) =1, Z(b)y=Z(c)=2Z(d)=Z(e) = = and Z(f)=2.

For example, on the event {X +Y = 3} = {b, ¢}, the two possible values of Y are 2 and 1, each
with conditional probability 1/2.

Example 11.3 At the two extremes of available information,
E[Y | {2,Q} =E[Y] and E[Y|2Y =Y.

More generally, conditioning on Y itself gives E[Y | o(Y)] =Y.

For a finite partition, conditional expectation can be constructed by averaging over each cell. The
following definition extends this idea to an arbitrary sub-o-field.

Definition 11.4 Let (2, F,P) be a probability space, let G C F be a sub-o-field, and let
X be integrable. An integrable random variable Z is a conditional expectation of X
given G if the following hold:
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1. Z is G-measurable.

2. For every A € G,
E[X14] = E[Z14].

When it exists, this random variable is denoted by E[X | G].

Condition (1) says that the conditional expectation uses only the information in G. Condition (2)
says that it preserves the average of X on every event that can be distinguished using that infor-

mation.

Proposition 11.5 If Z; and Zs both satisfy Definition 11.4, then Z; = Z5 almost surely.

Proof. The event A = {Z; > Zs} belongs to G. By Definition 11.4(2),
E[(Z1 — Z2)14] = E[X14] — E[X14] = 0.

The integrand is nonnegative and is strictly positive on A, so P(A) = 0. Interchanging Z; and Z
shows that P(Zy > Z;) = 0, proving the claim. O

Proposition 11.6 Let X and Y be integrable, and let a,b € R.

1. If X > 0 almost surely, then E[X | G] > 0 almost surely.

2. Conditional expectation is linear:

ElaX +bY | G] = aE[X | G] + VE[Y | G] almost surely.

3. If X is independent of G, then

E[X | G] = E[X] almost surely.

Proof. For property (1), set Z = E[X | G]. For every positive integer m, the event A,, = {Z <
—1/m} belongs to G, and

0 < E[X1a,]=E[Z1a,] < ——P(A).
m
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Thus P(A,,) = 0. Since {Z < 0} = J,._; A, positivity follows.
For property (2), the random variable
Z =aE[X | G] + bE[Y | G]
is integrable and G-measurable. For every A € G,
E[Z14] = aE[ X1 4] + bE[Y1 4] = E[(aX + bY )1 4].

Hence Z is a version of E[aX + bY | G], and Proposition 11.5 gives the asserted equality.

For property (3), the constant random variable Z = E[X] is G-measurable. Independence gives,
for every A € G,
E[X14] = E[X|P(A) =E[Z14].

The conclusion again follows from Proposition 11.5. O

Lemma 11.7 If Z = E[X | G], then, for every bounded G-measurable random variable Y,

E[Y X] = E[Y Z].

Proof. The proof follows the standard extension from indicators to bounded measurable func-
tions:

1. If Y =14 for some A € G, the identity is exactly Definition 11.4(2).
2. By linearity, the identity holds for every G-measurable simple random variable.

3. If Y is bounded and nonnegative, choose G-measurable simple random variables Y,, T Y.
Since |V, X| < [|[Y]|oo| X| and |YnZ| < ||Y||0o|Z], the dominated convergence theorem extends
the identity to Y.

4. For a general bounded Y, apply the preceding step to Y™ and Y ~, and subtract the two
identities.
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Proposition 11.8 If Y is bounded and G-measurable, then

E[XY | G]=YE[X | G] almost surely. (11.2)

Proof. The right-hand side of (11.2) is integrable and G-measurable. For every A € G,
Lemma 11.7, applied to the bounded G-measurable random variable Y1 4, gives

E[XY14] = E[Y14E[X | G]].

The defining conditions and Proposition 11.5 prove the result. O

Lecture 12— Thursday, February 14, 2019

Existence of Conditional Expectation and the Radon—Nikodym Theorem

It remains to prove that conditional expectations actually exist. The construction is an application
of the Radon—Nikodym theorem.

s ~

Definition 12.1 Let p and v be measures on (2, F). The measure v is absolutely
continuous with respect to p, written v < pu, if, for every A € F,

u(A) =0=rv(A) =0.

Theorem 12.2 (Radon—Nikodym theorem) Let p and v be o-finite measures on (€2, F),
and suppose that ¥ < p. Then there exists an F-measurable function f: Q — [0, co] such
that, for every A € F,

v(A) = /A Fdu.

The function f is unique up to p-null sets and is denoted by dv/ du.

Theorem 12.3 Let X be an integrable random variable on (2, F,P), and let G C F be
a sub-o-field. Then E[X | G] exists. Together with Proposition 11.5, it is unique up to
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almost-sure equality.

Proof. First suppose that X > 0. Define a set function v on (£2,G) by
v(A) =E[X14] = / XdP, Aeg.
A

This is the measure obtained by weighting P by X, rather than merely a restriction of P. If (4;);>1
are pairwise disjoint members of G, the monotone convergence theorem gives

v (A | =E XD 14, | =) E[X14]=) v(4)).
i=1 i=1 =

Moreover, v(2) = E[X] < oo, and v < P|g. By the Radon Nikodym theorem, there is a nonneg-
ative G-measurable function Z such that

v(A) = / ZdP for every A € g.
A
Taking A = 2 shows that Z is integrable, and the displayed identity is exactly Definition 11.4(2).

For a general integrable X, write X = X — X ~. The first part supplies conditional expectations
ZT =E[XT | G] and Z= = E[X~ | G]. Their difference Z = Z* — Z~ is integrable and G-
measurable, and for every A € G,

E[Z14] = E[XT14] —E[X 14] = E[X14].
Thus Z is a conditional expectation of X given G. O
The Radon—Nikodym derivative therefore provides the general existence theorem. When X is

square integrable, conditional expectation also has a geometric description as an orthogonal pro-
jection.

Theorem 12.4 Suppose that X € L?(F). Then E[X | G] is the orthogonal projection of X
onto the closed subspace L?(G). Equivalently, it is the unique Y € L?(G), up to almost-sure

equality, that minimizes
E[(X —Y)?].

Figure 14 depicts this projection in the Hilbert space L?(F).
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X
)

\

ambient space L%(F)

\‘\‘X — ]E[X ‘ g] LQ(g)

FIGURE 14

Proof. The space L?(F), with inner product (U, V) = E[UV], is a Hilbert space, and L?(G) is a
closed subspace. The Hilbert space projection theorem therefore gives a unique decomposition

X=Y+R, YeIL?*G), and RelL*Q™*
For every A € G, the indicator 1 4 belongs to LQ(Q), SO
E[X14] — E[Y14] = E[R14] = 0.

Thus Y satisfies both conditions in Definition 11.4, and Proposition 11.5 shows that Y = E[X | §]
almost surely.

If Ve L?(G), then Y — V € L%(G) is orthogonal to R = X — Y. The Pythagorean identity gives
E[(X - V) =E[(R+Y — V)| =E[R?| + E[(Y — V)?] > E[R?] = E[(X — Y)?].

Equality holds if and only if V' =Y almost surely. O

Lecture 13 — Tuesday, February 19, 2019
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Properties of Conditional Expectation

Theorem 13.1 (Conditional Jensen inequality) Let ¢: R — R be convex. If X and
©(X) are integrable, then

e(E[X | G]) <E[p(X)|G] almost surely.

Proof. Figure 15 illustrates an affine minorant of ¢.

f

[ 0(z) < p(x) for every x ]

\ .
/ V

FIGURE 15

A finite convex function on R is the pointwise supremum of a countable collection of affine mino-
rants £, () = amx + by,. For every m, positivity and linearity from Proposition 11.6 give

Elp(X) | G] = Ellm(X) | G] = tn(E[X | G]) .

Taking the supremum over m yields

Elp(X) | 6] 2 sup £ (E[X | J]) = o(E[X [ F]).

Remark 13.2 The same proof extends to convex functions ¢: R? — R by representing ¢
as a supremum of affine minorants on R?.

Proposition 13.3 (Tower property) Suppose that H C G C F. For every integrable X,
the following hold:
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EE[X | H] |Gl =E[X | H] almost surely.

EE[X | G] | H] =E[X | H] almost surely.

In particular, taking H = {@, Q} gives E[E[X | G]] = E[X].

Proof. For (1), the random variable E[X | H] is H-measurable and hence G-measurable. Condi-
tioning a measurable random variable on G leaves it unchanged.

For (2), set Z =E[X | G|. For every A€ H C G,
E[Z1 4] = E[X14].

Thus E[Z | H] and E[X | H] satisfy the same defining identities. Proposition 11.5 proves their
almost-sure equality. O

Proposition 13.4 Let 1 < p < 0o, and suppose that X € LP. Then
[ELX [ G]ll, < [ X]lp-

For p = 0o, the same conclusion holds with the essential supremum norm.

Proof. For 1 < p < oo, apply Theorem 13.1 to the convex function p(z) = |z|P:
[ELX | G]I" <E[IX[" | g].

Taking expectations and using Proposition 13.3 gives
E[EX | GIIP] < E[IX]].

Taking pth roots proves the claim. If X € L%, then —||X|loc < X < [|X||oo almost surely.
Positivity and linearity preserve these inequalities under conditional expectation, which proves
the L assertion. O
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Martingales

Definition 13.5 A filtration is an increasing sequence of o-fields
FoCFhHCFC---.

A stochastic process (Xp)n>0 is adapted to (Fy,)n>0 if X, is Fp-measurable for every
n. Thus F, represents the information available by time n, and adaptedness rules out
dependence on future information.

