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Lecture 1 — Friday, September 13, 2019

1. Foundations and Wasserstein Geometry

The Monge and Kantorovich Problems

Let X and Y be Polish spaces with Borel probability measures 1 € P(X) and v € P(Y). In
applications these measures are often empirical distributions,

1 1 -
MZNZ&CZ and V:MZ%]
i=1 j=1

A cost function c¢: X x Y — R specifies the expense of moving one unit of mass from x to y. In
this sense, the cost equips the probability measures with a geometry inherited from the underlying
state spaces.

The original transport problem asks for a deterministic reassignment of mass.

s N

Definition 1.1 The Monge problem is

inf /X oz, T(z)) du(z),

T: Typ=v
where Ty is the pushforward measure defined by
Tyu(B) = w(T\(B))

for every Borel set B C Y.

The constraint in Definition 1.1 is nonlinear, and a feasible map need not exist. For example, a
map cannot split a point mass between two destinations. Kantorovich’s relaxation replaces maps
by joint distributions.

Definition 1.2 A coupling of p and v is a measure v € P(X x Y) whose marginals are
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w and v. The set of all such couplings is denoted by

H(p,v) ={y € P(X xY): (mx)py = i, (7y )y = v}.

The Monge—Kantorovich problem is

Te(p,v) == inf /Xxyc(x,y)d'y(w,y). (1.1)

Y€ (p,v)

\ J

Disintegration writes a coupling as

dy(z,y) = du(z) dy(y | ).

The conditional distribution (- | ) makes explicit the possibility of splitting the mass initially
located at x. When v = (Id, T')#u, this conditional distribution is the point mass dr(,), and (1.1)
reduces to the Monge problem.

The distinction is illustrated in Figure 1. A transport map selects one destination for each source,
whereas a general coupling may send fractions of the same source mass to several destinations.

D D
@— N @<@
S @<@

transport map coupling

FIGURE 1

The set II(p,v) is convex: the marginal conditions are linear in . The objective in (1.1) is also
linear. Thus the Kantorovich formulation is an infinite dimensional linear programming problem,
and its duality theory will be central.

Important examples include

1 1
cwy)=lo—yl,  clwy) =gle-y’  and oy = Jd@y)

on a metric space or a Riemannian manifold.
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Existence of Optimal Couplings

Theorem 1.3 Suppose that ¢: X x Y — R is continuous and bounded below. Then, for
every i € P(X) and v € P(Y), the infimum in (1.1) is attained whenever its value is finite.

Proof. Choose a minimizing sequence (Vp)n>1 C II(p,v). The family II(p,v) is tight because
its two marginals are fixed and tight. Prokhorov’s theorem therefore gives a weakly convergent
subsequence, which we continue to denote by (v, ), with v, = ~.
The marginal maps are continuous under weak convergence. Hence, for every bounded continuous
fonXand gonY,

[ t@ar = tim [ swyav, = [ ran

n—oo

and similarly [ g(y)dy = [ gdv. Thus v € (g, v).
After adding a constant, we may assume that ¢ > 0. Set ¢z = ¢ A k. Each ¢ is bounded and

/ck dy = lim /ck dvy, < liminf/cdfyn.
n—oo n—oo

Letting £k — oo and applying the monotone convergence theorem yields

continuous, so

/cd'y < lirginf/cd’yn = Te(p,v).

The reverse inequality follows from feasibility, so 7 is optimal. O
Cyclical Monotonicity and c-Concavity

For the quadratic cost on R", suppose that sending x; to y; is optimal. Any cyclic rearrangement
of the destinations must be no cheaper, so

N N )
2
EQH%—Z/@‘H §;2H$i_ya(i)“

for every cyclic permutation o. Expanding the squares gives a monotonicity inequality. Conversely,
if ¢ is convex and y; € 0¢p(x;), then the subgradient inequalities telescope around every cycle and
give precisely the same optimality condition. This motivates the following definition.
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Definition 1.4 A set I' C X x Y is e¢-cyclically monotone if, for every N > 1, every
(zi,y:)Y, CT, and every cyclic permutation o of {1,..., N},

N

D e@iyi) <Y el@iyog)- (1.2)

i=1 i=1

Definition 1.5 For ¢: Y — RU {—o0}, its c-transform is
¢(x) = inf {c(z,y) — ¥ (y)}
yeyY

A function ¢: X — RU{—0o0} is e-concave if ¢ = ¢ for some 1. Its c-superdifferential

1S

o ={(z,y) € X XY : p(x) + ¢°(y) = c(z,y)}.
When the fibre {y : (x,y) € 0%} is a singleton, its unique element is denoted by V().

J

.

The inequality ¢(x) + ¢“(y) < c(z,y) holds for all (z,y). Equality identifies the pairs that are
compatible with the potential.

For the quadratic cost on R™ there is a direct link with ordinary convex analysis.

Proposition 1.6 Let ¢(z,y) = ||z — y||?/2. A function ¢ is c-concave if and only if

L2
¢(x) = 5 llzl|” = p(z)
is lower semicontinuous and convex. Under this correspondence,

8 = 9.

Proof. Expanding the cost gives
o1 2 L2 Lo
p(x) =inf 3 Sfle —y|” = P(y) p = Sllel” —supqz -y — ( Sllyll" —v() ) ¢
y |2 2 y 2

Thus ¢ is a convex conjugate. Conversely, if ¢ is lower semicontinuous and convex, set

1

W(y) = 5lyll* - ¢*(v)-
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The identity ¢ = ¢** then gives
1 i 1
Sl = é(@) = inf < S|z — y|* —w(y) ¢,
2 y |2
which proves the converse. Moreover,
c 1 2
p(@) +¢"(y) = 5 llz —yl

is equivalent to the Fenchel equality

¢(x) + ¢ (y) == -y,

which holds if and only if y € 0¢(x). O

The Fundamental Optimality Theorem

Theorem 1.7 Let ¢: X X Y — R be continuous and bounded below. Suppose that there
exist a € L'(p) and b € L' (v) such that

c(z,y) < a(z) + b(y). (1.3)

For ~ € II(u, v), the following statements are equivalent:

1. v is optimal for the Monge—Kantorovich problem;
2. supp(7) is c-cyclically monotone;

3. there exists a c-concave function ¢ such that max{p,0} € L'(x) and

supp(y) € 9.

Proof. (1) implies (2). Suppose instead that supp(y) is not c-cyclically monotone. Then there
are (7;,v;)., C supp(y) and a cyclic permutation o for which the inequality in (1.2) is strict in
the opposite direction. Continuity and the Hausdorff property give neighbourhoods U; x V; on
which the same strict improvement persists; they may be chosen disjoint for distinct pairs, while
repeated occurrences use the same neighbourhood.

Let ; be the normalization of the restriction of v to U; x V;, and let p; and v; be its marginals.
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Choose € > 0 small enough that subtracting all occurrences of every restricted measure preserves
nonnegativity, and define

N N
72’7—52%+EZM®%(1‘)-
i=1 i=1

The two signed perturbations have the same marginals, so 7 € II(u,v). The strict local cost
inequality makes 7 cheaper than 7, contradicting optimality.

