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Lecture 1 — Monday, January 14, 2019

1. Likelihood and Classical Asymptotics

Likelihood Function

Let Yi,...,Y, be observations whose distribution depends on an unknown parameter 6, possibly

through a parametric or semiparametric model. For example, consider the linear model

Vi=x/0+¢e and g ~N(0,02).
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The conditional density of Y; is then

Li(0) = folyi | zi) =

Definition 1.1 The function £;(0) of the unknown parameter is the likelihood contri-
bution of the ith observation. If the observations are independent, their joint likelihood
and log likelihood are, respectively,

L) =][ci6) and  £(0) =logL(6).

When 6 € R? a maximum likelihood estimator is any maximizer

6, € argmax 0(0).
OcRd

\ J

Likelihood methods are particularly convenient when the density has a known parametric form,
as in the linear model. More generally, we may model the response as Y; = f(X;,0,¢;). Important
special cases include Y; = f(X,'0,¢;) and the additive model Y; = f(X,"0)+¢;. Such models may
be parametric or nonparametric; in the latter case, regularity assumptions such as smoothness are
imposed on f.

Two broad statistical regimes will recur. In classical low dimensional asymptotics, d is fixed while
n tends to infinity. Typically, \/ﬁ(é\n — 0) is asymptotically normal, which permits asymptotic
inference and comparison of estimator efficiency through the limiting covariance matrix 3(6) and
its inverse q(6) = X(8)~!. The same ideas can sometimes accommodate a growing dimension,
provided that d remains much smaller than n.

In finite sample analysis, n remains fixed and performance is expressed through probability bounds
rather than limiting distributions. This viewpoint includes high dimensional problems, where d
may be much larger than n and the behaviour of sample eigenvalues is often central, as well
as finite population problems arising in survey sampling. The development below begins with
classical asymptotics and then turns to nonasymptotic bounds.
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Asymptotic Statistics

In point estimation, the objective is to construct a statistic T'= T'(Y') that estimates a parameter
of interest #, or more generally a function g(6). By definition, a statistic depends on the observed
data but not on the unknown parameter.

Definition 1.2 A statistic 7(Y") is an unbiased estimator of () if

for every 6 in the parameter space.

. J

Unbiasedness is a finite sample property rather than an asymptotic one. It is often useful, although
it need not by itself identify a desirable estimator.

Example 1.3 Let Y7,...,Y, be independent and identically distributed as A'(#,c?). Both
Y1 and every linear combination Y ;" ; a;Y; whose coefficients satisfy Y ; a; = 1 are unbi-
ased estimators of 6.

Solution. Linearity of expectation gives

Eg [Zn: aiYi = Zn:alEQ[Y;] = Hzn:al =0.
i=1 i=1 =1

In particular, the sample mean

?:

S~

n
DY
i=1
is unbiased. It improves substantially on Y7 in variance because

2
Varg(Y) = % and Varg(Y7) = o2

This example suggests combining unbiasedness with a criterion that measures the variability of an
estimator.
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Definition 1.4 The mean squared error of an estimator T'(Y") of g(0) is

Eg [(T(Y) = 9(60))*] = Varg(T(Y)) + (Bo[T(Y)] — 9(6))”.

variance squared bias

\ J

Thus mean squared error balances variance against squared bias.

Remark 1.5

1. Among unbiased estimators, minimizing mean squared error is equivalent to minimizing

variance.

2. Without the unbiasedness restriction, an estimator that minimizes mean squared error
need not be unbiased.

Definition 1.6 Let Y7,...,Y,, be independent and identically distributed with density fy.
A statistic T'(Y') is sufficient for 6 if the conditional distribution of Y = (Y1,...,Y,) given
T(Y') does not depend on 6.

Theorem 1.7 (Rao—Blackwell theorem) Let W (Y) be a square-integrable unbiased
estimator of g(#), let T(Y") be sufficient for 6, and define

O(T) = Eg [W(Y) [ T].

Then the following statements hold:

1. The statistic ¢(7") is an unbiased estimator of g(6).

2. For every 6§ € O,
Varg(¢(T')) < Varg(W(Y)).

Proof. For (1), the tower property gives

Eold(T)] = Eg [Eg[W (Y) | T]] = Eg[W (V)] = g(6).
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For (2), the conditional variance formula yields

Varg(W(Y)) = Varg (Eg[W(Y) | T]) + Eg [Varg(W(Y) | T)]
— Varg(6(T)) + Eg [Var(W(¥) | T)

>0

> Varg(o(T)).

Thus conditioning an unbiased estimator on a sufficient statistic never increases its variance. Com-
pleteness identifies when this improvement is the unique best unbiased estimator.

Definition 1.8 A statistic 7(Y") is complete for a family of distributions indexed by 6 if,
for every measurable function h,

Ep[h(T')] = 0 for every § € © = Py(h(T') = 0) =1 for every 6 € O.

Theorem 1.9 (Lehmann—Scheffé theorem) If W (Y) is an unbiased estimator of g(6)
and T is complete and sufficient for 8, then

O(T) = Eg[W(Y) | T]

is the unique uniform minimum variance unbiased estimator of g(#), up to almost sure
equality.

Remark 1.10 By the Rao—Blackwell theorem (Theorem 1.7), sufficiency permits one to
improve any initial unbiased estimator. Completeness then guarantees that every such im-
provement produces the same function of 7" almost surely, so no further variance reduction
within the unbiased class is possible.

Proof. Let W(Y) be any other unbiased estimator of g(6) and set
H(T) = Eg[W(Y) | T).
By Theorem 1.7, both ¢(T) and QZ(T) are unbiased, and

Varg(¢(T')) < Varg(W(Y)).
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Moreover,

Eg[¢(T) — $(T)] = 0
for every 6. Completeness of T therefore implies ¢(7') = a(T) almost surely. Consequently,

Varg(¢(T')) = Varg(¢(T)) < Varg(W(Y)),

which proves both uniform minimum variance and uniqueness. O

Example 1.11 Let Y3,...,Y, i Poisson(A). The statistic

is complete and sufficient for A\. Determine the uniform minimum variance unbiased estimator
of X\ obtained from the initial estimator Y.

Solution. The estimator Y; is unbiased. Conditional on 7" = ¢, the joint Poisson mass function

AP (1€ (B S

Thus V) | T ~ Bin(7,1/n) and

gives

T _
IEA[Y1|T]:g:HZYi:Y.

The Lehmann—Scheffé theorem (Theorem 1.9) shows that Y is the uniform minimum variance

O

unbiased estimator of \.

Example 1.12 Let Y ~ Poisson(A). Find a uniform minimum variance unbiased estimator
of g(\) = e,

Solution. The statistic 7(Y) = (1) is unbiased because

E)\[(—l)y] _ e—)\i (_y)“)y — €_>\€_>\ — 6_2)\.
y=0 7



STA 3000Y ADVANCED THEORY OF STATISTICS (II) WINTER 2019

The statistic Y is complete and sufficient for the Poisson family based on one observation. The
Lehmann-Scheffé theorem (Theorem 1.9) therefore shows that (—1)Y is the uniform minimum

variance unbiased estimator of e~2*; its value is 1 when Y is even and —1 when Y is odd. O

Cramér—Rao Lower Bound

The Lehmann-Scheffé theorem (Theorem 1.9) identifies the smallest variance attainable by an
unbiased estimator when a complete sufficient statistic is available. The Cramér-Rao lower bound
(Theorem 1.18) gives a general lower bound on that variance.

Definition 1.13 For a scalar parameter 0, the score function of a single observation Y
with density fy is

ly(y) = ;0 log fo(y)-

For independent observations Y = (Y7,...,Y},), the score of the full sample is
((Y,0) = ﬁe(a) = ié (Y;)
) T 90 - - o\1i)-

Remark 1.14 When the data are clear from context, we write £(Y,) as £(f). The ad-
ditivity in Definition 1.13 follows from the additivity of the log likelihood for independent
observations.

Proposition 1.15 Suppose that differentiation under the integral sign is valid and that
the support of fy does not depend on 6. Then

Eg[lp(Y)] = 0.

Proof. The assumed regularity conditions permit the derivative and integral to be interchanged.
Therefore

Eollo(Y)] = | —-log fo(y) fo(y) dy

_ [ foly)
fo(y)

fo(y) dy
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0
— 55 [ fw
0

00 0

Proposition 1.16 Under the regularity conditions of Proposition 1.15, and assuming that
differentiation under the integral sign is valid a second time,

Varg(6o(Y)) = Eg[ly(Y)?] = —Eg[ls(Y)].

Proof. By Proposition 1.15, the score has mean zero, so its variance is its second moment. More-

iy = 2 fow)\ _ Joly) ( foly) i
20 \ fo(y) fo(y) foly) ]

Taking expectations and interchanging differentiation and integration gives

. 2
m%wnz/mw@—/(mw>ﬁ@my

over,

fo(y)
2 .
_ ;W/fa(y) dy — Eg[ls(Y)?]
= —Eg[ly(Y)?].

Definition 1.17 The Fisher information in one observation is
11(8) := Varg(£y(Y)).

For n independent and identically distributed observations, independence of the individual
scores and Proposition 1.15 give

I,(0) :== Varg({(Y,0)) = Zn: Varg(lg(Y;)) = nly(6).
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Theorem 1.18 (Cramér—Rao lower bound) Let T(Y) be a square-integrable unbiased
estimator of a differentiable function g(#). Under the regularity conditions above, suppose
also that 0 < I,,(0) < co. Then

Varg(T(Y)) >

Proof. Differentiating the unbiasedness identity and using the same interchange of differentiation
and integration as above yields

) 0 . .
9(0) = 5 EolT'(Y)] = Eo[T'(Y)L(Y, 0)] = Cove(T'(Y), £(Y, 0)),
where the final equality follows from Proposition 1.15. The Cauchy—Schwarz inequality therefore
gives
§(0)2 < Varg(T(Y)) Varg (£(Y, 0)) = Varg(T(Y)) In(0).
Rearranging proves the claim. O

In particular, when g() = 6, Theorem 1.18 reduces to Vary(T(Y)) > I,(6) 1.

Example 1.19 Show that the Cramér—Rao lower bound applies as follows in three standard
models:

1. Y1,....Y, z;\i(/i./\/'(@,JQ), with o2 known.
2. Y1,...,Y, o Poisson ().

3. The observations satisfy Y; = a:ZTB—i—ai, where the errors are independent and identically
distributed as N(0, 02).

Solution. For (1), direct differentiation of the log likelihood gives

0Y,0) = % Z(K —0) and I,(0) = %
i—1

g

The sample mean has variance o2 /n = I,,(#)~!, so it attains the Cramér-Rao lower bound and is
uniform minimum variance unbiased.

10
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For (2),

: Y n

Y, \) = ; (A — 1) and  I,(\) = T
Again, Y attains the bound because Vary(Y) = A\/n = I,,(A\)~!. Its uniform minimum variance
property also follows from Example 1.11.

For (3), maximizing the Gaussian likelihood is equivalent to minimizing the residual sum of squares:

—~ 1 <&
0, € argmax /(Y ,0) = argmin — Y;—sciTOQ.
g (Y. 0) = angmin 3 3 )

Under the stated zero-mean Gaussian error model and the usual full rank condition, this estimator
is unbiased. For a non-Gaussian error distribution, least squares need not coincide with maximum
likelihood; unbiasedness still requires appropriate zero-mean and exogeneity assumptions. This
motivates the study of consistency and asymptotic normality under more general models. O

Definition 1.20 A sequence of estimators {@\n :m > 1} is consistent for 6 if

~

0, — 0.

Under suitable regularity conditions, maximum likelihood estimators satisfy the stronger conclu-
sion

V(0 = 0) ~ N (0, 1(6) 7).

The next subtopic develops analogous conclusions for estimators defined by more general criterion
and estimating functions, not only by negative log likelihoods.

Lecture 2— Monday, January 21, 2019

11
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M- and Z-Estimators

Definition 2.1 Given criterion functions my, define
1 n
My (0) =~ > my(Xi).
i=1

An estimator «/9\,1 is an M-estimator if

~

0,, € argmax M,,(0).
0co

Definition 2.2 Given estimating functions 1y, define
1 n
U (6) = > ha(X).
i=1

An estimator é\n is a Z-estimator if \Iln(gn) =0.

When an M-estimator is an interior maximizer of a differentiable criterion, its first-order condition
frequently makes it a Z-estimator as well.

Definition 2.3 For a sequence of random variables R,,, the notation R, = op(1) means
that R, is little o in probability; that is, for every € > 0,

P(|R,| >¢) — 0.

The notation R, = Op(1) means that R,, is bounded in probability; that is, for every
n > 0, there exist M < oo and ng such that

P(|R,| > M) <n

for every n > nyg.

. J

Approximate M- and Z-estimators are also permitted. For example, an approximate estimator 5n
may satisfy 0,, = 6,, + op(1) for an exact optimizer or zero 6,,.

12
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Example 2.4 Suppose that Xy, ..., X, are independent and identically distributed accord-
ing to Py, with density pg. The maximum likelihood estimator is an M-estimator with

mg(x) = log py().

If the log likelihood is differentiable and the maximizer is interior, it is also a Z-estimator
with
Yo(z) = Vglog pe(z).

Example 2.5 Let Xy,..., X, i Unif]0, #]. Determine the maximum likelihood estimator

of 6.

Solution. The likelihood is
L(O)=6""1 { max X; < 6?} .

1<i<n

On its support, this likelihood is decreasing in 8. Consequently,

o = o X = X

This is an M-estimator, but the criterion is not smooth at the sample maximum, so the estimator

cannot be recovered by differentiating the criterion. O

Example 2.6 Let X1,..., X, be independent and identically distributed random variables.
A general location Z-estimator solves

n

> (X —0)=0.

i=1

The choice ¥ (x) = x produces the sample mean, whereas the choice 1 (z) = sign(x) produces
a sample median, where
-1, =<0,
sign(z) =90, x=0,
1, z > 0.

13
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Proposition 2.7 If §n solves
n

D (X —0) =0,

=1

then é\n + « solves the corresponding estimating equation for the shifted sample X; +
a,..., X, +a.

Proof. Substituting 6 = gn + « into the shifted estimating equation gives

S G((X+a) — (B +a) =S B(X; —8,) =0
=1 i=1

Example 2.8 Suppose that independent observation pairs (X;,Y;) satisfy
Y = fo(Xi) + & and Ele; | Xi] =0.

The conditional mean assumption is an exogeneity condition; its failure is a form of endo-
geneity and may bias regression estimators. Two M-estimators are obtained by minimizing,
respectively, the least squares criterion

n

S - fol(X0))?

i=1

and the least absolute deviations criterion

DY = fo( X))
=1

Example 2.9 Consider the linear model Y; = XZ»T 0 + ¢;. The squared loss is sensitive
to large residuals, whereas the absolute loss grows only linearly. The two loss functions are
compared in Figure 1.

14
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FIGURE 1

The absolute loss is more resistant to large residuals, while the squared loss is smooth
and gives greater local sensitivity near zero. The Huber loss combines these behaviours:

U2 u T
,w)—{ e, e

Tlu| —72/2, |u| > T.

Its quadratic center and linear tails are shown in Figure 2.

pr(u)

linear tail

quadratic centre

FIGURE 2

It is useful to distinguish response outliers, which have large residuals, from leverage points,
which have unusual covariate values. An observation is influential when removing it substantially
changes the fitted model. The Huber loss is robust to response outliers but does not by itself control
leverage points. Indeed, the criterion has the form

=1

15
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whose first-order estimating equation is

n

> (Vi - X[ 0)X; =0,

i=1

where 1, = pl is bounded as a function of the residual. The factor X;, however, remains un-
bounded. A bounded vector-valued weight function w: R4 — R% may reduce the effect of extreme
covariates by replacing the equation with

in(Yi - X 0)w(X;) = 0.
=1

Under suitable regularity conditions, some nonsmooth robust weighting procedures converge at a
cube-root rather than a y/n rate. This behavior illustrates the general tradeoff between robustness
and efficiency; it is not a universal consequence of weighting.