Definition 13.6 A process (X,),>0 is a martingale with respect to (Fy)y,>0 if the
following hold:

1. E[|X,|] < oo for every n.
2. (Xn)n>0 is adapted to (Fp)n>0-

3. the “fair game condition”
E[Xp+1 | Fn] = X, almost surely

holds for every n.

Definition 13.7 An integrable adapted process (X,,),>0 is a supermartingale if
E[Xp+1 | Fn] < X, almost surely

for every n. It is a submartingale if the reverse inequality holds.

Remark 13.8 A submartingale has conditionally nonnegative expected increments, while a
supermartingale has conditionally nonpositive expected increments. The terminology refers
to the inequality imposed on conditional expectations, not to the visual direction suggested
by the prefixes.

Proposition 13.9 Let Y7,Ys,... be independent and identically distributed random vec-
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tors, each uniformly distributed on the ball B(0,r) C R? and set

Xo=)Y and Fy=o0Yi,...,Yn)
j=1

If p: RY — R is subharmonic and E[|p(X,)|]] < oo for every n, then (¢(X,))n>0 is a
submartingale.

Proof. The mean value inequality for a subharmonic function says that its value at the center of
a ball is at most its average over that ball. Since Y11 is independent of F,,

1
Ble(Xus) | = oy [ () dy > 0(X,).
" 1B(0,7)] JB(0,)
Adaptedness and integrability complete the verification. O

Proposition 13.10 If (X,,),>0 is a martingale and ¢ is convex, with ¢(X,,) integrable for
every n, then (¢(X,,))n>0 is a submartingale.

Proof. The conditional Jensen inequality gives

Elp(Xn+1) | Fnl = @(E[Xnt1 | Fa]) = ¢(Xn).

Lemma 13.11 If (X,),>0 is a martingale and m > n, then

E[X,, | Fn] = X, almost surely.

Proof. Proceed by induction on m —n. The case m = n follows from F,-measurability. If m > n,
the tower property and the martingale condition give

E[Xm ‘ Fn] = E[E[Xm ’ -’rm—l] | ]:n] = E[Xm—l ‘ fn] = Xn,

where the last equality is the induction hypothesis. O
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Examples of Martingales

1. Random walks. Let Y7,Y5,... be independent and identically distributed integrable ran-
dom variables with mean zero. Define X, =Y; +---+Y,, and F,, = o(Y1,...,Y,). Then

2. Multiplicative models. Let Y7,Y5,... be independent and identically distributed with
E[Y,] = 1. The variable Y;, may be interpreted as the one-period growth factor of an asset.
Let X be integrable and independent of the sequence, and define

Xn=XoY1- Yy and ]:n:O-(XOaYIa-'an)'
Then (X,,)n>0 is a martingale because

E[Xp+1 | Ful = XnE[Yot1 | Fu] = XnE[Yot1] = X

3. A quadratic random walk martingale. Let Y7,Y5,... be independent and identically
distributed with mean zero and variance one. Define S, = Y1 +--- +Y,,, X,, = 52 —n, and
Fn=0Y1,...,Y,). Then

E[Xn—l-l ‘ Fn] = E[(Sn + Yn+1>2 - (n + 1) | ‘7:71]
=52 4+ 28, E[Yy1] + E[Y;2,,] —n — 1
=52 —n=X,.

4. Branching processes. Galton—Watson processes were introduced to model the survival
of family names and now serve as a fundamental model of population growth. Let u be a
probability distribution on {0,1,2,...}, and let &, ;, for n > 0 and j > 1, be independent
random variables with distribution p. The variable &, ; is the number of offspring produced
by the jth individual in generation n.
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generation 0

generation 1 / \
>\ / \ Z, = population in generation n

generation 3 .

generation 2

FIGURE 16

Starting from Zy = 1, define the population recursively by

Figure 16 shows one possible family tree. Let m = E[{y 1] € (0,00), called the Malthusian
parameter, and let
Fn=0(; :0<k<n, j>1).

Then Z, is F,,-measurable, and independence gives
o
E[Zny1 | F] = Z ]l{ZnZJ'}E[En,j | Ful = mZ,.
j=1

Therefore M,, = Z,,/m™ is a nonnegative martingale.

Theorem 13.12 (Nonnegative martingale convergence theorem) If (X,,),>0 is a
nonnegative martingale, then there is a finite random variable X, such that

X, — X almost surely.

The proof rests on the upcrossing inequality, which we will prove later: a path that fails to
converge must cross some fixed interval infinitely many times, whereas a nonnegative martingale
has only finitely many such upcrossings almost surely.

Corollary 13.13 For the Galton—Watson process above, suppose that m = 1 and p # d1.
Then Z,, = 0 eventually almost surely.
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Proof. When m = 1, the population process (Z,)n>0 itself is a nonnegative martingale. By
Theorem 13.12, it converges almost surely to a finite limit. Since every Z, is integer valued, each
convergent path is eventually constant.

Fix k > 1, and let ¢i be the probability that the total number of offspring of & individuals is exactly
k. The assumptions E[§p1] = 1 and p # 1 imply g, < 1. Conditional on Zy = k, independence
between generations shows that the probability of remaining equal to k for all later generations is
bounded by ¢, for every positive integer r, and is therefore zero. Taking a countable union over
N and k > 1 shows that the eventual constant cannot be positive. Hence it must be 0. O

Martingale Transforms and Stopping Times

Suppose that (Xp,)n>0 records the cumulative winnings in a fair game. A betting strategy may
choose the stake for the next round using all information currently available, but it may not depend
on the outcome of that round. This is the predictability condition in the following definition.

r N\

Definition 13.14 Let (X,,, F,,)n>0 be a martingale, and let (H,),>0 be an adapted process.
The martingale transform of X by H is the process H - X defined by

n—1
(H-X)o=0 and (H-X)p=)» Hj(X;1-X;), n>1
=0

Proposition 13.15 If every H,, is bounded, then H - X is a martingale.

Proof. Write M = H - X. Each M, is integrable and F,-measurable. Moreover,

E[Mp+1 | Fo] = E[My, 4+ Hy(Xnt1 — X5) | Fal
= M, + Hp (E[Xpp1 | Fo] — X)) = My

Definition 13.16 A random variable 7" with values in {0,1,2,...} U {oo} is a stopping
time with respect to (Fy,)n>0 if

{T <n}eF, foreveryn>0.
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Equivalently, {T' = n} € F,, for every n > 0.

Example 13.17 First hitting times, such as T = inf{n : X,, > ¢}, are stopping times
because we can determine by time n whether the level has been reached. By contrast, the
time at which a process attains its ultimate maximum is generally not a stopping time:
deciding that the current value is the ultimate maximum requires knowledge of the future.
The same obstruction occurs when one tries to stop one step before an unpredictable event.

Theorem 13.18 (Stopped martingale theorem) If (X,,, F,,)n>0 is a martingale and T
is a stopping time, then the stopped process (X7an)n>0 is a martingale.

Proof. For j >0, set H; = ;7. Since
{T>jt={T<j} eF,

the process H is adapted and bounded. The telescoping identity

n—1
Xran = Xo+ Y Trs (X1 — X5)
§=0
expresses the stopped process as Xg + H - X. Proposition 13.15 proves the claim. O

Corollary 13.19 (Optional stopping theorem) If (X,,F,)n,>0 is a martingale and
T < b almost surely for some finite b, then

E[X7] = E[Xo].

Proof. By Theorem 13.18, the stopped process is a martingale. Since X7, = X7 almost surely,

E[X7] = E[ X7 = E[Xo].
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Lecture 14— Thursday, February 21, 2019

Upcrossings quantify how often a sequence oscillates between two fixed levels. Figure 17 illustrates
the successive entrance and exit times used below.

FIGURE 17

Definition 14.1 Let (x,)n>0 be a real sequence, and fix a < b. With the convention
inf @ = oo, define

sy =inf{n >0:z, <a}, e1 = inf{n > sy : x, > b},

sk = 1inf{n > ex_1 : z, < a}, ep = inf{n > s; 1z, > b}, k>2.
The pair (s, e) is the kth upcrossing of [a,b]. The number of completed upcrossings by

time n is
Un(a,b) = max{k > 0:e; < n},

and the total number of upcrossings is

U(a,b) = lim Uy(a,b).

n—oo

Proposition 14.2 For a real sequence (xy,)n>0, the following statements are equivalent:

1. The sequence has a limit in the extended real line [—o0, 0o].

2. For every pair a < b of real numbers, U(a,b) < oo.
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3. For every pair a < b of rational numbers, U(a,b) < occ.

Proof. If (x,) has an extended-real limit, it eventually remains on one side of at least one endpoint
of every interval [a, b], so every upcrossing count is finite. Thus property (1) implies property (2),
and property (2) immediately implies property (3).

Conversely, if (z,,) has no extended-real limit, then

liminf 2, < limsup z,,.
n—=00 n—o0o

Choose rational numbers a < b strictly between these two quantities. The sequence falls below a
and later rises above b infinitely often, so U(a, b) = oo. This contradicts property (3). O]

Proposition 14.3 (Doob’s upcrossing inequality) Let (X,,F,),>0 be a nonnegative
martingale, and let 0 < a < b. Then

a

E[Un(a,b)] <

for every n > 0.