(2) implies (3). Set I = supp(v) and fix (z,y) € I'. For x € X, define
p(x) = inf {C(JJ,yN) — (N, yN)
+ Z c(@iv1,yi) — c(@iyyi)) : N > 1, (4,9:) € T, (x1,91) = (f,ﬂ)}- (1.4)

Cyclical monotonicity implies ¢(Z) = 0, so the function is proper. Each expression inside the
infimum has the form ¢(z, yn) — A; hence ¢ is c-concave. Appending a point (z,y) € I' to a chain
in (1.4) yields

p(2') < () + (2’ y) — c(z,y)

for every 2’ € X. This is equivalent to (z,y) € 0%, and therefore I' C 9. The majorant in
(1.3), together with an additive normalization of ¢, gives max{¢p, 0} € L' ().

(3) implies (1). For every coupling 7 € II(p, v),

c(z,y) > p(z) + ¢°(y).

Equality holds «-almost everywhere because supp(y) C 0. Consequently,

/cd’y-/gpdu—i-/cp dv

_/90( )+ ¢°(y)) d(z,y) < /cdw.

Thus v is optimal. O

The theorem shows that optimality depends on the geometry of the support rather than on the
particular amount of mass assigned to each supported pair.
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Exercise 1.8 Let v be optimal, and let A C X x Y satisfy v(4) > 0. Show that the

normalized restriction ]
¥=—"a
v(A)

is optimal with respect to its own marginals.

Solution. Let i = (7x)47 and v = (7y)47. For every Borel set B C X,

_, o _7(An(BxY)) _ u(B)
R TPV TP

and similarly 7(C) < v(C)/v(A) for every Borel set C' C Y. Consequently, the functions in the
integrable majorant (1.3) satisfy

1 1
adﬁg/ aldp < oo and /bdﬁg/bdl/<oo.
feleta < 2oz [ v =Sy,

The implication from (1) to (2) in Theorem 1.7 shows that supp(7y) is c-cyclically monotone. Since

supp(y) C supp(y),

the support of 7 is also c-cyclically monotone. The implication from (2) to (1) in Theorem 1.7,
applied to the marginals ;i and v, now shows that 7 is optimal. O

Exercise 1.9 Let T: X — Y be measurable and have a c-cyclically monotone graph. Given
p € P(X), set v = Tyup. Show, under the integrability condition of Theorem 1.7, that T is
an optimal transport map from p to v.

Solution. Define
v =(1d, T)gp.

Its marginals are p and Twp = v, so v € II(u,v). Let G be the graph of T. Since the map
x> (z,T(z)) takes values in G, v(X x Y \ G) =0, and hence

supp(y) € G.

Moreover, G remains c-cyclically monotone. Indeed, for any finite collection (x;, y;) fil C G, choose

(xgk), yz(k)) € G converging to (x;,y;) for each i. The cyclical monotonicity inequality holds for the
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points (xgk), yl(k)), and continuity of ¢ allows us to pass to the limit. Thus supp(7y) is c-cyclically

monotone.
Under the integrability hypothesis, the implication from (2) to (1) in Theorem 1.7 shows that -y

is an optimal coupling. Since 7 is induced by T', this says precisely that T is an optimal transport
map from p to v. O

Kantorovich Duality

Theorem 1.10 (Kantorovich duality) Under the hypotheses of Theorem 1.7,

inf /cdvz sup {/god,u—l-/d)du}. (1.5)
YEMy) pEL (1), YEL! (v)

(@) +y(y)<c(z,y)

The supremum is attained by a pair (¢, ¢¢) in which ¢ is c-concave. Such a pair is called a
pair of Kantorovich potentials.

Proof. For every feasible dual pair and every coupling -,

/sodwr/wdv:/(@(w)+¢(y))dv(w7y) < /cdv-

This is weak duality. By Theorem 1.3, there is an optimal coupling +*. The implication from
(1) to (3) in Theorem 1.7 gives a c-concave ¢ with supp(y*) C 9%. Equality therefore holds in
the pointwise dual constraint v*-almost everywhere, and

/cdv* :/gpdu—i—/(pcdy.

This proves equality of the primal and dual values and attainment of the dual value. O

The dual variables have the economic interpretation of prices at the source and destination. Com-
plementary slackness is the equality

o(r) + ¢(y) = c(z,y)

on the support of an optimal coupling.

10
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Lecture 2 — Friday, September 20, 2019

Quadratic Transport and Brenier’s Theorem

The quadratic cost
1
c(ac,y) = §Hw_y”27 X=Y=R",

turns the convex analytic correspondence in Proposition 1.6 into an explicit transport map.

s N

Theorem 2.1 (Brenier’s theorem) Let pu,v € P2(R"), and suppose that u is abso-
lutely continuous with respect to Lebesgue measure. There is a lower semicontinuous convex
function ¢: R"” — R U {oco} such that

T(z) = Vo(x)

is an optimal transport map from p to v. The optimal transport map is unique p-almost
everywhere.

Proof. We prove existence. Let 7 be an optimal coupling. By Theorem 1.7, there is a c-concave
function ¢ such that

I' := supp(y) € 9.
By Proposition 1.6,
1
o) = §||317H2 — ()

is lower semicontinuous and convex, and I' C d¢. The fibre d¢(x) is nonempty for p-almost every
x, so these points lie in Dom(¢). A lower semicontinuous convex function is locally Lipschitz,
and hence differentiable almost everywhere, in the interior of its effective domain. Rademacher’s
theorem and the absolute continuity of u therefore imply that V¢ is defined p-almost everywhere.
At every differentiability point,

d¢(x) = {Vo(x)}.

Thus 7 is concentrated on the graph of V¢, proving that T' = V¢ is an optimal map.
It remains to justify the two details used above. The boundary of the effective domain of a convex

function has Lebesgue measure zero unless that domain is contained in a lower dimensional affine
subspace; the latter alternative is impossible here because d¢(x) is nonempty for p-almost every

11
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x and p is absolutely continuous. Thus p assigns full mass to points in the interior of the effective
domain at which ¢ is differentiable.

For uniqueness, let v; and 79 be optimal couplings. Their average is also optimal. Applying
the preceding argument to (y1 + 2)/2 shows that this average is concentrated on the graph of a
single gradient. Hence both +; and ~» are concentrated on that same graph and must agree. In
particular, every optimal coupling is induced by the unique map T'= V¢, up to a p-null set. [

In one dimension, the gradient of a convex function is nondecreasing. Consequently, Theorem 2.1
reduces to the monotone coupling.

e N

Theorem 2.2 Let ¢(z,y) = h(z —y) on R™, where h is strictly convex and satisfies the
standard coercivity and regularity conditions. If p is absolutely continuous, then there is a
unique optimal transport map,

T(z) =z - Vh*(Vep(z)),

where ¢ is a c-concave potential.

The same strategy extends the cost d?/2 to Riemannian manifolds. These extensions are developed
in Gangbo and McCann (1996) and McCann (2001).

The regularity step rests on a useful stability property of moduli of continuity.

Lemma 2.3 Suppose that every member of a family (f, ). satisfies

|fa(@) = fa(2)| < w(d(z,2))

for the same modulus of continuity w. Then f = inf, f, satisfies the same estimate.