We now turn to consistency in the sense of Definition 1.20. For the M-estimator in Definition 2.1,
define the population criterion

M(0) = E[mgy(X)] and Oy € argmax M (6).
0co
For each fixed 6, the law of large numbers may give M, (0) 5 M (). Pointwise convergence

alone does not generally imply gn LN By, because the maximizer is itself random. Uniform
convergence of the criterion is the key extra ingredient.

s ~

Theorem 2.10 Let M,,: ©® — R be a random criterion and let M : ©® — R be deterministic.

Suppose that

sup | M, (0) — M(0)] = 0
0O

and that M has a well-separated maximum at 6y: for every & > 0,

sup M(6) < M(bo).
0:d(0,00)>¢

It

~

0,, € argmax M,,(0),
0coO

then @\n L 0p.

16
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Remark 2.11

1. The same conclusion holds for an approximate maximizer satisfying

M, (8,) > My (60) — op(1).

2. The random criterion M,, need not be an empirical average of the form in Definition 2.1.

Proof. Since 0,, maximizes M,

~

0 < M(6p) — M(0,) = M(00) — My (00) + My, (60) — My,(6,,) + My (8,) — M(0,,)
< 2sup |M,,(6) — M(6)] = og(1).
IEC)
Fix € > 0 and define the positive separation constant

ne == M(0p) — sup M(6)>0.
0:d(6,00)><

If d(8,,00) > e, then M(6y) — M(8,) > n.. Hence
P(d(é\nv 00) > 5) < ]P)(M(GO) - M(é\n) > 775) — 0.

The proof for the approximate maximizer in (1) is identical after adding its op(1) optimization

error. O

Theorem 2.12 Let U,,: © — R* be random and let U: © — R” be deterministic. Suppose
that
P
sup [[ Wy, () — ¥ (0)[| =0
0cO

and that, for every € > 0,

inf v(f 0=1T(b)].
adE EO)] > 0= [¥(60)]

It U,,(6,) = 0, then 8, — .

17
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Proof. Set M, (0) = —||V,(0)| and M(0) = —||¥(0)||. The reverse triangle inequality gives
sup | M, (6) — M(0)] < sup | ¥,,(6) —¥(6)] = 0.
0cO 0cO

Because §n is a zero of ¥,,, it maximizes M,,. The separation assumption for ¥ is precisely the
well-separated maximum condition for M. The result therefore follows from Theorem 2.10. O

Uniform convergence is substantially stronger than pointwise convergence and can be difficult to
verify directly.

~

Definition 2.13 A class of functions F is a Glivenko—Cantelli class if

sup [P, f — Pf| 50,
fer

where

Pfi= D f(X)  and  Bf =E[f(X)]
i=1

Glivenko—Cantelli theory supplies the uniform laws of large numbers required by Theorems 2.10
and 2.12.

Lemma 2.14 Let © be a compact metric space. Suppose that x — fp(z) is measurable
for every 6 € ©, that 6 — fy(z) is continuous for every x, and that

[fo(x)] < F(z)

for every 6 € ©, where PF < co. Then {fy: § € ©} is a Glivenko—Cantelli class.

Proof. Fixn > 0. For 8 € © and § > 0, define

gos(z) == sup |fy(z)— fo()].
d(9,0)<6

Pointwise continuity gives gy s(z) 4 0 as 6 | 0, while gy s < 2F. Dominated convergence therefore
permits a radius dp > 0 such that Pgy 5, < 7. Compactness supplies finitely many centres 61, ..., 0y
whose corresponding neighborhoods cover ©.

18
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For any 9 in the neighborhood of 0;,

Prfo —Pfo| < |Pnfo, —Pfo,| + Pngo; .69, +P30;.50, -

Taking the supremum over ¥ and then the maximum over the finitely many centres shows that the
limiting superior is at most 27 in probability, by the ordinary law of large numbers. Since n > 0
was arbitrary, the class is Glivenko—Cantelli. O

Example 2.15 Let X,..., X, follow a Cauchy location model with density

1
P = AT @ op)

where 6 belongs to a compact parameter set. The maximum likelihood estimator maximizes
1 n
Ma(0) == D log(1+ (Xi = 6)%).
1=

The compactness criterion in Lemma 2.14 gives the uniform convergence needed for consis-
tency once the population criterion has a unique maximum.

Lemma 2.16 Let © = R. Suppose that ¥, (6) LN U(f) for every 6, that each map
0 — ¥, (0) is nondecreasing, and that ¥,,(0,,) = 0. If, for every € > 0,

V(g —e) <0< ¥l +e),

then §n E 0p.

Proof. Fix € > (0. On the event
Ay ={U,(00—¢) <0<V, (6 +2)},
monotonicity and \Iln(gn) = 0 imply
90—6<§n<90+5.
Pointwise convergence at the two fixed endpoints gives P(A,,) — 1. Therefore

P(|6, — 00| > ) < P(AS) — 0.

19
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Example 2.17 Let

1 n
U (6) = > sign(f — X;).
i=1

If g is the unique population median and the distribution has a positive density in a neigh-
borhood of g, then any exact zero #,, of ¥,, is consistent for 6.

Solution. For every fixed 0, the law of large numbers gives
U, (0) 5 W(0) = P(X < 6) —P(X > 0).
The empirical functions are nondecreasing. Positivity of the density near the unique median

implies
Ul —e) <0< V(O +e)

for every € > 0. The conclusion follows from Lemma 2.16. O

Lecture 3 — Monday, January 28, 2019

Asymptotic Normality

Notation 3.1 For a measurable function f and a random variable X, write

Pf = E[f(X)], ]P’nf::%Zf(Xi), and  Gnf = vn(Pnf — Pf).
=1

Theorem 3.2 Let §y € R, define ¥,,(0) = P, ¥y, and suppose that the following conditions
hold:

1. There is a neighborhood B of 6y such that § — Wy(z) is twice continuously differen-

20



STA 3000Y ADVANCED THEORY OF STATISTICS (II) WINTER 2019

tiable on B for every x, and
[Wo(x)] < W(x)

for every 0 € B, where PU < ooc.

2. We have
Ply, =0, PU; <oco, and A:=P¥q #0.

Here P|Wy,| < oo and A is finite.

3. The estimator @\n is a zero of ¥,, and (/9\,Z L 0.

Then

. Py2
V(6 — 60) ~ N (0, A§°> .

\ J

The uniform second derivative envelope in (1) is the strongest of these assumptions. Its role is to
control the Taylor remainder even though the intermediate point in the expansion is random.

Proof. Taylor’s theorem gives a random point §n between é\n and 6y such that
- . ) 1 ~ .
0=, (0,) = ¥n(0o) + (On — 00) V0 (o) + Q(en - 90)2‘1%(971)-

Thus 0
\/ﬁ(é\n . 00) _ \/ﬁllln( 0)

U, (6o) + %(é\n - 90)\]:1”(5”)

By the central limit theorem and the law of large numbers,
VW, (0p) ~ N(0,PU3)  and  W,(6y) = A.
It remains to control the second derivative at the random intermediate point. Let E,, = {@L € B}.
Consistency implies P(E,,) — 1. On E,,, the envelope assumption gives
10, (6,)] < Pol 5 PP < oo
More explicitly, for K > 0,

P(|9,(0,)] > K) < PP,V > K) + P(ES),

21
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so U, (0,) = Op(1). Consequently,

(B — 00) W (6) = 0p(1)Op(1) = 0p(1).

Slutsky’s theorem now gives the asserted limiting distribution. O

Theorem 3.3 Suppose that P¥y, =0, P\Pgo < 00, and the following conditions hold:

1. The map 0 — PWy is differentiable at 0y, with nonzero derivative A.

2. For every deterministic sequence d,, | 0,

sup |Gn(\119 — ‘1190)| = O[P(l).
[60—60|<dn

If gn LN 0p and P, U5 = 0, then

. P2
Vi, —0p) ~ N <0, A§°> .

Proof. The estimating equation can be written as
0= \/ﬁIP’\IJ(gn + Gn ¥y, .
Consistency and (2) imply
Gn\ljé\n = Gn\I/QO + Op(l) = Op(l).
Differentiability in (1), together with A # 0, gives a local constant ¢ > 0 such that
|P\I/9‘ > C|0 — 90|

~

for 0 sufficiently close to §p. The estimating equation thus first yields /n(6, — 6p) = Op(1).
Expanding the population map now gives

0= AVn(B, — o) + G Wy, + op(1),

and hence
VO, —00) = —A7'G, Vg, + op(1).

The central limit theorem and Slutsky’s theorem complete the proof. O
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Remark 3.4

1. The empirical process condition (2) is commonly obtained by showing that the local
class is Donsker and asymptotically equicontinuous.

2. A useful sufficient condition is a local Lipschitz bound

W, (y) — W, (y)| < T(y)|61 — b

with an appropriately square-integrable envelope W.

3. In the vector-valued case, let

A=P¥y  and B=DP(¥g¥,).

Then the limiting covariance matrix is A”"TB(A™HT.

Theorem 3.5 Suppose that the following conditions hold:

1. The population criterion has the expansion
1
Pmo —Pme, = (6 — 00)' Vo, (0 — 60) + o(|6 — 6|13,

where Vg, is nonsingular and negative definite.

2. There is a square-integrable vector function 71, such that, for every M < oo,

sup ’\/ﬁGn(meo—i-h/\/ﬁ — mgo) — hTGnmeo = op(1).
Rllo<M

If 6, is a consistent approximate maximizer whose local optimization error is op(n~!), and

if

Vn(0, — 0y) = Op(1),

then

~

(8, — 00) ~ N (0, Vgolp(mgomgo)V;ol) :
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Proof. For bounded h, (1) and (2) give the local criterion expansion
n@%m%+W¢E—PMn%):lﬂfhﬁmo+éhTV%h+%wO%
uniformly on compact sets. The strictly concave quadratic on the right is maximized at
h), = —Vg!G,rg,.
The local argmax theorem therefore gives
V(8 — 00) = —VglGpring, + op(1).

The multivariate central limit theorem gives the stated covariance matrix. O

Definition 3.6 A family of densities {pg : 6 € O} is identifiable if

Do, = Do, almost everywhere = 6; = 5.

Lemma 3.7 Let {pg : 6 € ©} be identifiable, suppose that the true density is py,, and

define
M (0) = Py, log <po> .
Do,

The expectation may take the value —oo; on {pg, > 0, pg = 0} the logarithm is interpreted as
—00, and its value on {pg, = 0} is immaterial. Then M has the unique maximum M (6p) = 0
at 00.

Proof. We have M(6p) = 0. The inequality logz < 2(y/z — 1) for x > 0 yields
M(9) = /p90 (z)log (pg(x) ) dz
o, (2)
<2 /pgo (2) Po() —1|dx
Do, (Q:

:_/<WM@—¢%@0%x

<0.

~—

Equality holds only when py = pp, almost everywhere, which identifiability makes equivalent to
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0 = 0. O

Theorem 3.8 Let X,..., X, be independent and identically distributed according to py,,
let the model be identifiable, and define

_ 1 - o po(X;)
My (0) = ;1 g <p00(Xi)) :

Suppose that M, converges uniformly in probability to M from Lemma 3.7 and that its

maximum is well separated. Then every maximum likelihood estimator

o~

0,, € argmax M, (0)
6co

is consistent for 6.

Proof. The population criterion has its unique well-separated maximum at 6y by Lemma 3.7.
The conclusion is therefore an immediate application of Theorem 2.10. O

Theorem 3.9 Under the vector-valued analogue of the regularity conditions in Theorem 3.3,
suppose that I;(6g) is nonsingular. Then a consistent interior maximum likelihood estimator
satisfies

Vn(8,, — 8p) ~ N(0,1;(6)7").
Equivalently, for large n, its distribution is approximated by N (g, (nI1(6p)) ).

Proof. The likelihood first-order condition makes the estimator a Z-estimator with
Wo(z) = £o(r) = Vglogpa(z).
By Proposition 1.16,
Po,¥o, = —11(6)) and P (T, ¥y, ) = I1(60).

Substitution into the covariance formula in (3) gives Iy(6y)~* . O

The asymptotic normality theorem for maximum likelihood estimators (Theorem 3.9) suggests
an asymptotic analogue of the Cramér-Rao lower bound. The following example shows why a
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regularity condition on the estimator is indispensable.

Example 3.10 Let Yj,...,Y, be independent and identically distributed as N (6, 1), fix
a € (0,1), and define the Hodges estimator

Y. Ysatt
- \aYy, Y] <n VA

Then
N(0,1), 6#0,
V(T —6) {N(o, a?), 0=0.

Thus T, is superefficient at 6 = 0.

Solution. Set Z, = /n(Y —0), so Z, ~ N(0,1) exactly. The threshold event can be written as
Y| <n V4 = |Z, + vnb| < n'/.

If & # 0, its probability tends to zero, whereas if 8 = 0, its probability tends to one. On the
complementary event the estimator equals Y, and on the threshold event it equals aY. The two
limits therefore follow from Slutsky’s theorem. O

To see the failure of regularity, consider the local parameter sequence 6,, = ¢//n. Under Py, , the
threshold event has probability tending to one and

VT, —6,) = avn(Y —6,) + c(a — 1) ~ N(c(a —1),a?).

The limiting distribution depends on the local direction ¢ and has nonzero mean whenever ¢ #
0. The estimator is therefore not regular, despite its pointwise improvement at the origin. An
asymptotic version of absolute continuity is needed to formalize such local comparisons.

Definition 3.11 Let P and Q be probability measures on the same measurable space

(Q,A).

1. The measure QQ is absolutely continuous with respect to P, written Q <« P, if
P(A) = 0 implies Q(A) = 0 for every A € A.

2. The measures are mutually singular, written Q L P, if there is a measurable partition
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Q = Qp UQq such that P(Qg) = Q(Qp) = 0. Thus the two measures are concentrated
on disjoint measurable sets.

Lemma 3.12 (Lebesgue decomposition) Suppose that P and Q have densities p and ¢
with respect to a common dominating measure p. Define

Q(A) =QAN{p>0}) and  Q(4):=QAN{p=0}).

Then the following statements hold:

1. Q=Q°+ Q.
2. Q* < Pand Qt L P.
3. With ¢/p defined to be zero on {p = 0},
a . q
Q*(4) —/ =dP.
AP

The function ¢/p is denoted by dQ/ dP, even when Q is not absolutely continuous with
respect to P; it is the Radon—Nikodym derivative of the absolutely continuous part.

4. The following conditions are equivalent:

Q<P, Q{p=0})=0, and /le%dIP’:l.

Proof. The identity in (1) follows by partitioning A into AN{p > 0} and AN{p = 0}. If P(A4) =0,
then p = 0 p-almost everywhere on A, and hence Q*(A) = 0. Moreover, P({p = 0}) = 0, whereas
Q" is concentrated on {p = 0}. This proves (2). For every A € A,

[lap= [  Tpau—gea)
AP An{p>0} P

which proves (3). Finally,

/Q % dP = Q*(Q) = 1 — Q({p = 0}),

and (4) follows. O
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Definition 3.13 The sequence {Q,} is contiguous with respect to {P,} if, for every
sequence A, € A,,
Po(A,) — 0  implies  Qu(A4,) — 0.

This relation is denoted by Q,, <t P,,. The two sequences are mutually contiguous if each
is contiguous with respect to the other; this is denoted by P,, <it> Q,,.

Contiguity is an asymptotic analogue of absolute continuity. It transfers events whose probabilities
vanish, even though the measures and measurable spaces may change with n.