Consequently,
E[U(a,b)] <

b—a’

Proof. Apply Definition 14.1 pathwise to (X,,). Consider the strategy

Hj = IL{sk§j<ek for some k}s

which holds one unit of the asset after a purchase at or below a and until the subsequent sale at
or above b. The decision H; depends only on Xy, ..., X}, so it is Fj-measurable.
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[ hold one unit: H; =1

wait: H; =0

[ Y R O <l Y el

FIGURE 18

The transform M = H - X is a martingale by Proposition 13.15. Every completed transaction,
illustrated in Figure 18, earns at least b—a. At time n, there may also be one unfinished transaction;
because its purchase price is at most a and X,, > 0, its gain is at least —a. Therefore

M, > (b—a)Uy,(a,b) — a.
Taking expectations and using E[M,,] = E[Mj] = 0 gives
0> (b—a)E[U,(a,b)] — a.

The first assertion follows. Since Uy (a,b) T U(a,b), the monotone convergence theorem gives the
second. O

Proof of Theorem 13.12. For every pair of positive rational numbers a < b, Proposition 14.3
gives E[U(a,b)] < oo, and hence U(a,b) < oo almost surely. Since there are only countably
many such rational pairs, all these upcrossing counts are finite on one event of probability one.
Proposition 14.2 then shows that X,, converges on this event to a limit X, € [0, o0].

Fatou’s lemma gives
E[X] < liminf E[X,,] = E[X{] < oo.

n—oo

Therefore Xoo < 0o almost surely. O

Example 14.4 For the critical Galton—Watson process in Example (4), E[Z,,] = 1 for every
n, but Corollary 13.13 gives Z,, — 0 almost surely. This example shows that almost-sure
convergence need not imply convergence of expectations.
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Proposition 14.5 Let Y7,Y5,... be independent and identically distributed random vari-
ables such that

Y1 > —b almost surely, E[Y1] =0, and Var(Y7) € (0, oo].
For ¢ > 0,set Xo=cand X, =c+ Y1 +---+Y,. Then

P(X,, <0 for some n) = 1.

Proof. Let T'=inf{n > 0: X,, <0}. By Theorem 13.18, (X7an)n>0 is a martingale. The lower
bound on the increments gives

Xpan > —b  almost surely.

Thus (X7an + b)n>0 is a nonnegative martingale and converges almost surely by Theorem 13.12.

On the event {T' = oo}, the original random walk (X,,) therefore converges, which would force
Y, = X,, — X;,—1 — 0. Since Y] is nondegenerate, there is an € > 0 such that P(|Y;]| > ¢) > 0.
Independence and the second Borel-Cantelli lemma imply that |Y,| > & occurs infinitely often
almost surely. Hence P(T = o0) = 0. O

Lecture 15— Thursday, February 28, 2019
The nonnegative martingale convergence theorem admits a useful extension: a supermartingale

(X,,) converges almost surely to a finite limit whenever

supE[X,] < oc.

n>0

The same upcrossing method proves this stronger form after applying the appropriate supermartin-
gale upcrossing inequality.

Martingales can exhibit several distinct types of long-run behavior:

1. A nonnegative martingale converges almost surely to a finite limit by Theorem 13.12.

2. Without a lower bound, a martingale may converge to 400 almost surely; the negative part
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can then carry increasingly rare but increasingly large compensating values so that every

finite-time expectation remains unchanged.

3. A simple symmetric random walk visits every integer infinitely often. In particular,

liminf X,, = —oco almost surely.

limsup X,, = > and
n—oo

n—oo

Theorem 15.1 Let (X, F,,)n>0 be a martingale whose increments satisfy | Xy, 41 —X,| < b

almost surely for every n. Define
C = {X,, converges to a finite limit},

0= {limiann = —oo and limsup X,, = oo} .

n—o0 n—o00

Then P(CUO) = 1.

Proof. Subtracting Xy, we may assume that Xog = 0. For K > 0, let
T =inf{n>0: X, <-K}.

The assumption that the increments are bounded gives X, 1, > —K —b. The stopping construc-
tion and the possible overshoot below —K are shown in Figure 19.

Xn

A

FIiGURE 19

The shifted stopped process (X1, an + K + b)y>0 is a nonnegative martingale, so Theorem 13.12
shows that it converges almost surely. On {Tx = oo}, it differs from X,, by a constant, so X,
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converges there. Taking the union over positive integers K, we find that X,, converges almost
surely on

A_ = {inf X, > —oo}.

n>0
Applying the same argument to (—X,,) shows that X,, converges almost surely on
Ay = {suan < oo}
n>0

Apart from a null set, A_ U Ay C C. Hence, on C¢, both the infimum is —co and the supremum
is 400, which is exactly the event O. Thus C° C O almost surely, and the conclusion follows. [

Corollary 15.2 If (X,,) is a martingale with X,,;1 — X,, > —b almost surely for every n,
then X,, converges to a finite limit almost surely on the event

{inf X, > —oo} .
n>0

Proof. The argument based on lower stopping in the proof of Theorem 15.1 uses only the lower
bound on the increments, so it applies without change. O

Theorem 15.3 (Conditional Borel-Cantelli lemma) Let (F,),>0 be a filtration, and
let A,, € F, for every n > 1. Then, up to a null set,

{A,, occurs infinitely often} = {ZIP’(An | Fo1) = oo} )

n=1

Unlike the second classical Borel-Cantelli lemma, Theorem 15.3 does not assume independence.
When the events are independent and F,, = 0(Aj, ..., A,), the conditional probabilities reduce to
the constants P(A,,), recovering the classical result.
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Lecture 16 — Tuesday, March 05, 2019

Stopping also raises a convergence question. If T' < oo almost surely, then X7, — Xp almost
surely. To pass from
E[X7rn] = E[X0]

to E[Xp| = E[Xp], we need a condition that permits the interchange of limit and expectation.
Uniform integrability provides precisely that condition. More generally, it characterizes when
convergence in probability strengthens to convergence in L!:

M, — M in probability = E[|M,, — M|] — 0.

Definition 16.1 A collection of integrable random variables {X;};cs is uniformly inte-
grable if, for every € > 0, there exists b > 0 such that

E [|X:i[1qx,>0y] <€

for every i € I.

Remark 16.2 Every finite collection of integrable random variables is uniformly integrable.
For an infinite collection, uniform integrability requires a single tail threshold that works for
every member of the collection.

Theorem 16.3 Suppose that X, — X in probability. The following statements are equiv-
alent:

1. The sequence (X,),>1 is uniformly integrable.

2. The sequence converges to X in L':

E[| X, — X|] — 0.

3. All the variables are integrable and

E[|Xn[] — E[IX]].
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Proof. (1) implies (2). The direct tail function

T = |2l Ljz >0

is discontinuous, with the two jumps displayed in Figure 20. It is more convenient to split each

variable into a clipped part and a

continuous tail remainder.

|| L1210

t

[jumps at —b and b

)

9_____

Define

which is continuous. Set n(z) := =z

>~ Q-----

- T
—b
FI1GURE 20
rz+b x<-b,
p(r) :=qx—0b, x>,
0, otherwise,
— ¢(z). Then
b, x < —b,
n(@)=4b, x>0
x,  otherwise,

so n is bounded by b. The resulting clipping function is shown in Figure 21.
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FIGURE 21

The sequence (X,,) is uniformly bounded in L', and convergence in probability therefore implies
that X is integrable: extract an almost surely convergent subsequence and apply Fatou’s lemma.
The same subsequence argument gives

Ellp(X)[] < S%PE [ X0l Lgx, 1501 -
The triangle inequality gives
E[[Xn — X[ < Ef[o(Xn)[] + E[le(X)[] + E[ln(Xn) —n(X)]].
Now ¢(X,) = £(|X,| — b) on {|X,,| > b}, so
lo(Xn)| < [ Xn|lgx, >0} and lp(X)] < [X |1 x50}

Given € > 0, uniform integrability allows us to choose b so that the first two expectations are
each less than /3, uniformly in n. Also, n(X,) — n(X) in probability and |n(X,) — n(X)| < 20b.
Boundedness upgrades convergence in probability to convergence in L', so

E[In(Xn) = n(X)[] = 0.
Hence E[|X,, — X|] — 0.
(2) implies (3). The reverse triangle inequality gives

[E [ X - E[IX]]| <E[| X, — X|] = 0.
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(3) implies (1). We can approximate the tail function by the continuous function

=, |zl =0,

0, |z| <b-—1,
linear, =z € [b—1,0],
linear, z € [—b,—b+1].

Yp(z) =

which is illustrated in Figure 22. Notice that 1 is continuous but unbounded, so convergence in
probability alone does not justify passing its expectation to the limit. A subsequence argument
avoids this difficulty.

()
N ! %

[ continuous interpolation across unit intervals ]

\ 4
8

—b —-b+1 b—1 b

FIGURE 22

Take an arbitrary subsequence of (X,,). Since convergence in probability implies the subsequence
principle, it has a further subsequence, denoted again by (X,,), that converges to X almost surely.
Then |X,| — |X| almost surely, and the hypothesis gives E[|X,|] — E[|X|]. The Scheffé theorem
implies

E[J|Xa] — | X][] — 0.

Moreover,
[ X — X| < {1 Xn| = X[+ 2|X|Lix, x<0}-

The second term converges almost surely to zero and is dominated by 2|X]|, so the dominated
convergence theorem shows that this further subsequence converges to X in L'. Since every
subsequence has such a further subsequence, the entire sequence converges in L.