Proof. For every € > 0, choose a with f,(2') < f(2') + . Then

F(2) = f(@) < fa(@) — fale) + < w(d(z,2')) +=.

Let € | 0 and interchange x and x’. O

If smooth positive densities f and g and a smooth orientation-preserving diffeomorphism 7T satisfy

12
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Ty(f dx) = gdy, then the change of variables formula gives
f(@) = (T (x))\det DT ().
With T' = V¢, this becomes the Monge—Ampére equation
F() = g(Vo(x)) det D2 (). 2.1)

This identity holds at points where the classical change of variables formula applies. Without this
smoothness, the equation must be interpreted in a weak sense. Its regularity theory is nonlinear
and delicate; for general costs, a central role is played by the Ma—Trudinger—Wang condition.

The Wasserstein Metric

Definition 2.4 Let (X, d) be a Polish metric space and let p > 1. The p-Wasserstein
space is

Pp(X) = {M eP(X): /X d(zg,z)P du(x) < oo for some xp € X} .

For p,v € Pp(X), the p-Wasserstein distance is

1/p
W)= (ot [ dwar ) (2.2
yel(pv) S x x X

For point masses, Wp(0z,6y) = d(x,y). Hence z — ¢, is an isometric embedding of (X,d) into
(Pp(X), Wp).

Theorem 2.5 The function W), is a metric on Pp(X).

Proof. Ounly the triangle inequality requires a new argument. Let p1, po, 3 € Pp(X), and choose
optimal couplings vi12 € II(u1, pn2) and o3 € II(ug2, u3). Disintegrate them over their common
marginal po and define

dv123(21, 2, x3) = dpe(xe) dyiz(z1 | z2) dyes(zs | x2).

This gluing construction has (1, 2)-marginal y;2 and (2, 3)-marginal ~23. Its (1,3)-marginal is
a feasible coupling of p; and ps. The triangle inequality for d followed by Minkowski’s inequality

13
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gives

1/p
(11, p3) ( d (1,23 pd’Yl23>

1/p 1/p
( d (1,22 pd7123> + </ d(zg, x3)P d7123)

= W1, p2) + Wy(pe, p3).

IN

For Gaussian measures the quadratic Wasserstein metric separates location and dispersion.

Proposition 2.6 Let p =N (mq,X,) and v = N (mg,X3). Then
Wa(p,v)? = |ma — mg|* + B(Zq, ),
where the Bures—Wasserstein distance is

B(Xq, 2&)2 =tr (Za + 35— 2(2})/2262})/2)1/2) '

Dirichlet Transport and Divergences

The open simplex

Ay, = {p: (pla---apn) € (03 1)n : Zpi = 1}
i=1

supports a multiplicative analogue of quadratic transport. Its cost is

c(p, q) log< Zq”)—21 g(qz>. (2.3)

The expression is nonnegative by the arithmetic-geometric mean inequality. It is a divergence
rather than a metric: symmetry and the triangle inequality need not hold.

One motivation comes from stochastic portfolio theory. If m;(¢) is the market capitalization of
stock ¢ divided by the total market capitalization, then m(t) € A,. A positive concave function

14
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® measures market diversity. Typical examples are

d(p) = (pr‘) , 0<A<l1 and d(p) = —Zpl- log p;.
i=1 i=1

The first is a diversity index; the second is Shannon entropy. Stability of the capital distri-
bution can therefore be phrased as persistence of diversity along the market path.

A positive differentiable concave function ® generates a portfolio map m: A, — A,, by

7i(p) = pi (1 + De,—plog ®(p)) - (2.4)

Geometrically, the supporting hyperplane to ® at p determines the portfolio weights, as shown in
Figure 2.

supporting hyperplane

p1

FIGURE 2

Two useful examples follow directly from (2.4). If w € A,, and

n
o(p) = [ »F".
=1

then the generated portfolio is the constant weight vector . If

" 1/
o(p) = (Zp?) ,
=1

then ;(p) is proportional to p?.

Theorem 2.7 For a portfolio map m: A,, — A, the following statements are equivalent:

15
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1. The portfolio is functionally generated.

2. For every cycle p(0),p(1),...,p(T) = p(0),

T—1 n
11 (wa%) > 1

t=0 \i=1

\ J

Condition (2) says that the portfolio does not underperform the market over a closed path. After
a change of coordinates, it is the c-cyclical monotonicity condition for the cost in (2.3).

The relevant multiplicative linear structure on A, is defined by

P}

J=157

Digq;
P®q)i==——
C YL pig

1

The neutral element is e = (1/n,...,1/n), and the inverse p~' is obtained by normalizing the

reciprocals. This is Aitchison’s geometry for compositional data.

-

Lemma 2.8 The cost in (2.3) satisfies
c(p.q) =KL(e|q@p™"),

where the relative entropy is

KL(r | s) = zn:ri log <:> .

i=1 ’

Thus the Dirichlet cost plays the role that squared Euclidean distance plays in quadratic trans-
port.

~

Theorem 2.9 Suppose that p € P(A,,) is absolutely continuous and that p and v satisfy
the required moment conditions. There is a concave function ®: A,, — (0, 00) for which the
deterministic optimal transport map has components

G = pimi(p~!)
;= —.
> i pimi(p~t)

Equivalently, g = p @ w(p~!).

16
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1

The increment g ® p~* is the multiplicative counterpart of the displacement y — .

Definition 2.10 Let 2 C R™ be convex, and let ¢:  — R be differentiable and strictly
convex. The Bregman divergence generated by ¢ is

Dylz : @] = ¢(z) — p(z') — Vo(z') - (z — ).

Convexity gives Dg[x : '] > 0, with equality only when @ = @’. The divergence need not be
symmetric. If ¢ is twice differentiable at x, then locally,

1
Dylx + Az : x] = §A:1:TD2¢(33)A:1: + o(||Az|?),

so the Hessian of ¢ determines a Riemannian metric. The quadratic generator ¢(x) = |z[?/2
gives squared Euclidean distance, while negative Shannon entropy gives relative entropy.

Definition 2.11 Let T be an optimal transport map with graph G = {(p, T'(p))}, and let
(¢, 1) be Kantorovich potentials satisfying

o(p) + (') < c(p, q),

with equality precisely when ¢’ = T'(p). For x = (p,q) and 2’ = (p/,q') in G, define the
c-divergence
Dz : '] = c(p,q') — ¢(p) — ¥(d') 2 0.

The crossed pair (p,q’) generally lies off the optimal graph, as illustrated in Figure 3; the c-
divergence measures its dual slack.

Y

FIGURE 3

17
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Theorem 2.12 For c¢(x,y) = || — y|*/2, the c-divergence is a Bregman divergence.

Proof. Apply the convex correspondence in Proposition 1.6. The equality set 9°¢ becomes the
ordinary subdifferential of the convex function ¢ = ||-|[*/2 — ¢, and the dual slack becomes

¢(x) — ¢(x) = Vo(a) - (x — ).