Lemma 3.14 (Portmanteau lemma) For random vectors X,, and X taking values in
R*, the following statements are equivalent:

1. X,, ~ X.

2. For every open set G,
liminf P(X,, € G) > P(X € G).
n—oo

3. For every bounded continuous function f,

E[f(Xn)] — E[f(X)].

4. The convergence in (3) holds for every bounded Lipschitz function f.

5. For every nonnegative continuous function f,

lim inf E[f(X,,)] > E[f(X)].

n—o0

Lemma 3.15 (Helly’s lemma) Any sequence of distribution functions on R* has a subse-
quence that converges at every continuity point to a possibly defective distribution function
F. If F is proper, then the corresponding probability measures converge weakly to the prob-
ability measure determined by F'.
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Theorem 3.16 (Prohorov’s theorem) Let X, be random vectors in R¥. The family
{X, : n € N} is called uniformly tight if, for every € > 0, there is an M > 0 such that

sup P(|| Xy > M) < e.
n

Then the following statements hold:

1. If X,, ~ X for some random vector X, then {X,, : n € N} is uniformly tight.

2. If {X,, : n € N} is uniformly tight, then there are a subsequence { X} and a random
vector X such that X, ~ X as j — oo.

Proof. For (1), fix e > 0. Choose M > 0 such that
P(| Xy > M) <e and  P([|X][], = M) = 0.

This is possible because the tail probability tends to zero and at most countably many spheres
can have positive probability. The Portmanteau lemma (Lemma 3.14) then gives

P Xnlly > M) — P([| X[l > M).

Thus there is an N such that P(||X,||, > M) < 2¢ for every n > N. Each of the finitely many
random vectors X, ..., Xny_1 is tight, so M may be increased to make the same bound hold for
every n. Since € was arbitrary, the family is uniformly tight.

For (2), let
Fo(z) =P(X, <z), zcRF

where the inequality is interpreted coordinatewise. By Helly’s lemma (Lemma 3.15), there is a
subsequence {F,;} that converges at every continuity point to a possibly defective distribution
function F'. It remains to prove that I is proper.

Fix € > 0. Uniform tightness gives an M > 0 such that

inf P(X,, € (=M, M)*) > 1 —e.

After increasing M if necessary, we may assume that M1 is a continuity point of F', where
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1=(1,...,1)". It follows that

F(M1) = lim F, (M1)>1—e.
j—o0
Hence F(x) — 1 as every coordinate of & tends to infinity. On the other hand, if z; < —M for

some coordinate 7, then
Fo;(x) <P(X,,; < —M) <e

Passing to the limit at continuity points and using the right continuity of F' shows that F'(x) — 0
whenever any coordinate tends to negative infinity. Thus F' is a proper distribution function. If
X has distribution function F, Helly’s lemma gives Xp,; ~» X. O

Remark 3.17 If W, ~» W and |W,,| < M almost surely for every n, then |W| < M almost
surely and E[W,,] — E[W]. Indeed, we may replace the identity function outside [—M, M|
by a bounded continuous function and then apply (3).

Lecture 4 — Monday, February 04, 2019

Theorem 4.1 (Le Cam’s first lemma) Let P, and Q, be probability measures on
(2, Ap). The following statements are equivalent:

1. Q, < P,.
2. Whenever, along a subsequence,

dP,
dQ,

the limit satisfies P(U > 0) = 1.

~ U under Q,,

3. Whenever, along a subsequence,

dQ,
dP,

~V under P,,

the limit satisfies E[V] = 1.
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4. For every sequence of statistics T},

T, 20 implies T, 25 0.

Proof. FEquivalence of (1) and (4). First suppose that (1) holds. For every € > 0, apply contiguity
to A, = {|T,| > €}. This proves (4). Conversely, if P,(A,,) — 0, then T,, = 14, converges to zero
in P,,-probability. Statement (4) therefore gives

Qn(An) = Qn (Tn > %) — 0,

which is (1).

(1) implies (2). Relabel the subsequence as {n} and set R, = dP,,/dQ,,. Choose continuity points
€m 4 0 of the distribution function of U. By weak convergence, a diagonal argument gives integers
m(n) — oo such that

Qu(Rn < €qm)) — P(U =0).

Using densities p, and ¢, with respect to a common dominating measure, define
Ap = {Rn < 6m(n)} N {Qn > 0}

The second restriction changes neither the QQ,-probability nor the preceding limit, and
Pn(An) = / R, dQ, < €m(n) — 0.
An

Contiguity now yields Q,(A,) — 0. Consequently, P(U = 0) = 0, which is equivalent to P(U >
0) = 1 because U is nonnegative.

(3) implies (1). Suppose that P,(A,) — 0, set B, = Q, \ Ay, and let L, = dQ,/dP,. If
contiguity failed, a subsequence could be chosen on which @Q,(A4,) is bounded away from zero.
Passing to a further subsequence if necessary, suppose that L, ~» V under P,; the absence of
any such weakly convergent subsequence would force the laws of L,, to escape to infinity, which is
impossible because Ep, [L,,] < 1. By Slutsky’s lemma,

(Lp,1p,) ~ (V,1) under P,.
The nonnegative function form of the Portmanteau lemma (Lemma 3.14) gives

1=E[V] <liminfEp_[L,1p,] < lirr_1>inf Qn(Bp) < 1.

n—oo

31



STA 3000Y ADVANCED THEORY OF STATISTICS (II) WINTER 2019

Thus Q,,(By) — 1, contradicting the choice of the subsequence. Therefore (1) holds.

(2) implies (3). Consider a subsequence along which L,, = dQ,,/dP,, ~» V under P,,. Introduce
the dominating probability measure

dP,
Hn = %(Pn + Qn) and Wn = E
Then 0 < W,, <2 and
dQn
=2-W,.
dpn W

By (2), a further subsequence satisfies W, ~» W under p1,,. Moreover, E,,, [W,,] = 1, so Remark 3.17
gives E[W] = 1.

For f € Cp([0,00)), define

f(w>(2w), 0<w<2,

2—w
0, w = 2.

The function gy is bounded and continuous. Hence

o |7 (g )] = Buular (] — Elgsw)

This identifies a weak limit U for the reciprocal likelihood ratios under @Q,. Taking continuous
functions fy, that decrease pointwise to 1gy and applying dominated convergence gives

P(U = 0) = 2P(W = 0).

By (2), the left-hand side is zero, so P(W > 0) = 1. Similarly, for every f € Cp([0,0)),
2-W
Elf(V)]=E w
o=z (35wl

where the integrand is defined to be zero on {W = 0}. Apply this identity to f,,(v) = min{v, m}

and use the monotone convergence theorem. Since W > 0 almost surely,

2-Ww

E[V]:E[ W]:Q—E[W]:l.

This proves (3) and completes the cycle of equivalences. O
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Example 4.2 Suppose that, under Q,,

dP,
dQn

Determine the resulting contiguity relations.

~exp(Z) and  Z~ N(u,0?).

Solution. Because exp(Z) > 0 almost surely, Theorem 4.1(2) gives Q,, < P,,. Applying Theo-
rem 4.1(3) after interchanging the roles of the two sequences shows that P,, <1 Q,, precisely when

1 = E[exp(Z)] = exp (N + U;) ’

or equivalently when p = —0?/2. Thus the sequences are mutually contiguous exactly under this

condition. O

Theorem 4.3 (Le Cam’s third lemma) Let P, and Q, be probability measures on
(Qn, Ap), and let X, : Q, — R*. Suppose that Q,, <t P,, and, under P,,,

dQn
<Xn, om%) ~ (X, V).

Then
L(B) :=E[1p(X)V], B e B(R"),

defines a probability measure, and X,, ~ L under Q,.

Proof. Set V,, = dQ,/dP,. By Theorem 4.1(3), E[V] = 1, so L is a probability measure.
Contiguity also implies that the singular mass of QQ,, with respect to P, tends to zero: apply the
definition to a support of the singular part, whose P,,-probability is zero. Consequently,

Ep, [Va] = Q4 (2n) — 1 =E[V].

For nonnegative random variables, weak convergence together with convergence of the means
implies uniform integrability. Therefore, for every bounded continuous function f,

Eq, [/ (X)] = Ep, [f(Xa)Va] + o(1) — E[f(X)V] = / fdL.

The characterization in Lemma 3.14(3) proves the result. O
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Corollary 4.4 (Gaussian form of Le Cam’s third lemma) Suppose that, under P,

dQ,, b
(rovet®) (5. (2 )

Xp ~ Ne(p+71,%).

Then, under Q,,

Proof. Write the limiting vector as (X, Z). Since Z ~ N(—0?/2,0?), one has E[e?] = 1. Thus
Theorem 4.1 gives contiguity, and Theorem 4.3 says that the limiting law is obtained by weighting
the joint Gaussian law by eZ. For t € R,

S| 1
E [etTX”} = exp (tTu - % +3 (tTEt votTr 4 02)> = exp <tT(u )+ 2tT2t) .
This is the moment generating function of Ny (u + 7,3). O

Local Asymptotic Normality

Let Y7,...,Y, be independent and identically distributed according to Pg. Classical asymptotic
theory studies the model at a fixed 8. Local asymptotic theory instead compares IP’?” with

alternatives of the form
n k
Py N h € R".
The displacement is of order n~/2, which is exactly the scale on which regular estimators fluctuate.
A second order likelihood expansion turns these local experiments into an asymptotic Gaussian

shift experiment.

Definition 4.5 Let © C R* be open. The model {Pg : 8 € O} is locally asymptotically
normal at @ if there are random vectors A, g and a nonnegative definite matrix Ig such
that, under P?”,

An,G ~ Nk(oa IB)

and, for every bounded sequence h,, satisfying 8 + h,,/\/n € O,

dpen
T0tha/vi _pTA 1T
log dP?n =h, Anﬂ 5 h,Ioh, + 0[@?” (1). (4.1)
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In a smooth independent and identically distributed model,
A ! znje' (Vi) = G4
n,6 — —— o\1i) = ‘nte,
vn i=1

where £g is the score vector and Iy = Py [égég] is the Fisher information matrix.

Definition 4.6 Suppose that Pg has density fg with respect to a dominating measure
. The model is differentiable in quadratic mean at 0 if there is a measurable vector
Lo € L?(Pg)* such that

[ (Vio=Vio —tTeeﬁe) dp = ol It12) (42)

ast — 0 with 0 +¢ € ©.

Theorem 4.7 If O is open and the model is differentiable in quadratic mean at 8, then
Polg =0 and  Ig=Pglely]

is finite. Moreover, the model is locally asymptotically normal at @ with central sequence

R
Ajg=— E Y
™0 \/ﬁi=1 bo(Y?)

Proof. Fix u € R¥. From (4.2),

V f0+s1;_\/f>9 —>%uT€9\/ﬁ in LQ(N)-

Multiplication by +/fe+su + v/ fo and the Cauchy—Schwarz inequality therefore give convergence
in L' (p):

f0+su - f@ . UTéefB-
The integral on the left is zero. Hence u' Pl = 0 for every u, which proves that the score has
mean zero. The finiteness of Iy follows from the L?(PPg) assumption in Definition 4.6.
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Now let h,, be bounded and put t,, = h,/y/n. On the set {fg > 0}, define

_ | ferta(y)
nlv) = V' fo(y) .

Quadratic mean differentiability yields

1 .12
Pg |$n — —=h, £g| —> 0. 4.3
e [8 2/ "] ()
Consequently,
2 Z{Sn(Y;) —Posp} = h;ern,B + 0[@?”(1% (4.4)
i=1
" 1

Y sa(Yi)? = ZhZI@hn + 0 (1). (4.5)

=1

The normalization of fp4y,, together with (4.3), also gives
1
2nPgs, = —nPgs> + o(1) = —thIghn + o(1). (4.6)

The same quadratic mean bound implies maxi<j<p |sn(Yi)| — 0 in probability. Therefore the
Taylor expansion 2log(1 + x) = 2z — 2% + o(2?), summed over the observations, gives

APyt o\
log d]P’?” =2 Z log(1 + s,(Y3))
B .
=2 {sn(Y;) — Pgsn} +2nPosn — Y _ sn(Y;)? + op(1)
=1 =1

1
=h)ALe— 5h,jlghn + op(1),

by (4.4)-(4.6). Finally, the multivariate central limit theorem gives A, g ~» Nj(0,Ig). This is
precisely Definition 4.5. O

Quadratic mean differentiability is weaker than pointwise differentiability of every density. It
captures the L? smoothness needed for the likelihood expansion and is therefore the natural
minimal regularity condition in many independent and identically distributed models.
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Lecture 5— Monday, February 11, 2019

Asymptotic Cramér—Rao Lower Bound

Definition 5.1 In the Gaussian shift experiment
Y ~ Ni(h,E), hecRF

where X is positive definite. A possibly randomized statistic T is regular for estimating
Ah if the distribution of T' — Ah does not depend on h.

Theorem 5.2 (Gaussian convolution theorem) Let T be regular for estimating Ah
in the Gaussian shift experiment of Definition 5.1, and let L be the distribution of T" when
h = 0. Then

LLZ+W,

where Z ~ N(0,AXAT) and Z is independent of W.

Proof. Let ¢ (t) be the characteristic function of L. Regularity gives
Bnle 7] = ¢ Alpp(t).
Under the distribution with h = 0, the Gaussian likelihood ratio is

a2y

1
Y)= ATy - AT 1h).
dPO( ) eXP( 5

Taking h = ¥s and using uniqueness of the bilateral Laplace transform of the Gaussian measure
yields the joint characteristic function

. . 1
Eo [e’tTT““TY] = ¢r(t) exp (—2uT2u - tTAEu) . (5.1)
Set W =T — AY. Replacing u by u — ATt in (5.1) gives

. . 1 1
Eo [e’tTWH"TY] = ¢r(t)exp (2tTA2ATt> exp (—2uT2u) .
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The factorization shows that W and Y are independent. Since Z = AY ~ N(0, AXAT) under
Pg, one has T = Z + W, which proves the claim. O

Definition 5.3 An estimator sequence T), is regular for estimating (0) at 0 if, for

every fixed h € R¥, the limit distribution under ]P’?j:h NG of

An-v(or )

exists and is the same distribution Lg, independent of h.

Example 5.4 In the normal location model, compare the Hodges estimator from Exam-
ple 3.10 with the sample mean under the local sequence 6,, = h/+/n.

Solution. By the calculation in Example 3.10, under IP%/” N

h
Vn
The limit depends on h, so the Hodges estimator is not regular at zero. In contrast, if S, =Y,
then

Vn (Tn - > ~ N(h(a —1),a%).

Vn(Sy, — 0,) ~ N(0,1)

for every n and every 6,,. Hence the sample mean is regular, with limit distribution N'(0,1). O

Definition 5.5 A randomized statistic based on an observation Y is a statistic of the
form T(Y,U), where U has the uniform distribution on [0, 1] and is independent of Y.
Equivalently, it is a probability kernel from the sample space of Y to the output space.

Theorem 5.6 Suppose that {Pg : 8 € O} is locally asymptotically normal at @ with non-

singular information Iy. Write P, ;, = P?jh N If the statistic S, converges in distribution

under P, , to a law Lp for every h € RF, then there is a randomized statistic T in the

Gaussian shift experiment
Y ~ Ni(h,I,Y), heRF

whose distribution under N (h, 151) is Ly,.
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Proof. Let A, be the central sequence in Definition 4.5. By (4.1), under P,, o,
T L,
log——=h" A, — §h Igh + op, (1)

For fixed h, the limiting log likelihood ratio is normal with mean —h "Igh /2 and variance hTIgh.
Its exponential is positive and has expectation one. The criterion in Example 4.2 therefore shows
that P, j, and [P, o are mutually contiguous.