Finally, every L'-convergent sequence is uniformly integrable. Indeed, the tail of X is small for a

sufficiently large cutoff, E[|X,, — X|] is uniformly small for all sufficiently large n, and the remaining
finite initial collection is uniformly integrable. This proves property (1). O
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Lecture 17— Thursday, March 07, 2019

Lemma 17.1 If {G;}ics is a collection of sub-o-fields and X is integrable, then
{E[X | Giltier

is uniformly integrable.

Proof. Let Y; = E[X | G;]. By the conditional Jensen inequality,
Yl <E[IX]]Gil.
With A; = {E[|X] | G;] > b}, it follows that
E [[Yillqy; >0 < E[X[14,].

Markov’s inequality gives
E[| X
P(4;) < Hb H

Since X is integrable, absolute continuity of the integral gives

supE[|X[14,] — 0 as b — oo,
i€l

which proves uniform integrability. O

Lemma 17.2 If X,, — X in L', then, for every A € F,

E[Xn]lA] — E[X]IA].

Proof.
IE[(X, —X)1A]| <E[|X, — X|14] <E[|X, - X]|] = 0.
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Theorem 17.3 For a martingale (X,,, F,,)n>0, the following statements are equivalent:

1. The collection {X,, : n > 0} is uniformly integrable.
There is an integrable X such that X,, — X almost surely and in L'.

There is an integrable X such that X,, — X in L.

- W N

There is an integrable X such that
X, =E[X | F,] almost surely for every n.

(In general, a martingale given by X,, = E[X | F,] is called a Doob martingale.)

Proof. (1) implies (2). Uniform integrability implies sup,, E[|X,|] < oo, and hence sup,, E[ X, ] <
oo. The supermartingale extension of the convergence theorem therefore gives an almost-sure finite
limit X. Theorem 16.3 then upgrades this convergence to convergence in L.

(2) implies (3) This is immediate.

(3) implies (4). Assume that X,, — X in L'. Fix n and A € F,,. For m > n, the multistep
martingale property gives
E[X14] = E[X,14].

Letting m — oo and applying Lemma 17.2 gives
E[X,14] = E[X14].
Because X, is F,-measurable, this is precisely the defining property of E[X | F,,].

(4) implies (1). This follows from Lemma 17.1 applied to the collection (F;,)n>0. O

The limit of a martingale generated by successive conditional expectations can be identified ex-
plicitly.

Theorem 17.4 (Lévy’s upward theorem) Let (F,),>0 be a filtration, let X be inte-
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grable, and define
Fo=0c|JFn
n>0

Then
E[X | Fn] — E[X | Fuol

almost surely and in L.

Proof. Let M, = E[X | F,]. Lemma 17.1 and Theorem 17.3 show that M,, — Y almost surely
and in L' for some integrable Y. The limit Y is Foo-measurable. If A € |J,, Fy,, then A € F for
some N, and, for n > N,

E[M,14] = E[X14].

Passing to the limit in L' gives E[Y'1 4] = E[X14]. The collection | J,, F;, is a m-system, so Dynkin’s
m-A theorem extends this identity to every A € F. Consequently,

Y =E[X | Foo] almost surely.

O
Corollary 17.5 (Lévy’s zero—one law) If A € Fo, then
E[]lA | ]:n] — ]lA
almost surely and in L!.
Proof. Apply Theorem 17.4 with X =1 4. Since 14 is F-measurable,
E[]IA ’ ./_"oo] =14
O

Recall the Kolmogorov zero—one law from STA2111H. The proof was rather involved back then;
however, with the power of martingales, it is now a simple corollary of the Lévy zero—one law:
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Corollary 17.6 (Kolmogorov’s zero—one law) Let X, X»,... be independent random
variables, and let

T=()o(Xn Xns1,--.)

n=1

be their tail o-field. If A € T, then P(A) € {0,1}.

Proof. Set F, = o(Xi,...,X,). Since A € T, the event A is independent of F,, for every n, and
hence
E[l4 | ] =P(A) almost surely.

On the other hand, A € Foo = 0(X1,X2,...), so Corollary 17.5 shows that the left-hand side
converges almost surely to 1 4. Therefore 14 = P(A) almost surely. An indicator can be almost
surely constant only with value 0 or 1. 0l

Lecture 18 — Tuesday, March 12, 2019

3. Martingale Applications and Inequalities

Applications of Martingales

Recall the first Borel-Cantelli lemma, which states that for any sequence of events (A;)n>1,

(e.¢]
Z]P’(An) < 00 = P(A,, occurs infinitely often) = 0.

n=1

Indeed, if
oo
V=31,
n=1

is the number of events that occur, then

E[N] = i]P’(An) < 00
n=1
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implies N < oo almost surely.

The second Borel-Cantelli lemma supplies the converse under independence:

e.¢]
ZP(A,L) = 0o = P(A4,, occurs infinitely often) = 1.

n=1

Independence is essential for this classical converse. For example, if A, = Aj for every n, then
N =o0on Ay and N =0 on A, regardless of whether ) P(A,) diverges.

The conditional Borel-Cantelli lemma replaces independence by conditional probabilities. Its proof
is a direct application of the dichotomy of Theorem 15.1:

Proof of Theorem 15.3. Set

n

So=Y_1a, Bu=) P(A]|Fi1), and M,=S5,— B
=1 =1

The process (My, Fpn)n>0 is a martingale because

E[M, — My—1 | Fno1) = E[l 4, | Fao1] —P(Ay | Fro1) =0.

n |

Moreover, |M,, — M,_1| < 1. By Theorem 15.1, almost every path either has a finite limit or
oscillates between —oco and +oc0.

If M,, = S,, — B, has a finite limit, the nondecreasing sequences (.S,) and (By) must either both
have finite limits or both diverge to +oco. If M, oscillates, then M,, < S,, implies S,, — oo, while
—M,, < B,, implies B, — co. Thus S, — oo if and only if B;, — oo, almost surely. Since S,, — 0o
precisely when the events A,, occur infinitely often, the theorem follows. O

Our second application is the Pélya urn. Begin with Ry = r red balls and Gy = ¢ green balls,
where r, g are positive integers. Fix a positive integer c¢. At each step, draw one ball uniformly
from the urn, replace it, and add ¢ new balls of the same color. If R,, and G,, are the numbers of
red and green balls after n draws, then

R, +G,=r+g+cn.
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Example 18.1 If r =6, g = 8, and ¢ = 2, a green draw followed by a red draw changes the
composition as follows:

(Ro, Go) = (6,8), (R1,G1) = (6,10), and  (R2,G2) = (8,10).

Proposition 18.2 Both colors are drawn infinitely often almost surely. In particular,

R, — o0 and G, — oo almost surely.

Proof. Let A, be the event that the nth draw is green, and let F,, contain the first n draws.
Since Gp,—1 > g,

e¢] o0 o0
P(A, | F, .
; (An [ Fn-1) Z +g+cn—1 Zr—i—g—l—cn—l) >

n=1 n=1

The conditional Borel-Cantelli lemma shows that green is drawn infinitely often. The same argu-
ment with red in place of green completes the proof. O

Theorem 18.3 The green proportion

G, Gy
R,+G, r+g+cn

Xp =

is a bounded martingale and hence converges almost surely to a random variable L € [0, 1].

L~ Beta(g, f) .
c'c

Moreover,

Proof. Let 115 and ]lf be the indicators that the nth draw is green and red, respectively, and set
Dn = (Rn + Gn)(Rn—l + Gn—l)-

Since G, = Gp_1 + c]lg and R, = R,_1 + c]lff, the original increment calculation becomes

GpRu-1 — Gu1 R, c
X, — Xpoq = 1D Lk 5 (Rp-11§ — G118
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Because Dy, = (r + g+ cn)(r 4+ g + ¢(n — 1)) is deterministic and

Gn—l Rn—l
E[M1E Fnol]l = —m—"F— d E[1f Foll==——""—7—,
(L] 1 R,—1+Gn o (] 1 Ro1+ Gn
we obtain
C anl Rnfl
EX, - X.-1| Fo-1]l=—=~—(Rp-1——~———Gp—-1————— ] =0.
[ Pl =50 < "R 1+ G "R+ Gnl)

Thus (X,,) is a martingale. Since 0 < X,, < 1, Theorem 13.12 gives an almost-sure limit L € [0, 1].

To identify the limit law, set a = g/c and b = r/c, and write

(@m=aqlg+1)---(g+m—1)

for the rising factorial. The probability of observing m green draws followed by ¢ red draws is

g g+tc  gtem-1)
g+rg+r+c  g+r+cim-—1)
r r+c r+c(l—1) ~(a)m(b)e

X e = .
g+r+emg+r+em+1) gH+r+cem+0—1) (a+b)mie
This probability depends only on the numbers of green and red draws, not on their order. Conse-

quently, if K, is the number of green draws among the first n draws, then

P(K, =m) = (;)W 0<m<n. (18.1)

For ¢ = 1 and integer 7, g, this is the factorial expression

n! (g+m—-—1D)(r+n—-—m-1)! (¢g+r—1)!
m!(n —m)!  (g—1)! (r—1)! (g+r+n—1)

which is the beta-binomial probability mass function.

If m/n — z € (0,1), the gamma function ratio asymptotic

T'(t
M ~ 11 a5t — 0o
I't+1)
applied to (18.1) gives
1 _ _
nP(K, =m) — Bla b)xa 11— g)!



MAT 1601H GRADUATE PROBABILITY II WINTER 2019

The corresponding Riemann sums show that K, /n converges in distribution to Beta(a,b). Since

-of2)

the same distributional limit holds for X,,. But X, — L almost surely, so the law of L is
Beta(a,b) = Beta(g/c,r/c). O

g+ cK,
n=—-—"— and
r+g+cn

K
Xn——
n

Remark 18.4 When ¢ = 1, the law Beta(g,r) also has an interpretation through order
statistics. If 7 4+ g — 1 independent random variables are uniformly distributed on [0, 1], then
their rth largest value has the same distribution as L.