Definition 2.13 Let a > 0. A differentiable function ¢: 2 — R is a-exponentially
concave if ® = ™ is concave. Its L(®-divergence is

DIfe €] = Llog (1 + aVe(€) - (€~ &) — (4(6) - ¢(&).

- J

The first term uses a logarithmic approximation to the graph of ¢, while a Bregman divergence
uses a linear approximation. As a | 0, the logarithmic approximation becomes linear and D(®)
converges to the corresponding Bregman divergence. The Dirichlet transport is the case 2 = A,
and a = 1.

Wasserstein Convergence and Displacement Interpolation

Theorem 2.14 Let (ug)i>1 € Pp(X) and p € Pp(X). The following statements are
equivalent:

1. Wy(pk, 1) — 0;

2. pur = p and, for some, hence every, g € X,

/d(l‘o,l‘)pduk(l’) —>/ d(xo, )P du(x).
X X

Proof. We prove the result when X is compact; the general case replaces boundedness by uniform
integrability.

Suppose first that (2) holds. The moment condition is automatic on a compact space. By the
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Skorokhod representation theorem, there are random elements X ~ up and X ~ g on a common
probability space with X; — X almost surely. Their joint laws are couplings, and the bounded
convergence theorem gives

Wy (i, )P < E[d(Xp, X)P] — 0.

Conversely, suppose that (1) holds and let (X, X) be an optimal coupling of (ug, p). For § > 0,

Markov’s inequality gives
Wt )P
or
If f is continuous, compactness makes it bounded by some M and uniformly continuous. Given
e > 0, choose § > 0 such that d(z,z") < ¢ implies |f(z) — f(2")| < e. Then

P(d(Xy, X) > 9) <

‘/fduk - /fdu' <E[|f(Xp) - F(X)]

p
§5+2MVVP('L;§’M).

Letting K — oo and then € | 0 proves weak convergence. The moment convergence again follows
automatically from compactness. O

Definition 2.15 Let pg, 1 € P2(R™), with po absolutely continuous, and let V¢ be the
Brenier map satisfying p11 = (V¢)xp. Define

1
pi(x) = (1 - t)§\|m||2 + tp(x)
and the displacement interpolation

(1o, pale = (Vo) o = (1 — ) 1d +tV ) , po. (2.5)

Ordinary mixture interpolation fades one density out while fading the other in. Displacement
interpolation instead moves individual particles along straight lines. Figure 4 shows how two
separated masses travel rather than coexist at intermediate times.

t=0 t=1/4 t=1/2 t=3/4 t=1

FIGURE 4

19



STA 4519H OPTIMAL TRANSPORT: THEORY AND ALGORITHMS FALL 2019

Proposition 2.16 Let p,v € P ac(R™). Then the following hold:

—_

[, V]t € Paac(R™) for 0 <t <1,
s v)e = v e

2
3o (s vl [ vlwls = [, V](lfs)tJrst’;
4

. For p-almost every @, the path t — (1 — t)x + tV¢(x) is a constant velocity straight
line.

Theorem 2.17 The displacement interpolation is a constant speed geodesic:

WQ([:“’? V]Sa [:U’a V]t) = ‘S - t‘WQ(H’ V)'

Proof. Write u; = [p0, p1]¢- Coupling ps and iy through the same starting point gives

Wa s, )? < / IVéa(@) — Vou(@)[? duo(e)

Applying this estimate to the segments from 0 to s, from s to ¢, and from t to 1, the triangle
inequality forces equality. O

Definition 2.18 A set A C P»(R") is displacement convex if it contains [y, v]; whenever
it contains p and v and the Brenier interpolation in (2.5) is defined. A functional F': A — R
is displacement convex if

t— F ([M: v ]t)

is convex for every such pair p,v € A.

This convexity was introduced to study interacting gases. If p is a density, consider

E(p) = /A(p(w))dw + ;// Viz —y)p(z)p(y) dz dy.

The terms represent internal compression energy and interaction energy. Although F
need not be convex under ordinary mixtures of densities, it is displacement convex under natural
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physical conditions on A and V.

The same geodesic picture survives beyond Euclidean space.

Theorem 2.19 If (X,d) is Polish and geodesic, then (P2(X), Wa) is geodesic. A curve
t — py is a constant speed geodesic if and only if there is a measure P € Py (Geod(X)) whose
marginal at time ¢ is pu; and whose marginal at every pair of times is an optimal coupling.

The measure P describes a random particle whose path is itself a geodesic in X.

Dynamic Optimal Transport

In the static problem, a pair (z,y) records only the endpoints. A dynamic cost assigns an action
C(zt)o<t<1] to a path, with compatibility condition

c(z,y) = inf {C[(zt)o<t<1] : 20 =, 21 =y} .

For the quadratic cost, the basic identity is

1 9 , Y1, .9
in—yH = inf ; §H$tH dt. (2.6)

To=x
T1=Y
x. absolutely continuous

The unique minimizing path is the constant velocity line segment.

In the Lagrangian description, one follows individual particles. If D (u, v) is the set of laws on
path space with endpoint marginals p and v, then

1 T o2
“Wy(u,v)2 = inf E fHX’ at| . 2.7
3 Walnsv) PeD () T [/0 2 t‘ (2.7)

An optimizer is obtained by first drawing an optimally coupled endpoint pair and then joining it
by the line in (2.6).

The Eulerian description instead follows the collective density. Let v(¢,x) be a velocity field
and let u; be the distribution of particles solving

(t’t = ’U(t, ZIZt).
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Lemma 2.20 Let (X;)o<t<1 be an absolutely continuous random path satisfying
Xt = ’U(t, Xt)

for almost every ¢, and assume that Efol |lv(t, X¢)||dt < co. Then its marginal laws p; =
L(X,) satisfy the continuity equation

aﬁtt + V- (/,Lt’l)) =0 (28)

in the weak sense.

Proof. For every smooth ¢ with compact spatial support on [0,1] x R"™, the chain rule along

almost every path gives

1
C(LX0) — C(0, Xo) = /0 (0,01, X0) + V(1 X0) - w(t, X)) dt.

The integrability hypothesis permits expectation and time integration to be interchanged. Rewrit-
ing the expectations using the marginal laws yields

1
/ / (B¢ + V¢ - v) dag dt = / () du(@) — [ ¢(0.2)duo(e),
0 Jrr R" R"

which is the weak form of (2.8). O

Theorem 2.21 (Benamou—Brenier formula) For u, v € Py(R"),

3 Waliuv)? = ot / [ 3lotal dne) (2.9)

where the infimum is over solutions of (2.8) with pg = p and p; = v.

Here the admissible curves are narrowly continuous, the velocity field is measurable, and the
displayed action is finite; the continuity equation is interpreted distributionally.

The Lagrangian and Eulerian pictures are two views of the same motion: one resolves particle
trajectories, while the other records only the density and velocity field.
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Empirical Wasserstein Distances

Given independent samples X1,..., Xy ~ pand Y7,..., Yy ~ v, define the empirical measures

1 & 1 &
= — Ox. d = — dy:.
N N;XZ an UN N;YZ

On bounded d-dimensional domains in the high dimensional regime d > 4, a characteristic estimate
is

E(|Wa(un,vn) — Walu, v)[] = O(N~1/9)
reveals the curse of dimensionality. The critical dimension d = 4 introduces a logarithmic

correction, while below it the dimension-free sampling term dominates the generic moment bound;
additional regularity can improve these rates.