The sequence S, is tight under Py, o, and A,, ~ Nj;(0,1Ip). Thus (S,, A,,) is jointly tight. By (2),
along a subsequence,

(Sn,Ap) ~ (S,A) under P, o,

where A ~ N;(0,Ip). The Gaussian form of Le Cam’s third lemma, Corollary 4.4, identifies the
limit under P, , as

In(B) = E []IB(S) exp (hTA - ;hTIQhﬂ . (5.2)

Let K(d,-) be a regular conditional distribution of S given A = §. Because Euclidean spaces
are standard Borel spaces, the randomization lemma supplies a measurable function r such that
r(8,U) has distribution K(9,-) when U ~ Unif(0,1). Take Y ~ Nk(h,Igl) independently of U
and define

T(Y,U):=r(IgY, U).

When h =0, (T(Y,U),I9Y) has the same joint distribution as (S, A). The likelihood ratio of
Ni(h,I,1) with respect to Nj(0,I,) is

1
exp (hTIgY — 2hT19h> .
It follows that
Pa(T(Y,U) € B) = Eo [15(T(Y,U))ch To¥ ~hTToh/2]

—F {]IB(S)ehTAthIgh/Q}

= Ln(B),

where the last equality is (5.2). O
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Lemma 5.7 Under the assumptions of Theorem 5.6, suppose that 1 is differentiable at @

and "
VT, -y 0+ — ~+ Lgpn under P, p
vn ’ ’

for every h € R¥. Then there is a randomized statistic T' in {Nj(h,I;') : h € R*} whose
distribution under the parameter h is

Lo pn + Jeh.

Proof. Apply Theorem 5.6 to S,, = /n{T,, — ¥(0)}. Differentiability gives
S, =vnT, — t9+i +vni ‘9+i — ()
Vn Vn
~ Lg,h + 1L9h under th.
The claimed randomized statistic is therefore the one supplied by Theorem 5.6. O
The preceding result translates the original estimator into an estimator of the linearized parameter

¢9h in the limiting Gaussian shift experiment. When ) is the identity map, the limiting statistic
estimates h itself.

Theorem 5.8 (Hajek—Le Cam convolution theorem) Suppose that {Pg : 6 € O}
is locally asymptotically normal at 6 with nonsingular Fisher information Ig. Let 1 be
differentiable at @, and let T;, be regular for estimating (@) at 8, with limit distribution
Lg. Then

Lo L Zo+ W,

where Zg and Wy are independent and
Zo~ N (0, %I;lq/}g) .

In particular, if 1(8) = 6, then Zg ~ N} (0,I,").

Proof. By regularity, Lg , = Lg for every h. Apply Lemma 5.7 to obtain a randomized statistic
T in the Gaussian shift experiment N (h,I,") such that

T — Jgh < Ly
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for every h. Thus T is regular for estimating LLgh. The result follows from Theorem 5.2 with
A =vypand & =T, O

If Lg has a finite covariance matrix, the independent decomposition in Theorem 5.8 gives the
asymptotic Cramér—Rao bound

Cov(Le) = v, Vg ,

where A > B means that A — B is nonnegative definite. The bound is attained if and only if the
limit distribution is Gaussian with the indicated covariance matrix. In particular, if (0) = 0,
then the asymptotic covariance of any regular estimator is bounded below by the inverse Fisher
information matrix:

Cov(Lg) = It

Lecture 6 — Monday, February 18, 2019

2. Tail Bounds and Sub-Gaussian Concentration

Basic Tail Bounds

There are three related ways to study the accuracy of statistical procedures.

1. In classical asymptotics, the sample size tends to infinity while the dimension and other
structural quantities remain fixed. The principal objects are limiting distributions. Point
estimation, consistency and asymptotic normality of M-estimators, and asymptotic Cramér—
Rao bounds belong to this regime.

2. In nonasymptotic analysis, the sample size n, dimension d, and other problem dimensions
are finite. The objective is an explicit error bound that records how accuracy depends on
these quantities.

3. Stein’s method gives quantitative bounds on the distance between a finite sample distri-
bution and an approximating distribution. It thereby bridges the limiting perspective in (1)
and the finite sample perspective in (2).

For example, let X7, ..., X, be independent and identically distributed according to F', with mean
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pr, and define

1 n

T, =~ Z X;.
=1
If F' has covariance matrix 3, the central limit theorem describes the limiting distribution
V(T — pr) ~ N(0,5).
A nonasymptotic result instead has the form
P ([|v(T — prp)||, > 8) < f(n.d.6),

valid for specified finite values of n, d, and §. More generally, we may bound a probability metric
by d(F,, F) < f(n,d). The tail event is depicted in Figure 3; the distribution and the bound may
both depend on the problem dimensions (n, d).

\Fn,d

right tail

~_

FIGURE 3

The immediate objective is to obtain upper bounds on such tail probabilities. Markov’s inequality
and its exponential version, the Chernoff bound, provide the basic tools.

From Markov to Chernoff
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Theorem 6.1 (Markov’s inequality) If Z is a nonnegative random variable, then, for
every t > 0,

E[Z
>0 < B
Consequently, if X has mean p and a finite absolute central moment of order k > 1, then

E[X — pl"]

POX —pl 2 ) <~

. (6.1)

Proof. The pointwise inequality 1;7>¢ < Z/t gives Markov’s inequality after taking expectations.
Apply it to Z = |X — pu|* to obtain (6.1). O

The case k =1 is a first moment bound. When k£ = 2, (6.1) becomes Chebyshev’s inequality:

Var(X)
2

P(X — | > 1) < (6.2)

If the moment generating function exists, Markov’s inequality can instead be applied to an expo-
nential transform.

Theorem 6.2 (Chernoff bound) Suppose that X has mean p and that
o(\) == E[eMX M) < o

for 0 < XA < b, where b > 0. Then, fort >0 and 0 < A < b,

P(X —p > t) < e ME[MNE 1), (6.3)
Consequently,
logP(X —pu>t) < — sup {)\t — logE[e)‘(X*“)]} . (6.4)
0<A<b

Proof. Because z — e*

is increasing for A > 0,
P(X — p > t) = P(MX71) > M,

Markov’s inequality gives (6.3). Taking logarithms and optimizing over A proves (6.4). O
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The optimization in (6.4) is called the Chernoff approach. We may alternatively optimize the
order k in (6.1). When all moments exist, the two approaches are closely related: choosing k
to match the tail level often recovers the same decay rate, although the numerical constants can

differ.

Sub-Gaussian Random Variables

The Chernoff bound (Theorem 6.2) depends on the growth of the moment generating function.
The simplest useful regime is Gaussian growth.

Example 6.3 Let X ~ A (u,0?). Then

E[e)\(X—u)] _ 6A2J2/2.

Determine the resulting Chernoff bound.

Solution. By Theorem 6.2,

1
logP(X —p>t) < —sup {)\t - )\202} .
A>0 2

The concave quadratic objective is displayed in Figure 4. Its maximum occurs at A = ¢/0? and

equals t2/(202). Therefore
2
PX—-—p>t)<exp|——=]. (6.5)
202

The exponent is optimal at the logarithmic scale, although (6.5) is an upper bound rather than
the exact Gaussian tail probability.

A — A202/2

t2/(202)p-----------oo=a
Chernoff objective

FIGURE 4
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Definition 6.4 A random variable X with mean p is sub-Gaussian with variance
proxy o2, where o2 > 0, if
E[AX -] < ¢7*A*/2 (6.6)

for every A € R.

The quantity o is called a variance proxy because differentiating (6.6) twice at zero gives Var(X) <
o2. A zero variance proxy forces X = p almost surely, so tail formulas below are stated for positive
proxies.

Lemma 6.5 If X has mean zero and is sub-Gaussian with variance proxy ¢ > 0, then,
for every t > 0,

e t*/20%) (6.7)

IN

P(X > 1)

P(X < —t) < e P/, (6.8)

IN

Consequently,
P(|X| > t) < 2e7/(27%),

Proof. For A > 0, the Chernoff bound in Theorem 6.2 and (6.6) give

1
P(X >t) < exp (—)\t + 202>\2> .

Choosing A = t/o? proves (6.7). Apply the same argument to —X to obtain (6.8), and then use
the union bound. O

Lemma 6.6 Suppose that E[X]| = 0 and, for every ¢t > 0,
P(X >t)<e /2" and  P(X < —t) < e /@),

Then, for every A € R,

]E[eAX] < oA

Thus two-sided Gaussian tail decay implies a sub-Gaussian moment generating function
bound, up to a universal constant.
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Proof. For every integer k > 1, the layer-cake formula and the two-sided tail bound give
k > k1 > k1 —t2/(202) 2\k/2
E[| X]| ]:k:/ t ]P’(|X|>t)dt§2k:/ t" e 7 dt = k(20°)"<T'(k/2),
0 0

where the last identity follows from the substitution u = t2/(202). Since E[X] = 0, the linear term
in the exponential series vanishes, and hence

% 1y [k 2\k/2
AX APk (20%)" " (k/2)
Ele™] <1+ Z X
k=2
Separating even and odd indices and using I'(j) = (j — 1)! and T'(j 4+ 1/2) < /7 j! shows that the
last series is at most

The same proof allows a fixed multiplicative constant in each tail bound; only the universal constant
in the resulting moment generating function bound changes.

Thus moment generating function control yields sharp tail control, and two-sided tail control
recovers a moment generating function bound with a change in the universal constant.

e N

Theorem 6.7 Let X be a mean-zero random variable. The following statements are equiv-
alent, with the positive constants allowed to differ by universal factors from one statement
to another:

1. There is a finite ¢ > 0 such that
E[e)\X] < e)\202/2

for every A € R.

2. There are constants ¢, 7 > 0 and Z ~ N(0,72) such that
P(X| > t) < cP(|2] = 1)

for every t > 0.
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3. There is a finite 8 > 0 such that, for every integer k > 1,

2k
E[XQk;] < (Qkk)' 92k

4. There is a finite 8 > 0 such that, for 0 < A < 1,

E [BAX2/(292)} < \/11_7)\

Proof. (1) implies (2). By Lemma 6.5, P(|X| > t) < 2¢#/20*)1If Z ~ N(0,72) with 7 > o,
the Gaussian lower-tail estimate shows that the ratio e~*"/(29*) /P(|Z| > t) is bounded on [0, c0).
Absorbing this bound into ¢ proves (2).

(2) implies (3). The layer-cake formula gives

o0 2k)!
E[|X[*] = 2k/0 FIP(X] > ) dt < cR[| 2] = c(Qkk)! 2,

Enlarging 7 by a constant factor absorbs ¢ uniformly over £ > 1 and proves (3).

(3) implies (4). Expanding the exponential and using the moment bound yields

MNE[X2 & F 1
£ [e)\X2/(202)] - Z 2k92kzk| Z ( > 1—

k=0 k:o

>/.

(4) implies (1). Taking A =1/2 in (4) and applying Markov’s inequality gives
P(X| > ¢) < V3 /),

The prefactor version of Lemma 6.6 therefore gives (1) with a modified variance proxy. O

Example 6.8 Let ¢ take the values —1 and 1, each with probability 1/2. Show that ¢ is
sub-Gaussian with variance proxy 1.
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Solution. For every A € R,
= cosh(A) < /2,

The last inequality follows by comparing power series coefficients, since (2k)! > 2Fk! for every
integer k > 0. O

Example 6.9 Suppose that a < X < b almost surely and E[X] = 0. Show by symmetriza-
tion that X is sub-Gaussian with variance proxy (b — a)?.

Solution. Let X* be an independent copy of X. Jensen’s inequality gives
E[e)‘X} —Ey [eA{XflEX*[X*]}} <Ex X*[e/\(XfX*)].

The difference X — X™* is symmetric, regardless of whether X itself is symmetric. If ¢ is an
independent Rademacher random variable, then Example 6.8 gives

A(X—X*)]

=Ex x*¢

Ex x+[e [eAs(X—X*)] < Ex.x- [eAZ(X—X*P/Q < N2(b-a)?/2

This is (6.6) with variance proxy (b — a)?. O

The calculation in Example 6.9 is a basic symmetrization argument. Symmetry of X is unnecessary,
and the variance proxy obtained by that argument is not sharp. The following result gives the
sharp universal constant.

Lemma 6.10 (Hoeffding’s lemma) If a < X < b almost surely and p = E[X], then, for
every A € R,

E [eA(X_“)} < N 0-a)?/8, (6.9)

Equivalently, X — p is sub-Gaussian with variance proxy (b — a)?/4.

Proof. Let 1)(\) = logE[e*¥~#)]. Under the probability measure obtained by exponentially
tilting the law of X by e X~#) differentiation gives

¥ (A) = Vany (X).
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Every distribution supported on [a, b] has variance at most (b — a)?/4, because

Vary (X) < Ey [{X - a;b}2

(b—a)?

<
- 4

Since ¥ (0) = ¢'(0) = 0, Taylor’s formula with integral remainder yields, for A > 0,

A2(b— a)2'

A
) = [T ar<

The same argument, integrating from A\ to zero, applies when A < 0. Exponentiating proves
(6.9). O

Theorem 6.11 Let X;,..., X, be independent let ,u,z = E[X;], and suppose that X; —
is sub-Gaussian with variance proxy al, with Y of 2 > 0. Then the following 5tate1nents

hold:

1. For every A € R,

2. For every t > 0,

Proof. Independence and (6.6) give

n

E eAZ?ﬂ(Xi*Hi)] :ﬁ (X Hz H o /2 _ et 1/2
i=1

which proves (1). Apply the Chernoff bound and optimize at A =t/ 3" | ¢? to obtain (2). O

i=1"1

Corollary 6.12 (Hoeffding’s inequality) If the independent random variables X; satisfy
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a < X; < b almost surely, where a < b, then

E | Tt (Ximm) | < HNnb—a)?/8 apq P (Z(Xi — i) > t) < 7207/ {n(b-a)}

=1

Proof. By Lemma 6.10, each X; — j; is sub-Gaussian with variance proxy (b — a)?/4. Substitute
this proxy into (1) and (2). O

Lecture 7— Monday, February 25, 2019

Subexponential Random Variables and Bernstein’s Bound

Definition 7.1 A random variable X with mean u is subexponential with parameters
(v,a) if v,a > 0 and
E[MX 1] < X /2 (7.1)

whenever |[A| <1/a. When o = 0, the restriction is interpreted as allowing every A € R.

Every sub-Gaussian random variable with variance proxy o? is therefore subexponential with
parameters (o,0). The distinction is that a subexponential moment generating function need only
have Gaussian growth in a neighborhood of the origin.

Example 7.2 Let Z ~ N(0,1). Show that Z? is subexponential with parameters (2,4),
even though it is not sub-Gaussian.

Solution. The variable Z? has the chi-squared distribution with one degree of freedom and mean

one. For A < 1/2,
Y

-\ [e's)
E[eMZ2-1) :e/ 2N g, T
l =) Le T VToa
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For |A\| < 1/4, the elementary bound
1 2
—A-3 log(1 —2X) < 2A

therefore gives
E[eA(ZQ—l)] < e2’\2 _ 64,\2/2‘

This is (7.1) with (v, @) = (2,4). The moment generating function of Z2 is infinite for A > 1/2, so
Z? is not sub-Gaussian. O

Proposition 7.3 If X is subexponential with parameters v > 0 and a > 0 and mean pu,
then, for every ¢ > 0,

t2 v
xp =575 ) 0<t< P
P(X —p>t) < 7 iy
exp <_> sz
2a o

The same bounds hold for the lower tail, and hence the corresponding two-sided bound has
an additional factor of 2.

(7.2)

Proof. For 0 < A <1/a, Theorem 6.2 gives
L 5.9
P(X —pu>t)<exp —)\t+§1/ 2.