Doob’s Inequality

Doob’s maximal inequality is the process-level analogue of Markov’s inequality. For a nonnegative
random variable W and A > 0, Markov’s inequality follows from
1
PW 2 A) = E[Lgw>y] < (EWLgrsan] < SE[W].

Doob’s inequality controls the maximum of an entire submartingale by its terminal value.

Theorem 18.5 (Doob’s L' maximal inequality) If (Z;, Fj)7_, is a nonnegative sub-
martingale and A > 0, then

1 1

Proof. Let
T=inf{0 <k <n:Zy >},

with 7 = oo if the set is empty. For every j < n, the event {7 = j} belongs to F;. The
submartingale property gives

E[Zn1r=jy] = E[E[Zy | Fjllir—jp] 2 E[Z;1 -]

Therefore

AP(maX Zy, > A) :Azn:P(sz)

0<k<n
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n

< D ElZ =) £ 3 ElZul(r—p)]
=0 j=0

Example 18.6 Let S, = &+ -+&,, where the & are independent, centered, and square in-
tegrable. Then (.S,,) is a martingale, and (S2) is a nonnegative submartingale. Theorem 18.5
gives

E[S3] _ ¥, Var(&)
A A

P(max Sz > A) <

k<n

Equivalently, for a > 0,
n
" Vi ;
P<max‘5k| > a) < Zizm Vor(&)
k<n «

This is Kolmogorov’s maximal inequality!

For every # > 0 for which the relevant moment-generating functions are finite, (%) is also
a nonnegative submartingale. Hence

n
P(max Si > c) < e_GC]E[eGS”] = e_GCHE[eefi]‘

k<n .
i=1

If the increments are independent standard Gaussian random variables, the right-hand side

no?
exp (-90 + 2) .

Optimizing at § = ¢/n yields the one-sided Chernoff bound

1S

p(max 5 > ) < el
k<n
Applying the same estimate to (—Sy) and using a union bound gives

P(max|5k| > c) < 2e~¢*/(2n),
k<n

(s
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Theorem 18.7 (Law of the iterated logarithm) Let £,&2,... be independent and
identically distributed with mean zero and variance one, and set S, = & + -+ + &,. Then

lim sup L =2 and lim inf Sn —V2

nooo y/nloglogn n—oo y/nloglogn -

almost surely. In particular, for every € > 0,

Sn,
P( 1 — < V2 =1.
(1211_>s012p vnloglogn V2t 5)

The theorem also implies
lim sup —= = 0o and lim inf —~

S,
n—00 n n—00 \/ﬁ

almost surely, while S,,/n® — 0 almost surely for every o > 1/2.

—00

Lecture 19 — Tuesday, March 19, 2019

The L' maximal inequality has an LP counterpart for every p > 1.

-

Theorem 19.1 (Doob’s L” maximal inequality) Let (X}, F;)7_, be a submartingale,
let p > 1, and define
X, = max X,:'.
0<k<n

Then

Proof. Fix b > 0. The layer-cake formula and Theorem 18.5 give

P b P
E[(X, A D)) = /0 B, > ) dy

b
< p/o PRI Lk, 5] dy

P - -
= 1E (X, (X Ab)P .
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Holder’s inequality now yields
I, A b)) € X BT, A by

If the expectation on the left is zero, the desired bound is immediate. Otherwise, division by its
(p — 1)/p-power gives

p
BT A 07 < (2 ) I

Letting b — oo and applying the monotone convergence theorem proves the result. O

Several important consequences follow.

s N

Proposition 19.2 Let (X, F,)n>0 be a martingale.

1. For every p > 1,
p
E [max |Xk|p] < <p> E[| X, ["].
p_

0<k<n 1

Proof. The process (| X,,|) is a nonnegative submartingale by the conditional Jensen
inequality. Apply Theorem 19.1 to this process. O

2. There is no analogous inequality with a universal constant when p = 1. To see this,
let (Sy,) be a simple symmetric random walk with Sy = 1, and set

T :=inf{n >0:S5, =0} and M, := Syt

Then (M,) is a nonnegative martingale and E[|M,|] = 1 for every n. Set M,, =
maxy<n My. The gambler’s ruin calculation gives, for m > 1,

— 1

m
If Y is nonnegative and integer valued, then
o o
Y=Y lpys;y  and  E[Y] =) P(Y 2)).
j=1 j=1
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Applying this identity to My yields
E[My] = i 1o
oo m=1 m N '

Since M,, T Mt almost surely, the monotone convergence theorem gives
E[M,] — oo,

even though E[|M,|] =1 for every n.

3. If p > 1 and sup,, || X,||, < oo, then there is an X, € LP such that X,, — X, almost
surely and in LP.

Proof. Let B = sup,|X,|p. Since sup, E[|X,|] < B, the martingale convergence
theorem gives an almost-sure finite limit Xo. Set X, = maxy<p | Xx| and Xo =

supy>o | Xx|- By property (1),

E[X7) < (pf 1)po-

The monotone convergence theorem gives

» \?
E[X? ] < <> B? < 0.
p—1

Since |X,, — Xoo|? < 2PX"_, the dominated convergence theorem implies

E[| X, — XsofP] — 0.

Theorem 19.3 (Wald’s first identity) Let Yj,Ys,... be independent and identically
distributed integrable random variables, set X,, = Y] +---+Y,, and let F,, = o(Y1,...,Y),).
If p =E[Y7] and T is an (F,,)-stopping time with E[T] < oo, then

E[X7] = kE[T].

Proof. The process M,, = X,, — un is a martingale. The bounded optional stopping theorem
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applied to T' A n gives
E[X7nn] = pE[T A n].

The monotone convergence theorem gives E[T' A n] — E[T]. In addition,

oo o0

E[|Xr — Xraall € D E[YjILgrep] =E[Vil] Y P(T >j) — 0.
J=n+1 Jj=n+1

Here {T' > j} € Fj_1, so it is independent of Y}, and the tail sum tends to zero because
o)
E[T] =) P(T > j) < cc.
j=1

Thus X7a, — X7 in L', and passing to the limit proves the identity. O

Theorem 19.4 (Wald’s second identity) Under the setup of Theorem 19.3, suppose in
addition that E[Y;] = 0 and 0 = E[Y{?] < co. Then

E[X?] = oE[T].

Proof. The process
M, = X2 —no?

is a martingale. Bounded optional stopping at T' A n gives
E[X%,,] = ¢*E[T A n).

The stopped sums converge in L?. Indeed, orthogonality of the centered independent increments

gives
o o
E[(Xr — Xran)?] = > EYPlgrspl =0 > P(T>j) — 0.
j=n+1 Jj=n+1

Therefore E[X?Z,, ] — E[X?], while the monotone convergence theorem gives E[T A n] — E[T].

Passing to the limit yields
E[X?] = oE[T].
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Lecture 20 — Thursday, March 21, 2019

Martingales and Compounding Errors

Independent centered errors accumulate on the scale \/n, rather than n. Indeed, if X1,..., X, are
independent and Var(X;) < 1, then

VVar(Xy + -+ Xp,) =

Martingale theory extends this phenomenon to nonlinear functions of independent inputs.

Theorem 20.1 Let Xi,...,X,, be independent random variables with Var(X;) < 1. Sup-
pose that f: R™ — R is square integrable under their joint law and is 1-Lipschitz in each
coordinate:

1f(@1, ey Thy ey ) — F(T1, ey @y ey )| < o — 2]

Then
Var(f(Xb e Xn)) <n.

Proof. We first record the one-dimensional estimate. If U’ is an independent copy of U, then
E[(U — U")?] = 2 Var(U).

Consequently, if A is 1-Lipschitz, then

1

Var(h(U)) = SE[(MU) = M(U")*] < SE[U = U")*] = Var(U).

N | =

Set Y = f(Xy,...,X,), define F, = o(Xq,..., Xg), and let
M, =E[Y | F], 0<k<n.

This is the exposure martingale: it reveals one input at a time. Conditional on F;_1, the random
variable M} is a 1-Lipschitz function of X}, because averaging over the unrevealed coordinates
preserves the Lipschitz constant. The conditional version of the one-dimensional estimate therefore

82



MAT 1601H GRADUATE PROBABILITY II WINTER 2019

gives

E[(M}, — My_1)* | Fr_1] = Var(My | Fp_1) < Var(X}) < 1.

The martingale increments are orthogonal, as shown in Lemma 20.2 below. Hence

Var(Y) = E[(M, — My)®] = > E[(My — My_1)*] < n.

k=1
O
Lemma 20.2 If (My)g>o is an L:-martingale, then, for i # j,
E[(M; = M;—1)(M;j — Mj_1)] = 0.
Proof. By symmetry, it suffices to suppose that ¢ < j. Then
E[(M; = Mi—1)(M;j — Mj_1)] = E[(M; — M;_1) E[M; — Mj_y | Fj1]] = 0.
O
Corollary 20.3 Let (Mj);>0 be an L:-martingale. Then
E [(M, — Mp)*] = ZE [(M; — M;_1)%].
i=1
Proof. Expand
M, — My = Z(Mi — M;_1)
i=1
and use orthogonality of the increments. O
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Lecture 21 — Tuesday, March 26, 2019

Theorem 21.1 (Azuma-Hoeffding inequality) Let (X, )}, be a martingale, and
suppose that deterministic constants cy, ..., c, satisfy

| Xk — Xk—1] < ¢, almost surely for every 1 < k < n.