More refined bounds use the moment

My = [ el dp(a).

Theorem 2.22 Let p € P(RY), let p > 1, and suppose that M, (i) < oo for some g > p.
There is a constant C, depending only on p, d, and ¢, such that

E[W, (1w, 1)?] < CMy(u)?/ Ry 44(N),

where
N~Y2 4 N=(a=P)/a, p > d/2 and g # 2p,
Ryaq(N) = q N"/2log(14+ N)+ N~=#)/a p=d/2 and q # 2p,
N-r/d 4 N=(a-P)/a, 1 <p<d/2and q# dp/(d—p).

This result is due to Fournier and Guillin (2015). It separates the geometric rate, controlled by
the dimension, from the tail rate, controlled by q.
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Lecture 3 — Friday, September 27, 2019

2. Discrete Algorithms and Entropic Regularization

Discrete Transport as a Linear Program

Suppose that 4 and v are supported on finite sets and are represented by probability vectors

a= (a;), and b= (bj);”:l.

The cost is represented by a matrix C = (Cj;) € R"*™. A coupling is now a nonnegative matrix
P = (Pj;) in the transport polytope
U(a,b) = {P ERY™:Pl,, =a, P'1, = b} . (3.1)

Thus the Monge—Kantorovich problem becomes the linear program

L b) = i P.C) Ci; Py 3.2
ola:b) =, in, P mZZ o 32

In standard linear programming notation, a primal problem

max ¢'x subjectto Az =b, x>0

m

has the dual problem
min b'y subject to ATy > e.
y

Applied to (3.2), these constraints reproduce the Kantorovich dual in Theorem 1.10.

The variables also form the bipartite network in Figure 5. A positive entry F;; is a flow from
source vertex 7 to target vertex j’, and its width records the transported mass.

Proposition 3.1 If P is an extreme point of U(a,b), then P has at most n +m — 1
nonzero entries.
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ai

bo
a

b3
as b»i

P;j > 0 selects an edge (i, j")

FIGURE 5

Proof. Consider the support subgraph

E ={(i,j") : P;; > 0}.
We claim that this graph has no cycle. Suppose that it contains the alternating cycle

(il,ji)7 (i2,j1)7 <i27jé)7 SRR (ka]l/c)ﬂ (zlvjl/c)

Construct a matrix E whose entries alternate between ¢ and —e around this cycle and vanish
elsewhere, where
0 <e<min{P;: (i,j') € E}.

Every row sum and column sum of E is zero, so both P + E and P — E belong to U(a, b). Since
1 1

this contradicts extremality. A forest on n 4+ m vertices has at most n +m — 1 edges, proving the
result. 0

In particular, when n = m, an extreme optimal coupling has order n nonzero entries rather than
order n?. For convex costs on a one dimensional ordered state space, this sparsity appears along
the monotone diagonal. Concave costs may instead favour keeping some mass fixed and moving
the remainder farther.

Classical solvers exploit the network structure. Scaling versions of the auction algorithm have
polynomial pseudopolynomial bounds involving the range of the costs. The network simplex
algorithm is often fast in practice, although common pivot rules can take exponentially many
iterations in the worst case; specially designed scaling pivot rules have polynomial guarantees.
Interior point methods solve more general linear programs but require repeated Newton
systems. These costs motivate regularization methods whose basic operation is matrix—vector
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multiplication.

Entropic Regularization and Sinkhorn Scaling

Throughout this subtopic, assume that every component of a and b is strictly positive. Zero-mass
rows and columns can be removed before applying the scaling formulas.

s ~

Definition 3.2 The Shannon entropy of a coupling matrix is

n

m
HP)=-) "> PjlogP;.
i=1 j=1

For € > 0, the entropically regularized transport value is

Ls(a,b) = Pelg%gb){@, C) —eH(P)}. (3.3)

Since x +— xlog z, with 0log 0 = 0, is strictly convex on [0, 00), (3.3) has a unique minimizer. The
method was introduced computationally by Cuturi (2013).

For positive vectors of equal total mass, define
bi
KL(p|q) =) pilog <q> :
. (3
(2

If g is uniform, then KL(p | q) differs from —H(p) by a constant. Thus regularization can be
viewed as constraining the relative entropy from the uniform measure. For positive measures of
possibly different masses, the extended definition is

KL(a|b) =3 (ai log <Z> —ai+ bi> . (3.4)

. (3
3

With the convention

Dfla: b= aif <Zi> ,

7

this is the f-divergence generated by f(u) = —logu + u — 1.

Let the Gibbs kernel be
Kij = eXp(—CZ‘j/€>. (3.5)

A direct calculation shows that the objective in (3.3) differs from ¢ KL(P | K) only by constants
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that do not depend on P. Therefore

P® = argmin KL(P | K). (3.6)
Pcl(a,b)

The solution is the relative entropy projection of the Gibbs kernel onto the transport polytope.

Theorem 3.3 Let P¢ be the unique minimizer in (3.3). Then

liﬁ)lP€ =argmax {H(P) : P € U(a,b), (P,C) = Lc(a,b)},

whereas

lim P = ab'.
E—0OO

Proof. Choose a sequence gy | 0. Compactness of the transport polytope gives a subsequence
for which P¢¢ — P*. If P is any unregularized optimizer, then optimality of P gives

0 < (C,P*) — (C,P) < g(H(P™) — H(P)).

Continuity of entropy on the finite transport polytope shows that P* is optimal. Dividing the
same inequality by €, and passing to the limit yields H(P) < H(P*). Strict concavity makes the
maximum entropy optimizer unique, so the entire family converges.

For the second limit, if (X,Y") has joint law P, then

ab

I(X;Y)=KL(P | ab") ZPwlog< ”)

This mutual information is nonnegative and vanishes precisely when X and Y are independent.
As the entropy term dominates, the optimizer therefore converges to ab'. O

Theorem 3.4 The minimizer of (3.3) has the form

P = uv; Kij and P¢ = diag(u)K diag(v), (3.7)

for positive vectors u and v.

Proof. Introduce Lagrange multipliers f; and g; for the two marginal constraints. Differentiating
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the Lagrangian with respect to P;; gives

Cij +e(1+log P;y) — fi —g; = 0.
The constant term can be absorbed into either multiplier. Hence

Py; = exp(fi/e) exp(—Ci;/¢) exp(g; /€),
which has the form (3.7). O
The scaling vectors are not individually unique: multiplying w by a positive constant and
dividing v by the same constant leaves P unchanged. The marginal constraints become
u© (Kv)=a and v© (K'u) = b,

where ©® denotes componentwise multiplication.

s ~\

Algorithm 3.5 (Sinkhorn’s algorithm) Choose a positive initial vector (), such as
1,,. For £ > 0, update componentwise by

= — and o) = b

041) a __ 9
Kov® KT+l "

u(

Stop when both marginal residuals are within the required tolerance.