If t < v%/a, the unconstrained minimizer A\ = t/v? is admissible and gives the first case of (7.2).
If t > v%/a, choose A = 1/a to obtain

P(X —p>t)< AR !
fr=1) = exp a  2a? = OXp 200 )

Applying the argument to —X proves the lower-tail assertion. O

When o = 0, the Gaussian first regime applies for every ¢ > 0. A zero value of v forces X = p
almost surely, so the corresponding tail statement is immediate.

The two regimes in (7.2) explain the terminology: moderate deviations have Gaussian decay, while
large deviations have exponential decay.
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Definition 7.4 Let X have mean p and variance o?. The Bernstein condition with

parameter b, where b > 0, holds if, for every integer k > 2,

1
E[| X — pl¥] < 5/<;!aQb’“*2. (7.3)

Lemma 7.5 If X satisfies Definition 7.4 with b > 0, then, for |A| < 1/b,

o2)\2
E[eMX 1] < exp (2(1_);)|/\|)> . (7.4)

In particular, X is subexponential with parameters (v/20,2b).

Proof. The linear term in the exponential series vanishes. By (7.3),

/\2 72 o ’)"kEU X ’k]
AX—p) P r
Ele <1+ 5 + E 2l

k=3

MNo? > ;
<1+ 1+§2@My
]:

252
-1+ 27
METERDY)

2252
< _ .
=P (2(1 - b|A|>>

When |A\| < 1/(2b), the denominator is at least 1/2, so

E[e)\(Xf,u)] < 60'2)\2 _ e(\/ia)z,\2/2.

This proves the subexponential assertion. O

Proposition 7.6 (Bernstein’s inequality) If X satisfies the Bernstein condition with
b > 0, then, for every t > 0,

2
P(X —pu>t) <exp (—M) : (7.5)
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Consequently,

t2
P(X —pul>t) <2 - .
(1% =12 0) < 2089 (=5 )

Proof. For 0 < XA < 1/b, combine Theorem 6.2 with (7.4):

o2\
PX—-—pu>t) < — —— .
( ,u_t)_exp< )\t+2(1—b)\)>

The choice A = t/(0? + bt) is admissible and gives (7.5). Apply the same argument to —X and
use the union bound for the two-sided result. O

Example 7.7 Suppose that |X — p| < b almost surely and Var(X) = o2. Compare the

Hoeffding and Bernstein bounds.

Solution. The following two facts hold:
1. Because X — u € [~b,b], Lemma 6.10 gives the sub-Gaussian variance proxy b%.
2. For every integer k > 2,
1
E[X — ] < B 2RI(X — )] < SR>

Thus the Bernstein condition holds with parameter b.

It follows from (1) and (2) that
P(IX —pu| > ) <27/ and P(X - pl > t) < 2¢O}

The Hoeffding bound requires only the range. When o2 < b and t is moderate, the Bernstein
bound can be substantially sharper because it also uses the variance. O

Proposition 7.8 Let Xi,..., X, be independent, let p; = E[X;], and suppose that X; is
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subexponential with parameters (14, o;). Define

n

V2= E v? and O = max «;.
- 1<i<n

1=

Then 7" | (X; — p;) is subexponential with parameters (v, a.). Moreover, for every ¢ > 0,

n’t? Vf
1 n Qexp —W s 0 S t S E,
(5 3 B S S S
i=1 2 exp <— ) . t> .
200, Ny

provided v, > 0 and ay > 0. If a, = 0, the first line applies for every ¢ > 0; if v, = 0, the
sum is zero almost surely.

Proof. The claim is immediate if v, = 0. If a,, = 0, the variables are sub-Gaussian and the
result follows from Theorem 6.11. Assume henceforth that v, > 0 and a, > 0. For |A| < 1/a,,
independence gives

E [eAZ?:l(Xi*M)] — ﬁE[e)\(Xi*M)] < ﬁeuf)ﬁ/Q _ el/EA?/Q.
=1

=1

This proves the parameter claim. Apply Proposition 7.3 to the sum at the threshold nt and use
the union bound to obtain (7.6). O

Example 7.9 Let Y ~ x2. Show that, for 0 <t <1,

"

Solution. Write Y =3 | Zl?, where 71, ..., Z, are independent standard normal random vari-
ables. By Example 7.2, each Z?—1 is subexponential with parameters (2,4). Hence Proposition 7.8
gives

Y 1' > t> < 2e /8,
n

=4n and oy = 4.

v

Substitution into (7.6) proves the result. O
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This chi-squared concentration bound is the main probabilistic ingredient in the random projection
construction considered next.

s N

Theorem 7.10 (Johnson-Lindenstrauss lemma) Let u!,... 4N € R? let 0 < § < 1,
and let 0 < € < 1. Let X € R™*? have independent standard normal entries, and define the
random projection

Xu
i 16 N

then, with probability at least 1 — €, every pair satisfies
(1= 6)|Ju’ — |3 < ||[F(u) — F(w))||s < (14 6)|ju’ — 3. (7.8)

The map F' is also called a random sketch or a random linear embedding.

. J

The significance of Theorem 7.10 is that the target dimension depends logarithmically on the
number of points and does not depend on the ambient dimension d. The geometry of this random
projection is illustrated schematically in Figure 5 for the case d = 3 and m = 2. In general, a
cloud of N points in R? is embedded into R™ while all pairwise distances are preserved up to
relative distortion §.

ambient point cloud in R3 embedded point cloud in R?

w3 random projection
F:R? = R?

N points'

FIGURE 5

Proof. Let X, be the rth row of X. For any fixed nonzero u € R%,

<X,.,”> ~ N(0,1),

[ll
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independently over r. It follows that

IXull; _ < u \* 5
2

o2 =
[ —

X 2
P( Xul;
mllul;

Since ||F('u,)H§ = HX'u,Hg/m, this is equivalent to

By Example 7.9,

> 5) < 9e~™MO/8,

P (HF(U)H% ¢[1—-61 +5]> < 2efm52/8'

2
[[ell

For a distinet pair u’,w/, apply this bound to u = w' — w/. Linearity gives F(u’ — u’) =
F(u') — F(u’/). A union bound over the (1;7 ) pairs shows that the probability of any failure of
(7.8) is at most
2 (N> 67m52/8 < N2€fm62/8
5 < )
Condition (7.7) makes this quantity at most €, which proves the result. If two points coincide,
their distortion inequality holds trivially. O

The Johnson-Lindenstrauss lemma (Theorem 7.10) was introduced by Johnson and Lindenstrauss
(1984). Matching lower bounds show that the order §~21log N cannot generally be improved; see,
for example, Larsen and Nelson’s optimality result. Thus the sufficient dimension in (7.7) has the
correct order up to universal constants.

Theorem 7.11 Let X be a mean-zero random variable. The following statements are
equivalent, with constants allowed to change between statements:

1. There are parameters v, a > 0 such that

whenever [A\| < 1/a.
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2.

. The quantity

There are constants ¢, co > 0 such that
P(|X|>1t) < cre” 2

for every t > 0. For a symmetric variable, the natural two-sided constant may be taken
to be twice the corresponding one-sided constant.

There is a constant ¢ > 0 such that

E[e?XN] < c0.

Equivalently, the moment generating function is finite on a neighborhood of zero.

EILX k 1/k
T :=sup <U|H>
k>2 k!

is finite. This is the formulation underlying the Bernstein condition.

Proof.

—cat

(1) implies (2). The two-regime bound in Proposition 7.3 is bounded above by cje

after adjusting c; to cover the bounded interval near zero. Applying the result to both X and —X

proves the two-sided statement.

(2) implies (4). For every integer k > 2, the layer-cake formula gives

k > k-1 1 et k!
E[|X|]:k/ t P(\X|2t)dt§c1k/ th—te™2 dt = c1—.
0 0 Cy

Taking kth roots proves that T < oo.

(4) implies (3). If ¥ = 0, then E[X?] = 0 and X = 0 almost surely. Otherwise, choose 0 < ¢ < 1/7Y.
The terms of orders at least two satisfy

The terms of orders zero and one are finite because X is integrable. Hence Ele

k=2 ! k:2

Xl < o0.

(3) implies (1). Suppose that E[eX]] < co. For |A| < ¢/2, the inequality

u v’ L
e Sl—i—u—k?e
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and the identity E[X] = 0 give

2 2\2
Ele*] <1+ %E[X%C‘XW] < exp <V2)\ > ,

where 12 = E[X2eX1/2] < 0o, Taking a = 2/c proves (1). O

Lecture 8 — Monday, March 11, 2019

Lipschitz Functions of Independent Gaussian Random Variables

Definition 8.1 A function f : R” — R is L-Lipschitz with respect to the Euclidean
norm if

[f(x) = f(y)| < Lll= —yll,
for all ,y € R".

Lemma 8.2 (Gaussian logarithmic Sobolev inequality) Let G ~ N,(0,1,) and let
g : R™ — (0,00) be smooth. Then

1

||v9<G>||§] | 1)

where

Ent(U) = E[U logU] — E[U]log E[U].

Proof. Let v, denote standard Gaussian measure and let
Pyg(x) =E [g (e_tm +v1- e*QtGﬂ

be the Ornstein—Uhlenbeck semigroup. Gaussian measure is invariant under P;, and P,g converges
to E[g(G)] as t — co. Gaussian integration by parts gives

IV Pgll3

d
Em Ent'Yn (Ptg) = _]E'Yn Ptg

dt
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The gradient commutation identity VPg = e *P,(Vg) and the Cauchy—Schwarz inequality imply

2 2
”VPtQHQ §€f2tpt HV9H2 ‘
Pg g

Integrating from zero to infinity and using invariance of =, yields

Ent%(g)ﬁ/ e HAtE,, Vgl _lg IValla |
0 g 2 p

Theorem 8.3 Let G = (Gy,...,G,) have independent standard normal coordinates, and
let f:R™ — R be L-Lipschitz for some L > 0. Then f(G) — E[f(G)] is sub-Gaussian with
variance proxy L?. Equivalently, for every A € R and ¢t > 0,

E [ex{f(m—E[f(G)}} < N2 (8.2)

P(|f(G) —E[f(G)]] > t) < 27/CLY, (8.3)

Proof. First suppose that f is smooth. Lipschitz continuity implies |V f|, < L. Apply
Lemma 8.2 to g = eM. If M(\) = E[eM ()], then

AM’(X) — M(A)log M(X\) = Ent(eM (@) < Z 2 M()\).

Set ¢(A) = log E[eM/(G)-EIF (G} After dividing by M()), the preceding inequality becomes

) - ) < 22

! 2
DN
A -2
Since ¥(0) = ¢'(0) = 0, integration from zero to A proves (8.2) for A > 0. Applying the same ar-
gument to —f proves it for A < 0. A general Lipschitz function is differentiable almost everywhere

with gradient norm at most L; smoothing and truncation extend the result to this case. Finally,
(8.3) follows from Lemma 6.5. O

For A > 0,
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Example 8.4 Let Z1,...,Z, be independent standard normal random variables and let
Y =31, Z? ~ x2. Use Gaussian concentration to bound the upper tail of Y/n.

Solution. Set Z = (Zi,...,Z,)" and V = ||Z||,/v/n = /Y/n. The map z — |z|,/v/n is
1/y/n-Lipschitz. Therefore Theorem 8.3 gives

P(V > E[V] +6) < e /2,

Jensen’s inequality yields

E[V] < VE[V? =

1 n
- E E[Z?] = 1.
n

=1

Hence, for every § > 0,
P <Y > (1 + 5)2) < efn52/2.

3

For 0 < § < 1, one has (1+§)? < 1+ 34. It follows that
P (Y >1+ 35) < e,
n

Equivalently, for 0 <t < 3,
P (Y Z 1 +t> g e—?’bt2/18‘

n
O
Example 8.5 Let GG1,..., G, be independent standard normal random variables, ordered
so that G(1) > -+ > G(y). Then, for every k and 6 > 0,
P (G — E[Gqy]| > 6) < 2¢7°/2.
Solution. For vectors z,y € R", let r = ||z — y|| . Every coordinate of x lies within r of the
corresponding coordinate of y, so their kth order statistics satisfy
2wy — Y| < e =yl < llz =yl
Thus the kth order statistic map is 1-Lipschitz. Apply Theorem 8.3 with L = 1. O
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Example 8.6 Let W = (Wq,...,W,) have independent standard normal coordinates. For
A C R", define

Z(A) = sup Zaka = sup(a, W).
acA ;T acA

Assume that A is nonempty, that this supremum is measurable, and that

w(A) = sup |lal|, < co.
acA

Suppose also that w(.A) > 0. Then

52
P(1Z(A) ~ E[Z(A)]| > §) < 2exp (—M) .
Solution. Let f(w) = supyec 4(a,w). For w,w’ € R",

f(w) = f(w') < sup(a,w —w') < sup [|all,y||w - w'|, = w(A)||w - w'|,.
acA acA

Interchanging w and w’ gives the same bound in the opposite direction, so f is w(A)-Lipschitz.

The result follows from Theorem 8.3. O

The quantity w(.A) used here is the Euclidean radius of A, while E[Z(.A)] is its Gaussian width.
The random supremum Z(.A) is a Gaussian analogue of Rademacher complexity.

3. Measure Concentration and Empirical Processes

Measure Concentration

Definition 8.7 Let ¢ be convex on an interval containing the range of an integrable random
variable U. The ¢-entropy of U is

Jensen’s inequality gives Hy(U) > 0 whenever the displayed quantities are finite.
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Example 8.8 The following choices connect ¢-entropy with familiar quantities:
1. If ¢(u) = u?, then Hy(U) = Var(U).
2. If ¢(u) = —logwu for u > 0, then
Hy(e*¥) = log E[e*X] — AE[X] = logE [eA{X*]E[X”} .

Thus this ¢-entropy is the logarithm of the centered moment generating function.

Definition 8.9 For a nonnegative integrable random variable Z, define its entropy func-
tional by
Ent(Z) =E[Zlog Z] — E[Z]1og E[Z],

with Olog 0 interpreted as zero. This is the ¢-entropy associated with

b(u) = {ulogu, u > 0,

0, u = 0.

Remark 8.10 Let My ()\) = E[e?]. Direct differentiation gives
Ent(e™) = AM% (A\) — Mx (\) log Mx (\). (8.4)
If X ~ N(p,0?), then
Mx(N) = o220 and My (N) = (u+ 02X Mx (N).
Substitution into (8.4) yields

2A2
Ent(e*Y) = 2 ;

Mx(N). (8.5)

The mean cancels, so the same identity holds for centered and noncentered normal variables.

Proposition 8.11 (Herbst argument) Suppose that, for A > 0,

o2 )\2
2

Ent(eM) < Mx(N). (8.6)
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Then 5es
log E [eA{XfJE[X]}] < TN
-2
for A > 0. If (8.6) holds for every A € R, then (8.7) also holds for every A € R, and X is
sub-Gaussian with variance proxy o?.

(8.7)

Proof. Let 1(\) = log Mx(\) — AE[X]. By (8.4), dividing (8.6) by Mx()\) gives

o2 )\2

M) =9 < T

(LY 2
A -2
Because 1(0) = v/(0) = 0, integration from zero to A yields 1()\) < 0?A2/2, which is (8.7). For

negative A, repeat the argument on the interval from A to zero, or apply the positive argument to

-X. O

For A > 0, this is equivalent to

The entropy estimate is therefore converted into a moment generating function estimate, after
which the Chernoff bound in Theorem 6.2 gives concentration. This conversion is the Herbst
argument. Identity (8.5) is the model case.

Proposition 8.12 Suppose that b,c > 0 and
Ent(eM) < A% [bM%(\) + Mx(M\){o® — bE[X]}] (8.8)
for 0 < A < 1/b. Then

o2)\2

< . .
Ty 0SA<1b (8.9)

log E [QA{XfE[X]}] <

Proof. Set
P(A) = log Mx(N) — AE[X].