Then, for every t > 0,

t2
PX, —Xo>t) < _— .
(Ko = Xo 2 >eXp< 22}3:1(:%)

Consequently,

t2
Pl X, — Xpo| >1t) <2 ——— .
(=0 < 200 =)

The Gaussian exponent has the correct order in ¢ and in the total squared increment bound.

Proof. Set Y, = X, — Xj_1. Conditional on Fj_1, we have E[Yy | Fr_1] = 0 and |Yy| < .
Convexity of the exponential function implies that, for every y € [—cx, ¢k,

M < Ckp + Y e i ¢k —Y e
2Ck 20k

Taking conditional expectations gives

e)\Ck + e*)\ck

5 = cosh(A¢g) < eNers?,

E[eM* | Frq] <
The final inequality follows term by term from the power series, because (2m)! > 2™m)!.

Iterated conditioning now yields

A2
E[e)\(anXo)] ) |:6>\(X"717X0)E[€>\Y" | -Fn—l] < eAQC%/QE[e)\(Xn—leO)] < exp (2 ci) .
k=1
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Markov’s inequality therefore gives, for every A > 0,
N &
P(X, — Xo >t) <exp| —At + ?Zci .
k=1

The exponent is minimized at A =¢/ ci, which proves the one-sided bound. Applying it to
the martingale (—X}) and adding the two tail probabilities proves the two-sided bound. O

Example 21.2 Place k balls independently and uniformly into n bins. Let Z; be the
location of the jth ball, and let Y = f(Z1,...,Zk) be the number of occupied bins. With
the exposure martingale

X;=EY | Z1,...,7Z],

changing one ball location changes Y by at most one, so |X; — X;_1| < 1. Theorem 21.1
gives
P(|Y —E[Y]| > ¢) < 2 /(20

To compute the center of concentration, let I; indicate that bin j is occupied. Since a fixed
bin remains empty with probability (1 — 1/n)¥,

E[Y] :Zn:E[Ij] —n <1 - <1 - i)k> .

Example 21.3 In the Erdés—Rényi random graph G(n,p), each possible edge between
n vertices is present independently with probability p. A proper coloring assigns colors to
the vertices so that adjacent vertices receive different colors. The chromatic number x(G)
is the smallest number of colors in a proper coloring. A proper three-coloring of a sample
graph is shown in Figure 23.
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@ a Adjacent vertices receive
different colors.
° @ O O Q a proper three-coloring

FIGURE 23

Changing any collection of edges incident to one fixed vertex changes the chromatic number
by at most one. Indeed, after removing that vertex, the two graphs agree; reinserting
it requires at most one additional color. Label the vertices vi,...,v,, and partition the

possible edges into blocks
Ep={{vk,v;} :k<j<n}, 1<k<n-1

Figure 24 illustrates these blocks for five vertices.

E, Es F E,
vT vy vT V1
O O O
v2, V5 v2 —Ov5 ’L'QO :)US vzo VU5
v3 V4 N4 v3 V4 '”:9 Q/4>
|B1| =4 |Ez| =3 |Es| =2 |B4| =1
FIGURE 24

Let Y, = ]l{e is present}; SO X = f((Y;%)e) Define
fk:U(nieeElu--'UEk) and Xk:E[X‘fk]

Since changing one vertex exposure block changes x by at most one, | Xy — X;_1| < 1. The
Azuma-Hoeffding inequality yields

P(lx — E[x]| > t) < 2¢7/C),
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Corollary 21.4 (McDiarmid’s inequality) Let X1,..., X, be independent random vari-
ables, where X} takes values in a set Si. Suppose that f :S; x -+ x S, = R satisfies the
coordinatewise bounded differences condition

‘f(sl') <oy Sk—15Sks Sk+15- -+ 78n) - f(317 <oy Sk—1, 827 Sk41y- -+ Sn)} < Ck (211)
whenever the two inputs differ only in coordinate k. If Y = f(Xy,...,X,), then, for every
t>0,

2
P(Y —E[Y]| > 1) < 2€XP<—222_IC’2€> :

Proof. Let
fk:O‘(Xl,...,Xk) and Mk:E[Y’fk], ngﬁn

This is the exposure martingale associated with Y, and its endpoints are My = E[Y] and M,, =Y.
Fix k € {1,...,n} and condition on X1,..., X;_1. For s € Sk, set

gk(s) = E[f(Xl, ooy X158, Xit 1,y -+, X)) } Xq,... ,Xk,l] .
By (21.1), |gx(s) — gx(s")| < ¢ for all s,s" € S. Moreover,
My = gr(Xy)  and M1 = E[gp(Xg) | Fr-1-
Thus My, conditionally on Fj_1, takes values in an interval of length at most c¢;. In particular,

| My, — Mjy—1| < ¢x almost surely. Applying the Azuma-Hoeffding inequality to M,,— My =Y —E[Y]
gives the claimed two-sided estimate. O

4. Brownian Motion and Continuous Martingales

Brownian Motion

Brownian motion arises as the universal diffusive scaling limit of random walks. Let
Sp=X1 4+ X,

where X1, Xo,... are independent and identically distributed random variables with mean 0 and
variance 1. A typical linearly interpolated random walk path is illustrated in Figure 25.
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[ linear interpolation between integer times ]
A

FIGURE 25

The ordinary central limit theorem describes only the endpoint:

Sn d
— = N(0,1).
Questions involving the whole path require a stronger limit theorem. For example, we may ask

for the limits of

1
—— max S5; or

1 i
il S 4+ — ).
V/n 0<i<n /i 0% ( it \/ﬁ>
The second expression adds a deterministic drift before rescaling. The limiting laws of these path

functionals are universal: apart from the mean and variance normalization, they do not depend
on the distribution of the increments.

To formulate the path-level result, set Sop = 0 and extend S, to a continuous function S : [0, c0) —
R by linear interpolation:

S(t) =Sk + (t —k)(Sg+1 — Sk), k<t<k+1.

Define the diffusively rescaled process

B,(t) = S\(/ng)’ t>0
Let
C=C([0,00),R)

and equip C with the topology of uniform convergence on compact sets. This topology is induced,
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for example, by the metric

w9 =Y 2 (s 70 -9l 1).

0<t<m

A sequence f, converges to f in this topology precisely when it converges uniformly on every
compact time interval. Thus each B,, is a random variable with values in the measurable space

(€, B(C))-

Theorem 21.5 (Donsker’s invariance principle) The random elements B,, converge
in distribution in C to a Brownian motion B:

B, % B.

Convergence in distribution in C means that
Ele(Bn)] — Elp(B)]
for every bounded continuous function ¢ : C — R. For example, the map

fr— Joax f(t)

is continuous, although it is not bounded. Its truncations

et = (g 10) A2V (0, >0,

are bounded and continuous. The continuous mapping theorem therefore turns Theorem 21.5 into
limit theorems for maxima and many other continuous path functionals.

s N

Definition 21.6 (Brownian motion) A stochastic process B = (B(t)):>0 is a standard
Brownian motion if its sample paths are continuous almost surely and it has the following
properties:

1. B(0) = 0 almost surely.

2. If 0 <ty <ty <--- <ty, then the increments

B(t1) = B(to), - -, B(tm) — B(tm-1)
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are independent.

3. If 0 < s < t, then
B(t) — B(s) ~ N(0,t — s).

Theorem 21.7 Standard Brownian motion exists, and its law on C is unique.

\ J

The uniqueness assertion follows because (1)-(3) determine every finite-dimensional distribution,
while the Borel g-algebra on C is generated by coordinate evaluations. Existence requires the
construction of a process with continuous sample paths. Norbert Wiener was the first to give a
rigorous construction, but it was notoriously complicated. Paul Lévy later developed a simpler
approach. That approach, developed below, first defines consistent values at dyadic times and
then proves that the successive piecewise-linear approximations converge uniformly. Figure 26
illustrates the first refinement step.

A
[ B1 = By + F1 ]
C]le B()
—e
> 1
1/2 1
FIGURE 26

Lecture 22— Thursday, March 28, 2019

Lévy’s Construction of Brownian Motion

Lemma 22.1 If X and Y are independent A(0,0?) random variables, then X + Y and
X —Y are independent, and each has distribution N(0, 202).
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Proof. The vector (X + Y, X —Y) is jointly Gaussian. Its two coordinates have variance 202,
and their covariance is

Cov(X +Y,X —Y) = Var(X) — Var(Y) = 0.

Uncorrelated jointly Gaussian random variables are independent, which proves the claim. O

Lemma 22.2 If Z ~ N(0, 1), then, for every z > 0,

1
P(Z >z) < —/2 and  P(|Z] >x) < —2*/2

e
V2rx

1
—e
x

Proof. Since y/z > 1 when y > z,

1 4 1 oo, 1 22
P(Z>x):m/ ey/Qdygmx/ yey/2dy:me /2,

Symmetry gives the two-sided estimate, because 2/v/27m < 1. O

It is enough initially to construct Brownian motion on [0,1]. Independent copies on successive
unit intervals can then be joined at their endpoints to produce the process on [0, 00).

For n > 0, define the dyadic grid

o0

k
Dn:{2n:0§k§2"} and Dy = L_JODn.