\ J

Each half step enforces one marginal exactly and perturbs the other. The iterates alternately
rescale rows and columns until both constraints agree. The work is dominated by multiplication
by K and KT, which is well suited to parallel hardware and to simultaneous processing of several
histograms.

Smaller € produces a sharper, sparser coupling, while larger ¢ diffuses mass around the low cost
region. Other regularizers can also promote sparsity, but entropy has a special probabilistic con-
nection with the Schrédinger bridge.

For a target additive error 7, choosing € = 7/(4logn) and applying a final rounding step yields a
feasible coupling P with

~

(P,C) < Lo(a,b) + 7.

A representative bound is
O(|ICI%, log(n)7?)

Sinkhorn iterations and O(n?log(n)7~3) arithmetic operations when the cost normalization is
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fixed.

Global convergence can be understood through the Hilbert projective metric on the positive
cone:

d(u,u’) = ||logu — log /|| zlogmaXUi—u; (3.8)
’ var i, uju;’ '
where ||z]|,, = max; z; — min; z;. This is a metric after identifying positive multiples.

Theorem 3.6 (Birkhoff-Samelson contraction) If K has strictly positive entries, then
dy (Kv, Kv') < A\(K)dg (v, v'),

where 0 < A(K) < 1 is explicit.

Theorem 3.7 The scaling vectors in Algorithm 3.5 converge in the Hilbert projective
metric to scaling vectors (u*, v*) for the unique regularized coupling.

Proof. Entrywise reciprocal scaling is an isometry in dfy. Combining this fact with Theorem 3.6
gives a strict contraction over a full row—column update. For example,

dg(u™Y uw*) = dg (Ko™, Ko*) < A(K)dg(v?,v*).

The analogous estimate for v completes the contraction argument. O
Sinkhorn Divergences and Deconvolution

Even when Cj; = 0 and Cj; > 0 for ¢ # j, the regularized value need not vanish on the diagonal.
A debiased version is

~ 1 1
L%(CL, b) = L%(CL, b) - 5[4%((1, a) - iL%(ba b) (39)

Under the symmetry, regularity, and positive-kernel hypotheses of the cited result, this Sinkhorn
divergence is nonnegative and vanishes only when its arguments agree. As the regularization
changes, it interpolates between transport geometry and kernel discrepancy geometry; see Feydy,
Séjourné, Vialard, Amari, Trouvé, and Peyré (2019).
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There is also a statistical interpretation. For quadratic cost, set

- 1
W2 (p,v) = yehriﬁ » {2 / |z —y|*dy + 021(7)} , (3.10)

where I(y) = KL(vy | p®v).
Suppose that latent observations Xi, ..., X, are independent with law P, but only
Y, =X, +¢; and i~ N(O, 0'21)

are observed. Estimating P from the convolution of P with Gaussian noise is a deconvolution
problem.

Theorem 3.8 Let S be a model class closed under domination: if Q € S and M « Q,
then M € §. The nonparametric maximum likelihood estimator for the deconvolution

~ 1 &
P= W7 Q=) 6y |.
argmin ‘7<Q’n; yl>

problem satisfies

Qes

Thus entropic transport is not merely a numerical smoothing device: its mutual information
penalty encodes a latent variable noise model. The result is due to Rigollet and Weed (2018).

Schrodinger Bridges and Large Deviations

Consider a cloud of independent particles evolving according to a reference stochastic law M on
a path space 2. Given an initial distribution pg and an observed terminal distribution puq, the
Schrodinger problem asks for the most likely path law compatible with these endpoints.

For a single Brownian particle conditioned to travel from a to b, the Brownian bridge fluctuates
around the straight segment. Its continuous sample paths remain rough at every scale and have
no classical velocity. The three realizations in Figure 6 illustrate this irregularity. As the volatility
vanishes, the random path collapses to the constant velocity path from (2.6).

More formally, take Q = C([0,1],R?) and let X;(w) = w(t) be the canonical process. Un-

der Wiener measure, (X;) is Brownian motion; under another probability on €, the same
coordinate maps describe a different process.
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Brownian bridge realizations

FIGURE 6

Definition 3.9 Let M be a reference probability on path space. The dynamic

Schrédinger problem is

inf KL(IED | M)
P:Po=po
P1=p1

If Mlp; is the joint endpoint law, the static Schr6dinger problem is

inf KL Mp1).
yEIL(po,11) (v Mon)

Let M* be the reference bridge from z to y, and disintegrate a candidate path law as
P*¥ dPy; (x,y). The chain rule for relative entropy gives

The second term is minimized by using the reference bridges themselves. Hence the static and
dynamic problems are equivalent; the static optimizer chooses endpoint pairs, and the reference

fills in the paths.

Suppose that, relative to a measure 7 on X x X,

c(,y)

o) = 22 exp (<22 ) )
Writing dv = pdn gives
eKL(y | M§,) = /Cd’)’ + E/plogpdn + a constant.

Thus the static Schrédinger problem is an entropically regularized transport problem.
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Definition 3.10 Let (P¢).~¢ be probabilities on X, and let I: X — [0, 00| be lower semi-
continuous. The family satisfies a large deviation principle with rate function I if, for
regular enough Borel sets A,

limelog P?(A) = — inf I(z).
limelog P*(A) = — inf I(x)

Equivalently at the heuristic exponential scale,

P(A) = exp (-1 inf 1(@) .

g xz€A

. J

The rigorous definition uses separate lower and upper bounds for open and closed sets.

Theorem 3.11 (Sanov’s theorem) Let X be finite and fix v € P(X). If P, is the law
of the empirical measure

1 n
— E 0x,;, X; independent with law v,
n

i=1

then (P,) satisfies a large deviation principle with speed n and rate

I(p) =KL(p | v).

Theorem 3.12 (Schilder’s theorem) Let B be standard Brownian motion in R%, and
let P, be the law of B/vE on C([0,1],R%). Then (P}) satisfies a large deviation principle
with rate

1 1
I(w) 2/ ||| dt, wo = 0 and w is absolutely continuous,
w) = 0

0, otherwise.

The rate in Theorem 3.12 is exactly the kinetic action in (2.6). This identifies quadratic transport
as the zero noise limit of the Brownian Schrodinger bridge.

Theorem 3.13 For each k, let pi(x,-) be a transition kernel and set

AMf, (2, y) = dpo(@) pi(z, dy).
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Suppose that, for each z, the kernels satisfy a large deviation principle with rate ¢(z,-) and
speed k. Under the required tightness conditions,

inf - KL(’Y | ME;) — Te(po, ).
yel(po,p1) K

Every cluster point of the Schréodinger optimizers is optimal for the Monge-Kantorovich
problem.

\ J

For Brownian kernels, the entropic interpolation converges to the displacement interpolation
in Definition 2.15.

A Dirichlet Schrodinger Problem

The cost in (2.3) also arises as a large deviation rate. Recall that a random variable G has a
gamma distribution with shape « and rate f if

faly) = Fﬁ(:)ya_le_ﬂy, y > 0.

If G; are independent with G; ~ Gamma(q;, 1) and

_ G
Z?:l GJ' 7

then D ~ Dir(ayq,...,ay) has a Dirichlet distribution.