After dividing (8.8) by Mx(\) and using (8.4), one obtains

AP (A) = p(A) < N{bp'(A) + %}
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Consequently,
/
(L =0 " _ AA =bNP'(N) = (D) _
= o°.
A A2 -
The expression in braces tends to zero as A | 0. Integrating therefore gives
(1000 _ oy
A

which is equivalent to (8.9). O

Separately Convex Functions and Random Variables

The entropy method also gives dimension-free concentration inequalities for functions of indepen-
dent bounded coordinates. Convexity in each coordinate plays the role of Gaussian smoothness.

Definition 8.13 A function f: R™ — R is separately convex if, for each k € {1,...,n}
and every fixed choice of the other coordinates of € R”, the function

xp— f(@h, T, T Ty, -, T)

1S convex.

Lemma 8.14 Let Xj,...,X,, be independent and supported on [a,b], and write X =
(X1,...,X,)". If f is separately convex and L-Lipschitz with respect to the Euclidean
norm, then, for every A > 0,

Ent(eM X)) < N2L2(b — a)?E[eM X)) (8.10)

Proof. Entropy tensorization for independent coordinates gives

Ent(eM X)) <E [Z Enth(e)‘f(X))] ,
k=1

where the other coordinates are held fixed in the kth conditional entropy. For a convex function
g on [a, b], the one-dimensional convex entropy bound is

Ent(eM%)) < X2(b — a)*Ey, [e}5H) 7],

where the quantities s; may be chosen as the coordinates of a subgradient of f. This bound follows
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by replacing the law on [a,b] by its two-endpoint convex majorant and applying the elementary
two-point entropy inequality. Applying it coordinatewise and summing gives

Ent (M) < 2\2(b — a)?E [e)‘f(X)Hs(X)Hg] .

The Lipschitz property allows the subgradient to be chosen so that ||s(X)||, < L. This proves
(8.10). A standard smoothing argument removes the differentiability implicit in the subgradient
notation. ]

Theorem 8.15 Let X,...,X,, be independent random variables supported on [a, b], and
write X = (X1,...,X,) . If f:R” — R is separately convex and L-Lipschitz with respect
to the Fuclidean norm, then, for every § > 0,

52
P (/) 2 BT+ < exp (~ 17300 —a72 ) (8.11)

Proof. Combine Lemma 8.14 with the Herbst argument in Proposition 8.11. This gives, for
A>0,
log E [MFX—EFXH < N212(h — a)2.

The Chernoff bound in Theorem 6.2, optimized at A = §/{2L?(b — a)?}, yields (8.11). O

Remark 8.16

1. The result is a bounded product analogue of Theorem 8.3.

2. Some structural assumption such as separate convexity is necessary for a dimension-free
bound of this form.

3. Theorem 8.15 gives an upper tail bound. Stronger convex concentration results can
give two-sided control under joint convexity and suitable assumptions on the product
measure.

4. Analogous inequalities hold for broad classes of log-concave measures when the measure
satisfies an appropriate Poincaré or logarithmic Sobolev inequality; log-concavity alone
does not give the same universal constant.
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Example 8.17 Let €1,...,&, be independent Rademacher random variables, let € =
(€1,...,&,)", and define

Z(A) = sup(a,e) and  w(A) = sup |lal],.
acA acA
Assume that A is nonempty, the displayed supremum is measurable, and w(.A) > 0. Then,
for every 6 > 0,

2
P(Z(A) > E[Z(A)] + ) < exp <_HS¢:SM)2) .

Solution. The function f(x) = sup,ec4(a, ) is a supremum of linear functions and is therefore
jointly convex. The calculation in Example 8.6 shows that it is w(A)-Lipschitz. Since each
Rademacher coordinate lies in [—1, 1], Theorem 8.15 applies with b — a = 2 and gives the stated
bound. .

Remark 8.18 Changing only the kth Rademacher coordinate changes Z(.A) by at most
2supge 4 |ak|. The bounded differences inequality therefore gives the alternative martingale
bound

52
P(Z(A) > BIZ(A)] +5) < exp (—222_1 o k) |

The denominators satisfy

n n
w(A)? = sup Z ai < Z sup az.

acA =1 =1 acA

The inequality can be strict by a large factor, so the entropy-based bound can be substantially
sharper.

The transition from concentration inequalities to uniform laws of large numbers is summarized in

Figure 6.
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Central limit theorem h

o
pointwise fluctuation theory = ﬁu@tUath
iogg
M-estimation theory

stronger control model-based

Y statistical limits

Uniform law of O“tx"o\
Sfor™ ¢
W

large numbers

uniform stochastic control

FIGURE 6

The central limit theorem supplies probabilistic fluctuations, while M-estimation combines these
fluctuations with model structure. Uniform laws of large numbers provide the uniform control
needed to pass from individual functions to entire model classes.

Uniform Laws of Large Numbers

Let X1,...,X, be independent and identically distributed copies of a random element X taking
values in a measurable space X, and let F be a class of measurable functions f : X — R. A model
{mg : 0 € ©} from M-estimation is one important example. The maps have the form

QAP X x LR

Define
1 n
Pof ==Y f(X)), Pf=E[f(X)], and [P, —P|z:=sup[P.f—Pf|.
"ia feFr
Thus the random variable Zz = ||P,, — P||  measures the largest empirical error over the entire

class. Two questions drive the analysis:

1. Does Zr concentrate around its expectation?

2. Can the expectation, and hence Zr itself, be bounded in terms of the complexity of F and
the distribution of X7

Theorem 8.19 Suppose that F is nonempty, supscr || fl|o, < b < o0, and the displayed
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empirical supremum is measurable. Then, for every § > 0,

P (P, — P|| - > E[||P, — P| 5] + ) < e 07/, (8.12)

The two-sided deviation from the expectation is bounded by 2e—n8%/(26%)

Proof. Let g(r1,...,7n) = supser In~1 > f(xi) —Pf|. If @ and y differ only in coordinate i,

then
2b

l9(x) — g(w)] < sup - F(z:) — Flw)] < .
ferm n

The bounded differences inequality therefore gives

2
P(g(X) — E[g(X)] > §) < exp <_n(22b‘5m)2) _ %/ (2%)

Applying the same inequality to —¢g and using the union bound gives the two-sided assertion. [

Lecture 9— Monday, March 18, 2019

Definition 9.1 For fixed points 2" = (z1,...,x,), define

Fa) = {(f(21),.... f@n)) : f € F} CR".

If €1,...,e, are independent Rademacher random variables, the empirical Rademacher

Zezf i ]

n(F; X))

complexity is

R, (F; ") = sup

feF|n

The population Rademacher complexity is

Zezf

';3>

R, (F) =Ex, [sup Ex|
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Theorem 9.2 For every function class F with an integrable envelope and measurable

suprema,
E[|P, — P 5] < 2R,(F). (9.1)

Proof. Let X],..., X, be an independent copy of the sample and write P, f = n=1 >, f(X]).
The conditional version of Jensen’s inequality gives

Ex[[|Pn — P||£] = Ex [SHP |Pnf —Ex/ []P’%f]‘] <Exx/ [SHP P f — Py, f]
feF feF

Each pair (X;, X/) is exchangeable. Introducing independent Rademacher signs therefore does not
change the last expectation:

feFr

Ex x/ [SUP P f — P;f’] =Ex x/ ¢ [SUP L Z5i{f(Xi) - f(Xz()}u
fer i

1< 1<
<Ex. [sup|— gif(Xi)|| + Ex/ ¢ |sup |— eif(X]
iy Seron] + e gl e
= 2R, (F).

Combining Theorems 8.19 and 9.2 shows that, with probability at least 1 —n,

2log(1
B — Bl < 298, (F) + by 2B
For classes of indicator functions, the Vapnik—Chervonenkis (VC) dimension can be used
to control the Rademacher complexity. Covering numbers and chaining provide tools for general

real-valued classes.
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Covering and Metric Entropy

Definition 9.3 A pseudometric on a set O is a map p : © x O — [0, 00) satisfying the
following properties:

1. p(z,z) =0 for every x € O.
2 = p(y,x) for all x,y € ©.
3. plx,2) < p(x,y) + p(y, 2) for all z,y,z € O.

If, in addition, p(z,y) = 0 only when z = y, then p is a metric.

Definition 9.4 Let T C ©. A finite set V = {#',...,60"} C O is a §-cover of T if, for
every 0 € T, thereisani € {1,..., N} such that p(#, ") < 6. The centers need not belong to
T. The d-covering number N (6;7, p) is the smallest possible cardinality of such a cover,

and
log N(6;T, p)

is the metric entropy. A space is totally bounded precisely when its covering number is
finite for every § > 0.

. J

The map 6 — N(J;T, p) is nonincreasing. For an infinite class it often diverges as ¢ | 0, and its
rate of growth measures the effective size of the class.

Example 9.5 Let I =[—1, 1] with the usual distance. For 0 < § < 1, show that

NG| |) < BJ +1.

Solution. Set L = [1/6] + 1 and use the centers §® = —1+2(i —1)d for i = 1,..., L. The closed
balls of radius § about these evenly spaced centers cover [—1, 1]. Consequently,

NG| ) SL<:+1.

1y
5
10.

Thus the covering number has polynomial growth as §
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Definition 9.6 A J-packing of T is a set {#',...,0M} C T satisfying p(¢%,67) > §
whenever i # j. The §-packing number M(0; T, p) is the supremum of the cardinalities of
all J-packings.

The geometric distinction is shown in Figure 7. A cover asks whether radius-§ balls reach every
point of T', while a packing asks whether the selected points remain more than § apart.

‘

covering controls reach; packing controls separation

FIGURE 7

Lemma 9.7 For every § > 0,

M(26;T,p) < N(0;T,p) < M(6;T,p). (9.2)

Proof. For the second inequality, take a d-packing that is maximal under inclusion. If it were
not a d-cover, there would be a point of 7" at distance greater than ¢ from every packing point.
Adding that point would contradict maximality. Thus a maximal packing is a cover.

For the first inequality, let {z!,..., 2™} be a 2§-packing and let {#',... 0V} be a d-cover. If
M > N, two packing points must lie in the same ball of the cover. The triangle inequality would
then give

p(a',2) < p(a’, 0%) + p(6%, 27) < 26,

contradicting the packing property. O

Proposition 9.8 Let ||-| be any norm on R¥, and let B = {x : ||| < R}. For every
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e >0,

k k
(1) < N(eR: B, |M) < M(=R: B |1) < (1 T 2) | (9.3)

In particular, both numbers have order % as ¢ | 0.

Proof. Let {#',...,0V} be an eR-cover of Br. Translation invariance and homogeneity of
Lebesgue volume give
N
vol(Bg) <> vol(B(¢",eR)) = N vol(Bcg).
=1

Since vol(B,) = ¥ vol(By), it follows that N > e*.

The middle inequality is (9.2). For the last inequality, let {z!,... , ™} be an eR-packing. The
balls B(x',cR/2) have disjoint interiors and their union lies in Bg.g/2. Therefore

R\" R\"
M (2) vol(By) < <R+ 62> vol(By),
which rearranges to the final inequality in (9.3). O
Example 9.9 Let Q be a probability measure on R¥, let Bp = {8 : ||8]l, < R}, and

consider

F={x—B"z:8¢cBg}.

Under the pseudometric

o 1) = {Eol{(8 - xy} ",

the Cauchy—Schwarz inequality gives

/
o 1) < {BQlIXIZ} " 18 A1l

Thus the metric entropy grows at most polynomially with exponent k.

Proposition 9.10 Let © C R* be nonempty and bounded, with Euclidean diameter D,
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and let F = {fp : @ € ©}. Suppose that a nonnegative function I' satisfies

o, (x) = fo,(2)| < T'(2)[[01 — ]|, (9-4)

for every x € X and 61,05 € ©. Let Q be a probability measure on X, define

1/2

pa(f.9) = {Eql(f(X) — 9(X))*]} ',

and assume [|I'[g, = {Eg[T'(X)?]}!/2 < 0o. Then

k
2D||1“||@,2>

M Fopo) < (14—

Proof. By (9.4),
p@(f017f02) < HFHQ,2H01 - 02”2'

If [[If|go = 0, all functions in F are identical in the pseudometric and the packing number is at
most one, so the claim is immediate. Assume below that [|I'[|g, > 0. Hence every e-separated
subset of F corresponds to an /(||| o-separated subset of ©. Fix a € ©. Since © C B(a, D),

k
2DHFH@,2>

e e
wmfw@3M<;&wJSM<M%;Mmmmm>s@+ -
2

Tl

by Proposition 9.8. O

The bound obtained by combining Theorems 8.19 and 9.2 holds for every sample size and is
uniform over f € F. Covering numbers now provide a way to control the Rademacher complexity
appearing in that bound.

Chaining

Definition 9.11 Let 7 C R? and let € = (£1,...,4) have independent Rademacher
coordinates. The Rademacher process indexed by T is

Rg == (0,e), 0O¢cT.
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Its absolute expected supremum,

R(T)=E [223 IRoI] :

is the Rademacher complexity of T

Definition 9.12 Let g ~ N;(0,1;). The canonical Gaussian process indexed by T C R?
is

Gg = (g,0), 0cT.

Its absolute expected supremum,

G(T) = E [sup |Ge@ |

ocT

is the Gaussian complexity of T'. If T is centrally symmetric, the absolute values may be
omitted without changing either complexity.

These processes recast the Rademacher complexity from Definition 9.1 as the expected supremum
of a stochastic process.

Lemma 9.13 For every T C R? with finite complexities,

2R(T) < G(T) < /2108(2d) R(T). (9.5)

™

Proof. Write g; = n;e;, where 1; = |g;| and the signs ¢; are independent Rademacher random
variables, independent of § = (11,...,7q). Since a supremum of absolute values of linear functions
is convex, the conditional version of Jensen’s inequality gives

d d
meiai sup Z [nilei z] \/773
i1

9eT | =
For the upper bound, we establish the required comparison directly. Fix i and set M = ||n||. If

Ee

G(T) = Ene [sup
ocT

M = 0, the comparison is immediate. Otherwise, let S =T U (=T, so that, for any nonnegative
coefficients cq, ..., ¢q,

g cigili| = = sup E cigib;.

0eS 5

sup
fcT
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We compare the coefficients one coordinate at a time. Fix k& and condition on all signs except &j.
For
Ag = Zcz‘ei@i, 0 €S,
itk
define

1 1
hi(a) == 5 21612(149 + aHk) + 5 21611;(/19 — a@k).

This is the conditional expectation over £, when the kth coefficient equals a. Each supremum in
the definition of Ay is a convex function of a, and hy, is even. Consequently, hj is nondecreasing on
[0,00). Thus, whenever 0 < ¢ < M, replacing ¢ by M cannot decrease the conditional expected

supremum. Beginning with ¢; = 7; and repeating this comparison for k = 1,...,d gives
d d
Ee |sup m&&] < ME, [sup Zsﬂi] = [l R(T).
0eT = 0eT =
i=1 i=1
The maximum bound in Lemma 9.15 below, applied to g¢i,...,g94 and their negatives, yields
E[|ln|l.] < v/2log(2d). Taking expectations proves the upper bound. O

Definition 9.14 A centered stochastic process { Xy : @ € T'} on a pseudometric space (T, p)
is a sub-Gaussian process with canonical pseudometric p if

2 2
E [6>\(X9—X9/)] < exp <)‘p(z’9)> (9.6)

for every A € R and 0,60’ € T.

. J

Both processes in Definitions 9.11 and 9.12 are sub-Gaussian under the Euclidean pseudometric
because their increments are linear forms in independent sub-Gaussian coordinates.