Let
Z,  and {Zﬁ:nz1,1gk§2"—1}

be independent standard Gaussian random variables. Set Fy(t) = tZ,. For n > 1, let

¢, = 2~ (nt1)/2
and define F), to be the continuous, piecewise-linear function that vanishes on D,,_1 and satisfies
2k — 1 _
F”(Qn) :CnZ,r];j, 1§k§2n 1.

Equivalently, F;, is linear on every interval between consecutive points of D,,. Figure 27 shows Fj
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and the single triangular correction Fj.

Fo(t) Fi(t)
A
Fo(t) = tZ, Fi(1/2) = aZi
— ¢ - t
1 1/2 1
FIGURE 27
Define .
B.(t) =Y Fj(t), 0<t<1.
§=0

The following consistency statement contains the essential finite-dimensional part of the construc-
tion.

Lemma 22.3 For all nonnegative integers m, n, the approximations satisfy the following:

L. By(t) = B (t) for every t € Dyyinfmn}-

Bn<k> —Bn<k_1>, 1<k<2,
n 2n

are independent N'(0,27") random variables.

2. The increments

Proof. For (1), because Fj vanishes on D;_1, adding the jth correction never changes any previ-
ously assigned dyadic value.

For (2), we prove the result by induction on n. At level 0, the only increment is Z,, which has
distribution N(0,1). Suppose the conclusion holds at level n — 1, and write

- k k-1
X = Bn—1<2n_1> - Bn—1<2n_1> :
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The two level-n increments obtained by bisecting the kth parent interval are
Xop1= %X}J—l +enZp, (22.1)
X = %X;‘_l — e ZF. (22.2)
Both are centered Gaussian random variables, and

1
Var(Xj, 1) = 727" 0 4 =270 27D =97

The same calculation applies to X3, while

1
Cov(Xgy 1, X5) = 727" = =0.

Hence the two child increments are independent by Lemma 22.1. Distinct pairs depend on inde-
pendent parent increments and independent Gaussian corrections, so all 2" increments are inde-
pendent. 0

Lecture 23 — Tuesday, April 02, 2019

It remains to prove that the series of corrections converges uniformly. With || f||oc = supg<;<1 [f(2)],
the shape of the triangular functions gives

Fplloo = zZk|.
|l oo Cnlgllglgaﬁ_ll nl

Set
My, = 2en/n = 2¢/n 2~ TD/2,

The union bound and Lemma 22.2 imply

1 2n71 ) 1 9 n
B(IFnlleo > ma) < 2" 'B(Z) > 2V7) < Gme ™ < 5 <62> .

The final series is summable. The Borel-Cantelli lemma therefore shows that ||F,|c < my
eventually, almost surely. Since

[o.¢] (o @]
Zmn = \62\/7127"/2 < 00,
n=1 n=1
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we obtain
o0
Z | Frlloo < 0o almost surely.
n=0

Consequently, B, = Z?:o F}; converges uniformly to a continuous function

oo
B:ZF]-.

Jj=0

For each t € Dy, the sequence B, (t) eventually stabilizes by (1). It follows from (2) that B
has independent Gaussian increments of the required variances at dyadic times. For arbitrary
0 <ty < - <ty <1, approximate every t; by dyadic times and use continuity. The corre-
sponding increment vectors converge almost surely, so their characteristic functions converge; the
limiting increments remain independent and have distributions N (0,¢; — t;—1). Thus B satisfies
Definition 21.6 on [0, 1], completing the existence part of Theorem 21.7.

Theorem 23.1 There is an almost surely finite random variable C' such that

|B(s +t) — B(s)| < C /tlogG)

whenever 0 <t <1 and s,s+t € [0, 1].

1 [ one reproducible path with 240 Gaussian increments ]

0.
=
= 4=
q 0.5

N M M
\J —\ >
v 0.75 1

FIGURE 28

Figure 28 suggests the irregularity quantified by Theorem 23.1. The order \/tlog(1/t) is sharp for
the uniform modulus of continuity.
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Proof. The Borel-Cantelli argument in the construction can be strengthened to give an almost
surely finite Cy such that, for every n > 1,

1Flloo < Cov/m2™/2.

Because F, is piecewise linear on intervals of length 27", its derivative exists except at finitely
many dyadic points and satisfies
IF7lloe < Cov/n2"/2.

Fix a nonnegative integer ¢. Splitting the series at level ¢ gives

y4 0o
B(s+0) = Bs)| St [1Flloo +2 3 1Falloo < Oy (VI 122 4 I+ T272).
n=0

n=~+1

Choose /£ so that 27471 < ¢t < 27¢. Both terms on the right are then bounded by a constant
multiple of /tlog(2/t). Absorbing the finitely many low-level terms and deterministic constants
into a new random variable C' proves the result. O

Proposition 23.2 The random constant in Theorem 23.1 may be chosen so that there are
deterministic constants cj, co > 0 for which

P(C > x) < cre™ " > 1.

Proof. Let

F
Co — sup IFull

n>1 2Cn\/ﬁ '

For x > 1, a union bound and Lemma 22.2 give

2n—1

2x\/n

9.2 2
62xn§0/16 Cp”

P(Co> ) <3 2 IB(2] > 20y) < 3
n=1

n=1

The constant C' constructed in the proof of Theorem 23.1 is bounded by a deterministic affine
function of 1+ Cy + |Z,|. The standard Gaussian tail bound therefore yields the stated estimate
after the constants are adjusted. O

Theorem 23.3 Almost surely, a Brownian path is not monotone on any nondegenerate
interval.
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Proof. Fix rational numbers a,b > 0 with a < b. If B is nondecreasing on [a,b], then all
n increments over the equal subdivision of this interval are nonnegative. These increments are
independent centered Gaussian random variables, so

P(B is nondecreasing on [a,b]) < 27"

for every n. The probability is therefore zero. The same argument applies to nonincreasing paths.
Every nondegenerate interval contains an interval with rational endpoints, so a countable union
completes the proof. O

Theorem 23.4 Almost surely,

limsup B(t) = +00 and liminf B(t) = —o0.

t—o0 t—o0

Proof. At integer times,
n

B(n) =Y (B(k) - B(k - 1)),

k=1
where the summands are independent standard Gaussian random variables. The law of the iterated
logarithm gives

lims Bn) 1 and lim inf B(n) 1
imsup ————=—— = S S
n%oop v2nloglogn n—oo y/2nloglogn

almost surely. The conclusion at continuous times follows because the integers form a subsequence
of [0, 00). O

Theorem 23.5 For every a > 0, the rescaled process

B(t) = B(at), t>0,

5 -

is a standard Brownian motion.

Proof. The process starts at zero and has continuous paths. Its increments over disjoint time
intervals are independent, and, for 0 < s < ¢,

~ ~ B(at) — B(as)

B(t) — B(s) = NG ~N(0,t—s).
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Thus all conditions in Definition 21.6 hold. O

Theorem 23.6 For every s > 0, the process

B(t)=B(s+1t)— B(s), t>0,

is a standard Brownian motion.

Proof. Continuity and the initial value are immediate. The independent increments property of
B is unchanged by a deterministic time shift, and

B(t)— B(r)=B(s+t)— B(s+71) ~N(0,t—7r)

whenever 0 < r < t. O

Theorem 23.7 Define
R(0)=0 and R(t) =tB(1/t) fort > 0.

Then R is a standard Brownian motion.

Proof. First, B(u)/u — 0 almost surely as u — oo. To see this, apply the Doob L? maximal
inequality on increasingly fine rational grids and then use path continuity. For every € > 0,

4E[B(2"1)?) 8
IP’( sup \B(U)|>€2")S 2920 Z29n°

0<u<2ntl

The series of these probabilities is finite. The Borel-Cantelli lemma, first for rational € > 0,
therefore gives B(u)/u — 0. Hence R(t) — 0 as ¢t | 0, so R has continuous paths.

The process R is centered and Gaussian. For s,t > 0,

E[R(s)R(t)] = st min{i, 1} — min{s, }.

Thus R has the same finite-dimensional distributions as a standard Brownian motion. Together
with continuity, this proves the assertion. O
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Corollary 23.8 Almost surely,
B(t) .. .B(®)

limsup —= = 4+ and liminf —* = —o0
10 t tl0 t

Proof. By Theorem 23.7, R(t) = tB(1/t) is a Brownian motion. Consequently,

t
Ri ) = B(1/t).
The conclusion follows from Theorem 23.4 by letting ¢ | 0. 0

Theorem 23.9 Almost surely, a Brownian path is differentiable at no time ¢ > 0.

Proof. Corollary 23.8 proves nondifferentiability at zero, and Theorem 23.6 gives the same con-
clusion at every fixed deterministic time. To obtain the simultaneous assertion for all times, an
argument on a countable grid is needed.

If a continuous function is differentiable at some ¢ € [0, N], then there is an integer m > 1 such
that )
|B(t + h) — B(t)| < m|h| whenever |h| < —
m

and ¢t +h > 0. Put 6, = 27%, and choose j with jéx <t < (j + 1)6). For all sufficiently large k,
each of the three consecutive grid increments

B((j+r+1)8)—B((j+7r)), r=0,1,2,

then has absolute value at most 6mdy. Each such increment has distribution N(0, dx), and the
three are independent. Since

P(IN(0,6%)| < 6mdx) = P(|Z] < 6m~/01) < Crnn/6%,

a union bound over the at most N/& + 2 possible locations gives probability at most Cp, /0.
This is summable in k. The Borel-Cantelli lemma rules out the displayed three-increment event
for all sufficiently large k. Taking the countable union over m, N proves that no differentiability
point exists. [l
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Proposition 23.10 For all s,t > 0,

E[B(s)B(t)] = Cov(B(s), B(t)) = min{s, t}.