D; =

Use the multiplicative simplex operation to set Q = p & D.

s N

Lemma 3.14 The conditional density of @ given p is

falo = s ()" >

1:1 J

Proposition 3.15 For each A > 0, let o; = A/n. Then

, 1
lim ——log fA(q | p) = c(p, q)
A—00 A
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up to terms independent of gq. Thus the Dirichlet kernels satisfy a large deviation principle
with the Dirichlet transport cost as rate function.

The Dirichlet distribution therefore plays the role that the normal distribution plays in quadratic
transport.

To obtain a particle interpretation, draw

(1)

p 7"‘7p(N)

~pm and qY,....q
Independently draw D) ~ Dir(A/n,...,\/n) and set
g9 =p) ¢ DY)

Conditioning the empirical law of the V) to equal the empirical target law produces a random
coupling .

Theorem 3.16 Under the technical regularity assumptions, if Ay is of order N2/, then
AN converges, with quantitative rates, to the solution of the Dirichlet Monge-Kantorovich
problem.

The construction extends to other costs whenever an appropriate large deviation kernel is available.
In this limit the c-divergence of Definition 2.11 appears as the local cost of a mismatched endpoint
pair.

Finally, a Schrodinger bridge also admits an Eulerian form. If

dhpt +V - (pv) =0, po=p, and  p1=v,

then, under the Brownian reference with noise parameter ¢, the bridge minimizes

I , &2 ,
2/0 /]Rd <”’U<t,$)H + ZHVIogpt(w)H >dpt(ac)dt. (3.12)

The first term is kinetic energy. The second is the time integral of the Fisher information and
penalizes sharply concentrated intermediate densities.
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Lecture 4 — Friday, October 04, 2019

3. Riemannian and Information Geometry

Manifolds, Tangent Spaces, and Geodesics

A smooth n-dimensional manifold M is locally modelled on R". A chart identifies a neigh-
bourhood U C M with coordinates in R, and the changes of coordinates are diffeomorphisms.
The same language can be used heuristically for spaces of probability measures. When the state
space has n + 1 points, the strictly positive distributions form the finite dimensional simplex

SnZ{P=(poa~-7pn):pi>0, Zpi=1}.
=0

For a continuous state space, choosing a topology on a space of densities is part of the analysis
rather than a formality.

The local geometry is illustrated in Figure 7 by two overlapping coordinate charts. Their overlap
is encoded by a smooth change of coordinates.

M

[ eata) | [ ests) |
—
P80 Py

FIGURE 7

The tangent space T, M consists of velocity vectors of smooth curves through p. If v(0) = p,
its velocity acts on a smooth function by
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Definition 4.1 A Riemannian metric is a smoothly varying family of inner products
gp: TpyM x T,M — R.

In a basis (e;) of T,M,
gp(w,v) =Y gij(p)u'v’.
ihj

The length of a smooth curve : [0,1] — M is

o) = /O oo (0,4 (0) dt,

and the Riemannian distance is the infimum of this length over curves joining the endpoints.
A length minimizing curve is a geodesic. Equivalently, we may minimize the energy

1
| motwama
In coordinates, an affinely parameterized geodesic solves
FE) + D TH(0)F ()37 (1) = 0.
4,7
The coefficients FZ- are the Christoffel symbols of the metric.

Otto’s Wasserstein Geometry

The Benamou—Brenier formula in Theorem 2.21 suggests a weak Riemannian structure on the
space of smooth positive densities. Let M be a compact Riemannian manifold and set

PP(M) = {p eC®(M):p>0, /M,odvol = 1}.
A tangent vector at p is a smooth function ¢ of zero integral. If
o= —div(pVy),

define Otto’s metric by

gV (0,0) = /Mgiww, Vio)p(@) dvol(z). (4.1)
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The continuity equation explains the definition: if ¢ — p; has velocity field Vi at a given time,
then its tangent is py = — div(p: V).

In this notation, Theorem 2.21 becomes the formal Riemannian energy representation

PO=H10

1
Wa(po, p1)? = inf / gm (P, pe) dt. (4.2)
p1=p1 70

This interpretation, associated with Otto (2001), is formal but predicts the correct differential
equations and gradient flows.

Fisher—-Rao Geometry and Sufficiency

Consider a smooth parametric family of densities p(x;0), with & € © C RY and denote the
corresponding probability measures by Pg.

Definition 4.2 The Fisher information matrix is

0 0
Gij(0) = Eq glogp(X;H)% logp(X;0)| . (4.3)
i j

The Cramér-Rao inequality states, under the usual fixed-support differentiation conditions and
when G(0) is nonsingular, that an unbiased estimator 6 satisfies

Covg(8) = G(8)".

Rao’s geometric insight was to regard G as a Riemannian metric rather than only an information
bound.

The same metric is the second-order part of relative entropy.

Proposition 4.3 Suppose that the log density is three times differentiable in a neigh-
bourhood of 8, with derivatives dominated sufficiently to interchange differentiation and
integration. If 8 = 6 + A8, then
1
KL(Pg: | Pg) = 5A@Tcr(a)w +0(]|A0*).

The reverse relative entropy has the same quadratic term.

To see why the metric is intrinsic, let x4 be a reference measure and consider the formal tangent
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space at a positive density p. For a tangent ¢ with integral zero, set

2
F o]
g, (o,0) = du. 4.4
p (0,0) ) (4.4)

Write pg = dPg/ du. If a € TpO, its pushforward tangent under 6 — pg is

0
O':zz:ala];f

Substitution into (4.4) gives

gzi (0,0) = Zaiaj/ i@pé % dp=a'G(8)a.

Thus the Fisher information metric is the pullback of an intrinsic metric on densities.

On the cone of positive measures, its squared distance is represented dynamically by

1 2
dFR(po,pl)QZ inf /0 /}(%dﬂ(l‘)dt (45)

Otp=¢

The change of variable r = 2,/p makes the metric Euclidean, so a positive measure geodesic is

o) = (L= V@) + /i (@)

If total mass is constrained to equal one, the square-root densities lie on a sphere, and geodesics
are great circle arcs on that sphere.

For a Riemannian manifold, the gradient of F' is determined by
gp(grad F(p), X) = X F(p).

On the simplex with the Fisher metric,

(grad F(x)); = z; aﬁ—zxjaFj . (4.6)

The negative gradient flow is the replicator equation from evolutionary game theory.

The principal reason to privilege the Fisher metric is its invariance under sufficient statistics.
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Definition 4.4 For a family (Pg) and an observation X, a statistic T'(X) is a sufficient
statistic if the conditional distribution

Po(X € - [ T(X))

does not depend on 6.