Lemma 9.15 Let Xi,...,X,, be mean-zero random variables, each sub-Gaussian with
variance proxy o2. Independence is not required. Then

E [ max Xi] < oy/2logm, (9.7)

1<i<m

E ng;&g{ |Xl|] < ov/2log(2m). (9.8)

Proof. If o =0, every X is zero almost surely. Assume ¢ > 0. When m = 1, the first inequality
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is simply E[X;] = 0. For m > 2 and every A > 0,

1 1 e logm  Ao?
E [maxxi] < < logE [ekma"in] < Slog Y E[M] < BT 2T
' A i=1

A A 2

Optimizing at A = /2log(m)/o proves (9.7). Apply the same argument to the collection
X1,y Xm, —X1,...,—X,, to obtain (9.8). O

For independent Gaussian variables, the first bound is asymptotically sharp: if X; ~ N(0,0?)

independently, then
E [maxlgigm Xz]

o+v/2logm

— 1.

Proposition 9.16 Let {Xy : § € T} be a centered sub-Gaussian process with canonical
pseudometric p, and suppose that D = diam(7’, p) < co. For 0 < 6 < D,

E | sup (Xg—Xg)| <2E| sup (X;—Xp)|+2D+/logM(5;T,p). (9.9)
0,0'eT 7,7 €T
p(r,7')<6

Proof. Let U = {¢1,...,¢m} be a maximal §-packing. By Lemma 9.7, it is also a d-cover and
m < M(6;T, p). For every 6 € T, choose 7(0) € U with p(0,7(6)) <. Then

Xo — Xoo = {Xo — Xr0)} + {Xr(6) — Xror)} + {1 Xn(0r) — Xor}

<2 sup (X;—Xy)+ max (X4 — Xy).
T,T/GT( )+ e (Xo = Xy)
p(r,7')<6

There are at most m? increments in the last maximum, and each is sub-Gaussian with variance
proxy at most D?. Therefore Lemma 9.15 gives

E ¢IgaXU(X¢ — Xy¢)| < Dy/2log(m?) = 2D+/logm.
) e

Taking the supremum over 6,6’ and then expectations proves (9.9). O
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Lecture 10— Monday, March 25, 2019

Choosing a single resolution § balances a local oscillation term against a finite net term. Chaining
improves this strategy by using a nested sequence of increasingly fine nets.

For one index 6, Figure 8 shows the resulting telescoping path: each projection resolves a smaller
amount of the remaining metric error.

ﬂ'()(e)

coarse net

{ m(0) — m1(0) — m2(0) — 6: sum controlled increments

FIGURE 8

Definition 10.1 For 0 < a < b < o0, define the Dudley entropy integral

b
J(a,b;T, p) ¢=/ Vlog N(s; T, p) ds.

The Dudley entropy integral is useful precisely when the metric entropy is integrable over the
indicated range; it need not be finite automatically.

s N

Theorem 10.2 (Dudley’s entropy bound) Let {Xp: 6 € T} be a centered, separable
sub-Gaussian process with canonical pseudometric p, and let D = diam(T, p), where 0 <
D < oco. There is a universal constant C' such that, for 0 < § < D,

E
0,0'eT 7,7 €T
p(r,7')<d

+CJ(6/4,D/2:T, p). (10.1)

sup (Xp — X@/)] <2E | sup (X;—X.)

(s
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If the local oscillation tends to zero as 9 | 0, then

E [sup X9:| <CJ(0,D;T,p). (10.2)
0eT

Proof. Choose scales €; = 277D and fix 6y € T. Set Ty = {6p}. For j > 1, start with an
(€;/2)-cover whose centers may lie outside T', and replace each ball that meets 7" by one point of
its intersection with 7T'. The resulting set T; C T' is an €;-net and satisfies

75| < N(ej/2; T, p).

This step is needed because the definition of a cover permits external centers, whereas the process
is indexed only by points of T'. Let m;(6) be a nearest net point to #. For a truncation level J,

J
X@ - X@o = X@ - XTFJ(@) + Z{Xﬂ'](e) - Xﬁjfl(e)}‘
7=1

The increment in the jth sum has pseudometric length at most €; + €;_1 = 3¢;. There are at
most |T5||T;—1| possible increments at that level. Since |Tj_1| < N(¢;; T, p) < N(€;/2;T, p), their
number is at most N(e;/2; T, p)%2. By Lemma 9.15, their expected maximum is at most

C’oej\/logN(ej/2;T,p)

for a universal constant Cy. Taking the supremum over 6 and summing over j gives

J
E [sup(X, — X < C eir/log N(e;/2;T,p).
(e, 0~ Koy 3oyl a2 T

Because the entropy is nonincreasing in the scale, this dyadic sum is bounded by a universal

constant times
D/2

V0iog N(s;T, p)ds.
€y/4

Apply the same decomposition to both endpoints of Xy — Xg/. Choose J so that ey is comparable
to §, and leave the two terminal increments as the local oscillation term. A harmless rescaling
of the integration limits yields (10.1). Letting § | 0 proves (10.2) whenever the local oscillation
vanishes. O

Unlike the one-step estimate, Dudley’s bound (Theorem 10.2) accumulates the complexity of T’
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across all resolutions. If the global diameter or entropy integral is infinite, localized or truncated
versions may still be useful, but chaining does not make an infinite integral finite by itself.

Example 10.3 For 0,z € [0, 1], let
folz)=1—e"

and set P = {fp : 6 € [0,1]}. For a fixed sample 2" = (z1,...,x,), compare one-step
discretization and chaining bounds for the Gaussian and Rademacher complexities of

P(") ={(f(z1),..., f(xn)) : f € P}.

Solution. The derivative with respect to 6 satisfies |0 fg(z)/00] = xe™* < 1. Hence
Ifo — forlloo < 16— 0.

A radius-0 cover of [0, 1] therefore induces a cover of P, and

1
NPl ) < 5542 (10.3)
Define the empirical norms
L& 1/2
R N \)2 _ — ) — .
1f = gllop = {nz;(f(fcz) 9(x:)) } and [ = glloo = max [f(zi) —g(@i)]
Since
1 =9llop < If = 9l < I1f = 9llcs
one has Pl .
xn
N . . < N(§: . < — 2. 10.4
(62520 1) < MG P ) < 5 + (104

1. For the canonical Gaussian process,

< 6E]|lgll,] < 6v/n.

IE[ sup (g, 7 — 1)

[T—7"ll;<6
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The diameter of P(z™)//n is at most one. Consequently, Proposition 9.16 and (10.4) give

G <P(§n)> < ;ﬁ {5\/ﬁ+ log (215 +2> } .
Taking § = 1/(44/n) yields
g <7’(;’")> < CW (10.5)

2. Dudley’s entropy bound (Theorem 10.2) and (10.4) give

(7)) = G o

because the entropy integral is finite. This improves (10.5) by a factor of order v/logn.

for a universal constant C.

Taking expectations with respect to the sample preserves the same bounds. Moreover, (9.5) implies

Since 0 < fy < 1, combining Theorems 8.19 and 9.2 shows that, for every § > 0,

P | sup |P f—IP’f]>2C”+(5 < e /2
jep ~Vn B '

This is a nonasymptotic uniform law of large numbers with the sharp n~1/2 complexity rate for

this class. O
4. Principal Components and Sparse PCA

Principal Component Analysis

Let X € R¢ be a random vector with mean zero and covariance matrix ¥. Principal component
analysis identifies directions of maximal variance.

In two dimensions, the leading principal direction is the major axis of the covariance ellipse, as
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illustrated in Figure 9. Projecting onto this axis preserves more of the cloud’s variation than
projection onto an orthogonal direction.

U2 U1

the leading direction maximizes the variance of the projected coordinates

FIGURE 9

Definition 10.4 The population principal directions are defined recursively by

v € argmax v v, k=1,...,d,

vesed—1
vlvy,..,Vp_1

where the orthogonality constraint is vacuous when k£ = 1.

. J

Thus vy, is an eigenvector associated with the kth largest eigenvalue of . When that eigenvalue
is simple, vy, is identifiable up to its sign.

Definition 10.5 Suppose that X1,...,X,, are independent copies of X. The empirical
covariance matrix is

~ 1<
S = —ZXiXiT.
n
i=1

The eigenvalues /):Z and eigenvectors v; of 3 estimate the corresponding population quantities. The
two basic continuity questions are summarized in Figure 10:
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spectral continuity under covariance perturbations

i = fi(%) v; = gi(X)
eigenvalues eigenvectors
Y Y
i = fi(%) v; = gi(%)
FIGURE 10

The required sample size depends both on the ambient dimension and on any additional structure,
such as sparsity. Principal component analysis is used, among other applications, in ranking,
mixture models, regression, manifold learning, and community detection.

~

Definition 10.6 The spaces of symmetric matrices and positive semidefinite matri-
ces are, respectively,

S"={QeR™:Q=Q"} and S1={QesS’:Q*>0}.
For Q € S%, its Rayleigh quotient is

B u' Qu

u'u

Rq(u) : , u#0.

Both ¥ and & belong to Si. For Q € S¢, order its eigenvalues as

Ymax(Q) = 71(Q) > -+ > 74(Q) = Ymin(Q)-

Theorem 10.7 (Courant—Fischer variational characterization) Let Q € S°.

1. The extreme eigenvalues satisfy

vmax(Q)zrgggRQ(U) and 'ymm(Q)=g1;gRQ(u)-
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2. Fork=1,...,d,

= min max Ro(uw) = ma min Ro(w).
Q) Join - maxRo(u) = max  mip Ro(u)
dimU)=d—k+1 u#0 dim(U)=k u#0

Proof. For (1), let qi,...,qq be an orthonormal eigenbasis corresponding to 11 (Q) > - -+ > v4(Q).
If u= Z;lzl a;q; is nonzero, then

d 2

1Y Q a’

RQ (’LL) = —Z] ll;/jl(az) J .
Z]: J

This representation proves (1).

For the first identity in (2), every subspace U of dimension d — k + 1 intersects span(qi, . - ., qk)
nontrivially. Consequently,

max  Rq(u) > v(Q).

ueld\{0}
Equality is attained by U = span(qx, - . .,qq). Similarly, every k-dimensional subspace intersects
span(qg, - - . , g¢) nontrivially, while equality is attained by span(qi, ..., qx). O

The first statistical task is to control the operator norm error of the empirical covariance matrix.

By (1),
1 n
— g (X, u)? —u' Su. (10.6)
n
i=1

uT(f) - Z)u‘ = sup

Hi >
ueSd-1

= sup
P yegd-1

Thus covariance estimation is a uniform law of large numbers for the quadratic class x +— (z, u)?.

Definition 10.8 A mean-zero random vector X € R% is sub-Gaussian with variance

proxy o2, where o2 > 0, if
E [e’\“"Xq < N202/2

for every u € S%! and every A € R.

Example 10.9 The following are basic examples:
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1. If X = (X1,...,Xy)" has independent standard normal coordinates, then X is sub-
Gaussian with variance proxy 1.

2. If X ~ Ny(0,%), then X is sub-Gaussian with variance proxy [|X|,,-

Indeed, (u, X) is normal with variance 1 in (1) and with variance u' Zu < ||3|| op I (2).

~

Theorem 10.10 Let Xq,..., X, be independent copies of a mean-zero random vector
X € R? that is sub-Gaussian with variance proxy o2 > 0, and let ¥ = E[X X ']. There are
universal positive constants cg, ¢1, co, c3 for which the following statements hold.

1. For every A satisfying 0 < \ < ¢jn/o?,

o A2 4
E [e)‘HE EHOP} < exp <co ‘ —|—4d> . (10.7)
n
2. For every t > 0,
‘ £-3 d d )
P 7201) > < -+ > +t] < cze_c3n(t At (10.8)
o n o n

Proof. Set Q =¥ — X. Choose a 1/8-net N = {v!,..., vV} of S9! in Euclidean distance. By
Proposition 9.8, it may be chosen so that N < 17¢. For v € S9!, choose v/ € N and write
v=1v/ + A, where ||All, <1/8. Then

"UTQ’U‘ < ‘(vj)Tij‘ + 2’ATij‘ + ’ATQA)
< |@)TQu|+ (21al, +1AI3) 1Ql.,
. . 17
T
<| @) Qv |+ QL
Taking the supremum over v and rearranging yields the convenient bound

1Ql,y <2 max (,,,j)Tij)' (10.9)

Fix u € ST 1 and put Y; = (u, X;)? — E[(u, X;)?]. The sub-Gaussian moment characterization in
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Theorem 6.7 implies
(E[Yi")'" < Cpo®, p=1.

By the subexponential characterizations in Theorem 7.11, there are universal constants C,c > 0

such that
exp < Z Y>

E [exp (t uTQu)] = < exp <C’t24> (10.10)

whenever [t| < cn/o?.

For A >0, (10.9) and (10.10) give

)\ al JT J JyT J )\204 )\20'4
Q) < Z{ (2 TQU] | p—2Aw) Q”]}§2Nexp(C : )gexp<c . +4d>,

for A < en/o?. This proves (1). Applying the Chernoff bound in Theorem 6.2 and optimizing over
the permitted values of A proves (2). O]

Remark 10.11 If ¥ =1, and 02 = 1, then

S\/E_’_d
op n n

with high probability. In particular, when n is much larger than d,

1-— C\/E S )\min(g) S )\max(g) S 1+ C\/E
n n

with high probability.

Hf:—ld

Lecture 11 — Monday, April 01, 2019

Definition 11.1 A covariance matrix X € S‘j follows the covariance model with one
spike if
S =I;+6vv',

where 6 > 0 and v € S%!. The vector v is the signal eigenvector, and @ is the eigengap
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between the largest and second-largest eigenvalues.

The largest eigenvalue of 3 is 1 + 6, with eigenvector v, while all remaining eigenvalues equal 1.
The sign of v is not identifiable from X because vv' = (—v)(—v)".

Example 11.2 Let Z ~ N(0,1) and € ~ Ny(0,1;) be independent, and set
X =V0Zv+e.
Then E[X] = 0 and
Cov(X) = 0E[Z%|vv " + Cov(e) = fvv’ +1,.

Thus X has the covariance matrix in Definition 11.1. A model with multiple spikes replaces

fvv ' by a sum Z§:1 ijjv]—.r over orthonormal signal directions.

The natural estimator of v is a unit eigenvector ¥ associated with the largest eigenvalue of S Its
accuracy follows from a perturbation bound for eigenspaces.

s N\

Definition 11.3 For unit vectors u,v € S%!, the principal angle between their one-
dimensional spans is
Z(u,v) = arccos ‘uT'v‘ € [0,7/2].

Definition 11.4 For a matrix A and 1 < p < oo, its Schatten p-norm is

1/p
IAllg, = [ D o) |
J
where 0;j(A) are the singular values. The limiting case is [|A[|g = max;o;(A) = [|A[|,,,
while [|A|g, = [[Al|p. The case p =1 is the nuclear norm.

Lemma 11.5 (Von Neumann’s trace inequality) Let A,B € R™*" let r = min{m,n},
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and arrange their singular values in nonincreasing order. Then

tr(ATB>( < iai(A)ai(B). (11.1)
i=1

Proof. Choose singular value decompositions

r T
A= Z aiuivi—r and B = Z bjqu]—‘r,
i=1 Jj=1

where a; = 0;(A) and b; = 0;(B) are nonincreasing. Expanding the trace gives

T
‘tr(ATB)‘ < Z aibjcij and Cij = "U,;rpj‘ ’U;rqj".
i,j=1
For each i, the Cauchy—Schwarz inequality and orthonormality give
. . 12 1/2
T, )2 T 32
> < | D_(ulp)) > (wlg)* | <1
j=1 j=1 j=1

The same argument with ¢ and j interchanged shows that » ;_, ¢;; < 1 for every j. Thus C = (¢;;)
is doubly substochastic.