Proof. Suppose s < t. Since B(t) — B(s) is independent of B(s) and has mean zero,
E[B(s)B(t)] = E[B(s)(B(s) + B(t) — B(s))] = E[B(s)*] = s.

Symmetry in s and ¢ proves the formula. O

Definition 23.11 The process
Ut)=e?B(e"), teR,

is called an Ornstein—Uhlenbeck process.

Proposition 23.12 The Ornstein—Uhlenbeck process U is stationary. Equivalently, for
every fixed a € R, the processes (U(a + t))ier and (U(t))ier have the same law.

Proof. The process is centered and Gaussian. By Proposition 23.10, for s <,
Cov(U(s),U(t)) = e~ T/ 2 minfes, '} = e~ (79)/2,

Hence, for arbitrary s, t,
Cov(U(s),U(t)) = e~ It=51/2,

This covariance depends only on the time difference. A centered Gaussian process is determined
by its covariance function, so every time shift has the same finite-dimensional distributions. [

Corollary 23.13 For every s, h € R,

Cov(U(s),U(s+ h)) = e /2,

Proof. This is the covariance formula obtained in the proof of Proposition 23.12. O
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Brownian Bridges

Definition 23.14 If B is a standard Brownian motion, then

R(t) = B(t) —tB(1), 0<t<1,

is called a standard Brownian bridge. Its two endpoints are fixed: R(0) = R(1) = 0.

0.5 3

both endpoints are plnned at zero

0
=

0 0.25 0.5
t

Yy

0.75 1

FIGURE 29

The pinned endpoints of a typical path are shown in Figure 29. The bridge is a centered Gaussian
process and has the following basic properties.

Proposition 23.15 For 0 < s,t < 1, the following hold:

E[R(s)R(t)] = min{s,t} — st.

Var(R(t)) = t(1 —t).

3. The time-reversed process R(t) = R(1 —t) is again a standard Brownian bridge.

Proof. Proposition 23.10 gives

E[R(s)R(t)] = E[(B(s) = sB(1))(B(t) — tB(1))]

= min{s,t} — st — ts + st = min{s, t} — st
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which proves (1). Setting s = ¢ proves (2). For the last assertion, R is a centered Gaussian process
with endpoints zero and

E[R(s)R(t)] = min{1 —s,1 —t} — (1 — s)(1 — t) = min{s, t} — st.

Hence R and R have the same finite-dimensional distributions, proving (3). O

Moreover,
Cov(R(t),B(1)) = Cov(B(t) —tB(1),B(1)) =t —t =0.

Because the pair is jointly Gaussian, the entire bridge process is independent of B(1). This makes
precise the interpretation of R as Brownian motion with its endpoint pinned at zero.

Lecture 24— Thursday, April 04, 2019

Continuous Martingales

Definition 24.1 Let (F;):>0 be a filtration. An adapted stochastic process (My);>o is a
continuous martingale if its sample paths are continuous almost surely, M; € L' for every
t >0, and

]E[Mt ’ F. s] = M;

whenever 0 < s < ¢.

Example 24.2 With respect to the natural Brownian filtration F; = o(B(u) : 0 < u < t),
both
M;=B(t) and N;=B(t)?—t

are continuous martingales. Indeed, if 0 < s < ¢, then B(t) — B(s) is independent of Fj, has
mean zero, and has variance t — s. Consequently,

E[B(t) | Fs| = B(s),
E[B(t)? —t | Fs] = B(s)> + (t —s) —t = B(s)* — s.
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Proposition 24.3 Let
T =inf{t >0: B(t) € {—a,b}}, a,b>0.

Then

Moreover,

E[T?) < 4E[B(T)Y).

Proof. Let T,, = T'An. The stopped process B(T},) remains in [—a, b]. Optional stopping applied
first to B(t) and then to B(t)? — t, followed by bounded and monotone convergence, gives

E(B(T)]=0 and E[T]=E[B(T)?.

If p=P(B(T) = b), the first identity yields bp — a(1 —p) = 0, so p = a/(a + b). The other exit
probability follows, and substitution into the second identity gives
b 5 @

E[T] = a? b =
N

ab.

To control the second moment, observe that
H; = B(t)* — 6tB(t)* + 3t

is a martingale. This follows by expanding B(t) = B(s) + (B(t) — B(s)) and using the first four
moments of a centered Gaussian increment. Optional stopping at T;, gives

3E[T2] = 6E[T,, B(T,)% — E[B(T,)"].

By the Cauchy—Schwarz inequality,

SE[T7] < 6VE[TZE[B(T,)1),

and hence

E[T?] < 4E[B(T},)%].

Letting n — o0, using monotone convergence on the left and bounded convergence on the right,
proves the final assertion. O
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This proposition is the continuous-time analogue of the gambler’s ruin calculation. It is also the
basic ingredient in the following embedding result.

Lemma 24.4 Every integrable, mean-zero probability distribution on R is a mixture of
mean-zero distributions supported on at most two points.

Proof. Let u be the distribution in question and set
m= [ op@ = [ () uu).
(0,00) (—00,0)

If m = 0, then u is concentrated at zero. Suppose m > 0. On pairs u < 0 < v, define the finite

measure
V—1Uu

v(du,dv) = w(du)p(dv).

Its total mass is 1 — p({0}); add an atom of mass p({0}) at (0,0). Given u < 0 < v, let Qq, be
the mean-zero two-point distribution defined by

v —Uu

and Quo({v}) =

v—u v—u

Quo({u}) =

For a Borel set A C (—00,0), its mass under the mixture is

v 1
I/du,dv:/ du/ v u(dv) = u(A).
/AX(O,OO)U_U de) = [ ) [ o) = )

The analogous calculation on (0, 00), together with the atom at zero, shows that the mixture has
distribution p. O

Theorem 24.5 (Skorohod embedding theorem) Let X be an integrable random vari-
able with E[X] = 0. On a probability space carrying a Brownian motion, possibly enlarged
by independent initial randomness, there is a stopping time T" such that the following hold:

1. B(T) has the same distribution as X.
2. If E[X?] < oo, then

3. If E[X%] < oo, then
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Proof. Sample a pair (U,V), independently of B, according to the mixing distribution in
Lemma 24.4; thus either U =V =0 or U < 0 < V. Make this pair measurable at time zero and
define

T=inf{t >0: B(t) € {U,V}}.

On the event U =V =0, take T' = 0. Otherwise, Theorem 23.4 ensures that T' < oo almost surely.
Conditional on U = u < 0 < v =V, Proposition 24.3 gives

v and  P(B(T)=v|U=uV=0)=—

v—u v—u

P(B(T)=u|U=u,V =0v)=

Thus the conditional law is @y, ,, and the mixture identity proves (1).
The same proposition yields
E[T |U,V]=-UV =E[B(T)* | U, V],
so integration proves (2). Its fourth-moment estimate gives
E[T? | U, V] <4E[B(T)* | U, V].

Integrating once more proves (3). O

The strong Markov property permits the embedding to be restarted after each stopping time.
Figure 30 illustrates the successive embedded increments.

FIGUuRE 30

104



MAT 1601H GRADUATE PROBABILITY II

WINTER 2019

Theorem 24.6 (Central limit theorem (via Brownian embedding!)) Let X, Xo,

be independent and identically distributed random variables with mean 0 and variance o <
o0o. Then

Xyt X
A1t An i>]\/’(0,02).
vn

Proof. Iterating Theorem 24.5 with the strong Markov property, define stopping times

ozTé")ng”)g...gTTgn)

such that the spatial increments are independent and satisfy

X.
B(T™) — p(r'™y L 21
( 7 ) ( 171) \/’TL

Brownian scaling shows that the duration increments have the same law as 7;/n, where 7, 7o,
are independent copies of an integrable embedding time for X and E[r;] = 02. Consequently,

On the other hand,

X1+ +X
B(Tmy £ 2L T A
NG

Since B(o?) ~ N(0,0?), the desired convergence follows.

105



MAT 1601H GRADUATE PROBABILITY II WINTER 2019

Appendix: Lecture and Tutorial Index

1. Lecture 1—Tuesday, January 08, 2019
2. Lecture 2— Thursday, January 10, 2019
3. Lecture 3— Tuesday, January 15, 2019
4. Lecture 4 — Thursday, January 17, 2019
5. Lecture 5— Tuesday, January 22, 2019
6. Lecture 6 — Thursday, January 24, 2019
7. Lecture 7— Tuesday, January 29, 2019
8. Lecture 8 — Thursday, January 31, 2019
9. Lecture 9— Tuesday, February 05, 2019
10. Lecture 10— Thursday, February 07, 2019
11. Lecture 11— Tuesday, February 12, 2019
12. Lecture 12— Thursday, February 14, 2019
13. Lecture 13— Tuesday, February 19, 2019
14. Lecture 14— Thursday, February 21, 2019
15. Lecture 15— Thursday, February 28, 2019
16. Lecture 16— Tuesday, March 05, 2019
17. Lecture 17— Thursday, March 07, 2019
18. Lecture 18 — Tuesday, March 12, 2019
19. Lecture 19— Tuesday, March 19, 2019
20. Lecture 20— Thursday, March 21, 2019
21. Lecture 21 — Tuesday, March 26, 2019
22. Lecture 22— Thursday, March 28, 2019
23. Lecture 23— Tuesday, April 02, 2019
24. Lecture 24 — Thursday, April 04, 2019
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