Set z; = E;Zl bjcij. For 1 <k <r, let s; = Zle ¢ij. The row and column sum bounds imply

that 0 <s; <1 and 22:1 sj < k. Since the sequence by, ..., b, is nonincreasing,
k r k
D 7= bisi <) by
i=1 j=1 j=1
Taking a,+1 = 0 and applying summation by parts, we obtain
r r k r k T
Zaizz‘ = Z(ak — Gf41) Z 2 < Z(ak — Gky1) Z by = Zaibi'
i=1 k=1 i=1 k=1 i=1 i=1
Combining this inequality with the trace expansion proves (11.1). O
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Lemma 11.6 (Schatten Holder inequality) If A;B € R™*" and 1 < p, ¢ < oo satisfy
1/p+1/q=1, then
r(ATB)| < ||, IBlls,- (11.2)

Proof. By Lemma 11.5,

tr(ATB)) <> 0i(A)oy(B).

Applying the ordinary Holder inequality to the two vectors of singular values proves (11.2). O

Theorem 11.7 (Davis—Kahan bound for leading eigenvectors) Let A, B € S? have
ordered eigenpairs

(Al,ul),...,()\d,ud) and (pl,vl),...,(pd,vd),

respectively. Suppose that A1 > A9, and let v; be any leading unit eigenvector of B. Then

. 2HA - BHop

sin Z(ug,v1) < ————. (11.3)

AL — A2

If, in addition, p; > p2, then the symmetric refinement is
sin Z(uy,v1) < 2l = Blly, (11.4)

’ ~ max{\; — A, p1 — p2}’ '
Moreover, in either case,

min _|lew; — 15 < 2sin® Z(ug,v1). (11.5)

ee{-1,1}

Proof. Write a = Z(u1,v1). The spectral decomposition of A gives, for every « € S9!,

d
z Az =\ (z u)? + Z Nj( " uj)? < Ajcos® Z(z,uy) + Agsin® Z(z,uy).
j=2

Substituting & = v and using ulTAul = )\ yields

u] Aug — v Av; > (A — \g)sin’ o (11.6)
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Because v; maximizes ' Bz over 541,
T T T
u] Auy —v] Av; < uf (A —Blu; +v] (B— A, <A -B,uju; —viv, > .

The matrix wju] — v1v] has rank at most two. Therefore, Lemma 11.6 and the inequality

M|, < \/rank(M)|[M]|; imply

u] Au; — v, Av; < ||A — Bllop ‘ululT — vlfulT‘ 5
1
<V2|A - Bllop ‘ulul vlvlTH
=2[|A - B|,,sinc. (11.7)
If sina = 0, the first conclusion is immediate. Otherwise, combining (11.6) and (11.7) and
cancelling sin a gives
sina < LA _ BHOP
- A1 — Ao

This proves (11.3). If p; > po, interchanging A and B gives the same inequality with p; — po in
the denominator. Taking the stronger of the two bounds proves (11.4).

Finally,

min [lew; — ]2 =2 — Q‘ulT'vl‘ <2 2(ufv)? = 2sina,
ee{-1,1}

which proves (11.5). O

Corollary 11.8 Assume the setting of Theorem 10.10, suppose that ¥ = I+ fvv ', and
let ¥ be a leading unit eigenvector of 3. If the sub-Gaussian variance proxy is o2 = 1 + 6,
then, for every § € (0,1), with probability at least 1 — 4,

_ 1 log(2 log(2
min |6 — v, < C +9{ d +108(2/9) | d+ log /5)}, (11.8)

ee{-1,1} 0 n n

where C is a universal constant.

Proof. The population eigengap is §. Applying Theorem 11.7 with A = ¥ and B = ZA], and then
using (11.5), gives

min _||ev — v, < ——
ee{-1,1}
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Choose the deviation level in (10.8) so that its right-hand side is at most ¢, and absorb universal
constants to obtain (11.8). O

Remark 11.9 If (1 + 0)/0 remains bounded and d/n — 0, then (11.8) shows that

Z(v,v) L. 0. When d is of the same order as or much larger than n, ordinary principal
component analysis need not consistently estimate the signal direction. In a simple factor
model, Johnstone and Lu (2009) showed that the ordinary leading principal component is
consistent precisely when d/n — 0. Sparsity can restore consistency in substantially higher
dimensions.

Sparse Principal Component Analysis

When the ambient dimension d is much larger than the sample size n, ordinary principal component
analysis cannot generally estimate the leading eigenvector consistently. A structural assumption
can reduce the effective dimension. In the model with one spike, suppose that the signal eigenvector
is s-sparse:

[ollg = #{j € {L-...d} s 0 # 0} < s.
This motivates the sparsity-constrained estimator

A~

Vs € argmaxu ' Su. (11.9)
uesd—!

flullo<s
The optimization problem is nonconvex, but its statistical behavior displays the gain from sparsity
particularly clearly.

The constraint in (11.9) is represented schematically in Figure 11. Ordinary principal compo-
nent analysis may distribute weight across all d coordinates; sparse principal component analysis
searches only among directions supported on at most s coordinates.

Theorem 11.10 Let X1,..., X, be independent copies of a mean-zero sub-Gaussian ran-
dom vector with variance proxy 1+ 6 and covariance matrix

S=I,+60vv", 6>0.

Suppose that ||v|, < s < d/2, and let vs be any solution of (11.9). For every 6 € (0,1),
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dense and sparse candidate directions }

ordinary PCA

r 2 3 4 5 6 7 8 9 10 11 12 13

sparse PCA I ﬂ [i‘
J I J

supp(u) = S, with |S| <s

FIGURE 11

with probability at least 1 — &,

min _|levs —v|l, < C

)

1+6 { \/slog(ed/s) +log(2/5) | slog(ed/s) + log(2/9)

ee{-1,1} 0 n n
(11.10)
where C' is a universal constant.
Proof. For aset A C {1,...,d}, let w, denote the restriction of a vector w to A, and let M 44

denote the corresponding principal submatrix of a matrix M. Since ¥ maximizes the empirical
quadratic form and v is feasible,

520, > v S.
Write a« = Z(vg,v). The curvature of the population objective around its maximizer is
v ' Xv -0, T, =0 {1 - (vTﬁs)Q} = fsin®a.
Combining these two observations gives

9ﬂn2a5;<§-2,6gﬁﬂ-va>. (11.11)

Let S = supp(vs) U supp(v), so |S| < 2s. The inner product in (11.11) depends only on the
coordinates in S. The two projection matrices differ by a rank-two matrix whose nuclear norm
equals 2sin a. Hence

sin o.

Gsin2a < H(i — 2)55
op

=2H§—2
s ( )ss

(5)s(8:)§ — vsv |
op
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It follows that

2 ~
sina < — max H Y- . 11.12
0 AC{1,...d} ( Jaa op ( )
|A|=2s
Here a set with fewer than 2s elements may be enlarged to one with exactly 2s elements.
For each fixed A with |A| = 2s, the restricted vectors (X;)a are sub-Gaussian with the same

(262) possible supports gives

(2 —%)aa

variance proxy. Applying Theorem 10.10 in dimension 2s and then taking a union bound over the
P < max

> (140) |:C{\/g+ S}+t]>
|A|=2s op n n
<o ( d ) e*an(tQ/\t)
- 2s

d
< cgexp <2slog <;s> — e3n(t? A t)) .

Choosing
o \/slog(ed/s) +10g(2/9)  slog(ed/s) + log(2/9)
B n n
makes the last probability at most §. Finally, (11.5) and (11.12) yield (11.10). O

The rate in (11.10) depends on the effective dimension slog(ed/s) rather than on d. This agrees
with the minimax theory for sparse leading eigenvectors developed by Vu and Lei.

Remark 11.11 A computationally tractable alternative estimates the rank-one projector
vv ! by solving

I, Eargmax{(E,H) —)\\|1'I||11}, (11.13)

-0 ’
tr(II)=1

where |II[|;; = >, [II;z|. The trace constraint is a convex relaxation of the rank-one
normalization, and the entrywise #; penalty encourages a sparse projector. This type of
semidefinite relaxation was introduced by d’Aspremont et al. (2007).

5. Regression and Constrained Estimation
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Regression Models

Let (X,Y) take values in X x ), where X is a covariate and )) C R. The covariate space X may
be an abstract measurable space, although X C R is the most common setting. Under squared
error loss, the target of regression is defined as follows.

Definition 11.12 The regression function under squared error loss is
ff(x)=EY | X =2], z€X,

where a suitable version of the conditional expectation is understood.

\ J

Linear Regression

Definition 11.13 The fixed design linear model is
Y =X0" +e. (11.14)

Here Y = (V1,...,Y,)" € R?, 6* € RY, and the ith row of the deterministic design matrix
X € R4 is 2. Equivalently,

Yi=x/60"+¢, i=1,...,n.

The mean-zero noise vector € € R" is assumed to be sub-Gaussian with variance proxy o?
in the sense of Definition 10.8.

Definition 11.14 A least squares estimator is any solution

6" ¢ argmin |Y — X6 2. (11.15)
OcRd

Although the coefficient vector need not be unique when X is rank deficient, its fitted value
XS is unique.
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Definition 11.15 The fixed design prediction loss is

(05,07 = L |x(@ - )]

2

= (6" —0%)" (X;X> (6™ — 6%). (11.16)

Theorem 11.16 Let (11.14) hold, and suppose that € is sub-Gaussian with variance proxy

o2. If r = rank(X), then

0'27”

E [sx(é\LS,e*)} < (11.17)

n
If, in addition, € ~ N, (0,0°L,), equality holds in (11.17). Moreover, for every § € (0,1),
with probability at least 1 — 4,

o1+ log(2/9)

Ex(6"5,6%) < Co —, (11.18)

where C is a universal constant.

Proof. Set A =S — @*. The defining optimality inequality in (11.15) gives
2
HY - X§L8H2 < ||y - X6*|2.
Substituting (11.14) and expanding both sides yields

IXA|? < 2e"XA. (11.19)

If r = 0, the column space of X is {0}, so the prediction loss is identically zero and every conclusion
is immediate. Assume henceforth that » > 1.

Let ® = (¢1,...,¢,) € R™" have orthonormal columns spanning the column space of X. There
is a vector a € R" such that XA = ®a. If XA # 0, then
e’ XA e'®a (®Te)"

a
= all, = <[e7e
XAl ~ [®al, ~ Jall,

2.

Consequently, (11.19) implies
IXAl, < 2|eTe|
2

This is the basic inequality argument and remains useful for constrained estimators.
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For ordinary least squares we can sharpen the identity. The fitted vector is the orthogonal projec-
tion of Y onto the column space of X. Writing Px = ®® ' for this projection and observing that
X6* already lies in that column space, we obtain

XA =Pxe and  Ex(6%5,0%) = H@T H (11.20)

Put Z = ®"e. Each coordinate Z; = q‘)st is sub-Gaussian with variance proxy o2, so E[Zf] <o
Therefore,

E[|Z]3] ZE 23] < ro®

which proves (11.17). For Gaussian noise, Z ~ N;(0,0%1,), and the inequality is an equality.

If o = 0, every coordinate of Z is zero almost surely, and the high-probability claim is immediate.
Assume henceforth that o > 0.

For completeness, choose a 1/2-net A/ of S"~1. By Proposition 9.8, it may be chosen with |N| < 57,
and one-step discretization gives
1Z]l, < 2max ‘uTZ‘.
ueN

For every u € S"~!, the vector ®u has Euclidean norm one, so u' Z = (®u) "¢ is sub-Gaussian
with variance proxy ¢2. A union bound and Lemma 6.5 therefore give

P(|Z], > 2t) <25 t/(20%)

Taking t = o/2{rlog5 + log(2/4)} and using (11.20) proves (11.18). O

Remark 11.17 If a scalar random variable W is sub-Gaussian with variance proxy o2,
then

(E[]W\k])l/k <CoVk, k>1

This follows either by integrating the sub-Gaussian tail bound or from Theorem 6.7. The
case k = 2 is the moment estimate used in the proof of Theorem 11.16.
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Corollary 11.18 Suppose that H = XX /n is positive definite. Under the assumptions
of Theorem 11.16, with probability at least 1 — 9,

2 _ Ex(0'5,6%) __Co® d+log(2/0)

2= e (H) = S (HD - . (11.21)

oo

Proof. For every A € R, ATHA > )\min(H)HAHg. Apply this inequality with A = oLs — o
and then use (11.18). O

In particular, if d/n — 0 and Apin(H) is bounded away from zero, then s L o,

Constrained Least Squares

Now suppose that 8 is s-sparse, so [|0*||, < s. The direct sparsity-constrained least squares
estimator is
6, € argmin||Y — X6|3. (11.22)

OcRd

l0llp<s
This optimization problem is nonconvex. A standard convex surrogate is the least absolute
shrinkage and selection operator, usually called the lasso. Its constrained and penalized
forms are

6, r € argmin |Y — X062, (11.23)
OcRd
lel,<r
01 eargmin{HY—X0|]§+AH0H1}. (11.24)
OcR?
For every penalized solution, taking R = Hé\l’ ,\H makes it a constrained solution. Conversely,
1

the Karush—Kuhn—Tucker conditions associate a multiplier A > 0 with each constrained solution
under the usual constraint qualification. Thus the formulations describe the same regularization
path, although arbitrary preassigned values of R and A need not correspond.

In two dimensions, the constrained geometry in Figure 12 explains why the ¢! constraint promotes
exact zeros: a loss contour can first touch the feasible diamond at a corner.
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B2

e, < &

first contact at a corner sets one coefficient exactly to zero

FIGURE 12

Lemma 11.19 For integers d > 1and 1 <k < d,
d ed\"
<= . 11.25

Proof. Since the logarithm is increasing,

k k
log(k!) =Y logj 2/1 logzdz = kloghk —k+1> klogk — k.
j=1

It follows that k! > (k/e)*. Therefore,

()-ttmen £ ()

which proves (11.25). O
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Theorem 11.20 Suppose that (11.14) holds, ||@*||, < s for an integer 1 < s < d/2, and €
is sub-Gaussian with variance proxy o2. For every § € (0, 1), with probability at least 1 — 6,

Ex(85,0%) < c‘f {s + log (i) + log(2/6)} < c"f {slog (f) + log(2/6)} . (11.26)

where C' and C’ are universal constants.

Proof. Set A = é\s — 0*. Both vectors in this difference are s-sparse, so A is supported on a set
S with |S| < 2s. The optimality of 85 gives the same basic inequality as in (11.19):

XA < 2e"XA.

For a set A C {1,...,d}, let X4 be the submatrix containing the columns indexed by A, and let
P 4 be the orthogonal projection onto the column space of X 4. Since XA belongs to the column

space of Xg,
e XA = (Pse) XA < |Pse|,,| XA,
Therefore,
IXA|3 < 4 max P acll3. (11.27)
|A|=2s

For a fixed A, the rank r4 of P4 is at most 2s. Repeating the 1/2-net argument from the proof
of Theorem 11.16 in this r 4-dimensional subspace shows that

P (HPAng > Co?{2s +t}) < 2¢~t

for every t > 0, after adjusting the universal constant C'. A union bound over the (2d5 ) possible

supports, with
t=1o 2 d
— % \s\as) )

and (11.27) give the first bound in (11.26). Applying Lemma 11.19 with k = 2s gives

log d < 2slog cd < 2slog cd .
2s 2s s

Since log(ed/s) > 1, the term s is absorbed into the same order, which proves the second bound.
O
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Appendix: Lecture and Tutorial Index

1. Lecture 1—Monday, January 14, 2019
2. Lecture 2— Monday, January 21, 2019
3. Lecture 3— Monday, January 28, 2019
4. Lecture 4 — Monday, February 04, 2019
5. Lecture 5— Monday, February 11, 2019
6. Lecture 6— Monday, February 18, 2019
7. Lecture 7— Monday, February 25, 2019
8. Lecture 8 — Monday, March 11, 2019

9. Lecture 9— Monday, March 18, 2019
10. Lecture 10— Monday, March 25, 2019
11. Lecture 11— Monday, April 01, 2019
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