\ J

On a finite state space I = {0,...,n}, a statistic determines a partition
T:1— {Ao,...,Am}.
The induced coarse graining map f: S, — S, is

fp)=q and  g¢;=> p;

iGAj
Sufficiency for a model M C S, is equivalent to the factorization

Pi = 7545, 1€ Aj and Z Tij = 1,
iI€A;

where the conditional probabilities 7;; are fixed over the model. This defines the embedding
h: Sy — Sy in Figure 8, with f o h = Id.

f: aggregate cells

{ pESn } qeE Sy
\_/

h: restore fixed conditionals

FIGURE 8

Theorem 4.5 Suppose that each simplex S,,, for n > 2, is equipped with a Riemannian
metric ¢, Assume that every sufficient statistic embedding h: S,, — S, of the preceding
form is an isometry onto its image. Then

9" = cgfl!
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for a constant ¢ > 0 independent of n, where

n & UiV;
gy (u,v) = Y T

Proof. At the uniform distribution

(1 1
b= n+17an+1 )

every permutation of the coordinates is an isometry. Permutation invariance forces the ambient

coordinate representation of the metric to have the form
le) (p) = Cndij + Dn.

Tangent vectors satisfy >, u; = >, v; = 0, so the term involving D,, vanishes. We may therefore
write

gl(an)(u, v)=Cp Z U;.

Fix m and a rational point q € S,, of the form

k;

m
¢ =7 kEN  and ;)kanﬂ.

Choose a partition with |A;| = k; and the uniform conditional probabilities r;; = 1/k; for i € A;.
Then h(q) = p, and the differential satisfies (dh(w)); = u;/k; for i € A;. The isometry assumption
gives

9" () = Cu Y S0 P
J

j=0icA;
m

n—+1 ;

+ = U

The left side is independent of the particular denominator n + 1, so C,,/(n+ 1) = ¢ for a constant
¢ > 0. Rational points are dense in S,,,; continuity therefore extends the formula to every point. [

Relative entropy is itself invariant under sufficient statistic transformations. More generally this
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holds for every f-divergence. Relative entropy is distinguished further as the only divergence on
a finite simplex that is simultaneously an f-divergence and a Bregman divergence.

For one dimensional Gaussian distributions, the Fisher metric produces a familiar geometry. In
the coordinates (m, o), its line element is

(dm)? + 2(do)?

2 _
dSF = 0_2
After setting s = \/50, this becomes
(dm)? + (ds)?
ds% =2 2

Thus the rescaled parameter half-plane (m, s) carries a constant multiple of the Poincaré metric,
whose geodesics are the vertical lines and boundary-orthogonal semicircles shown in Figure 9.

s =120

semicircular geodesic 9

FIGURE 9

Wasserstein—Fisher—Rao Interpolation

The Wasserstein action transports mass using momentum w = pv, while the Fisher—Rao
action creates or destroys mass through a source (:

P el
inf / / 19l gz at
Op+V-w=0 Jq n P

1 2
inf / / &daz dt.
ap=C Jo n P

Combining the continuity laws gives unbalanced transport.

and
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Definition 4.6 For x > 0 and nonnegative finite measures py and p;, the Wasserstein—
Fisher—Rao distance is defined by

W Fx(po, p1)* = inf /01 [/n H“’(t’z))HQdm

pyw,C

subject to
Op+V-w=¢  p0) = po, and  p(1) = p1.

The action uses the lower-semicontinuous convention that a quotient with p = 0 is zero when its
numerator is zero and is 400 otherwise. For general measures, (4.7) denotes the corresponding
measure-theoretic relaxation.

The parameter s controls the cost of changing mass relative to moving it. Large x favours classical
transport; small x permits mass to disappear at one location and reappear elsewhere.

Partial transport provides a related static model. If II<(po,p1) denotes measures whose
marginals are dominated by pg and p;, one minimizes

inf / cdy.
v€ll< (po,p1)
(X XY)=m

Its dynamic formulation replaces the quadratic source cost in (4.7) by an L' source penalty.
More generally, for p,q > 1 one considers

1 p q q
inf/ [1 lwli” +”/K‘1] dt.
o oS ot ) e

The existence proof for (4.7) is based on convex duality.

Theorem 4.7 (Fenchel-Rockafellar duality) Let E and F be locally convex Hausdorff
spaces, let A: ' — F be continuous and linear, and let f and g be proper lower semicontin-
uous convex functions. If f is finite at some z € E at which ¢ is continuous at Az, and if
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the primal value below is finite, then
: f A — _ * _A* * _ * * .
Inf {f(z) + g(Az)} yrgleafzg{ [ (=A%) =g (y")}

The dual maximum is attained. Primal and dual optimizers satisfy the corresponding sub-
gradient conditions.

Theorem 4.8 The action in (4.7) admits an optimizer. Moreover:

1. W, is a metric on the space of finite nonnegative measures;

2. its minimizing interpolation is a constant speed geodesic,
WFn(psa pt) = |t - S’WFR(,O(], pl),

3. for a > 0,
WF(apo, ap1) = vVaW F(po, p1)-

Numerically, the interpolation can combine translation, deformation, disappearance, and creation.
Two nearby modes primarily move; sufficiently distant modes may shrink at the source and grow at
the target, as in Figure 10. Shape interpolation displays the same distinction: Wasserstein motion
deforms the outline continuously, Fisher—-Rao motion adjusts its intensity, and the combined metric
selects the cheaper mechanism.

annihilation creation
0 1 2 3 4
t= — t == t=2 t == t= —
4 4 4 4
FIGURE 10

These results and numerical schemes are developed by Chizat, Peyré, Schmitzer, and Vialard
(2018).
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Natural Gradients and Wasserstein Statistical Manifolds

Euclidean gradient descent iterates
0+ — k) _ v F(o™).

It can be viewed as minimizing the local model
1 2
F(6)+ 5|6 - 0"
(0) + 2

The Euclidean penalty is coordinate dependent. On a Riemannian model with metric matrix G(0),
the gradient satisfies
grad F() = G(6)"'VF(8).

This gives the natural gradient update
o+ = ok) — G (0P Iy F(e%). (4.8)

With the Fisher metric, the update searches inside a local relative entropy ball. Empirical
neural network examples show that this geometric preconditioning can reduce the number of
epochs, though computing and inverting G introduces its own cost.

The same construction can use the Wasserstein metric. Let

M= {p(-,0):0 € ©} C Py(RY).
Pulling the Wasserstein metric back to © gives a Wasserstein statistical manifold. Its intrinsic
geodesics are constrained to remain in M and therefore need not equal the ambient displacement

interpolation. The two agree when M is geodesically closed, as happens for Gaussian families.

In one state space dimension the pullback is explicit.

Proposition 4.9 Let

The Wasserstein metric matrix is

G (6) = /R - (; 57 Vo . 0)VoF (z.6)T da.
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For comparison, the Fisher metric is

Gr(6) = [ 5V op(z.0)Vop(a. )T do

For a mixture of two normal densities, Wasserstein geodesics within the model move the mixture
components smoothly, whereas a straight line in the density coordinates may create intermediate
multimodal shapes. In parameter estimation, we may minimize

2
N

. 1
HEHWQ p(ag)vN;(st

using the Wasserstein natural gradient. The one dimensional monotone coupling makes the
loss explicit, but scalability remains the main computational difficulty.

Entropy Relaxations and Pseudo-Riemannian Connections

For a finite state space, define the Cuturi function

Ca(pra) = 1 ((MLPY) — AH(PY), (4.9)

where P is the entropically regularized optimal coupling with marginals p and q. By Theorem 3.4,
P = uvjexp(—M;j/\).

ij

Equivalently, after absorbing normalization into potentials,

* I+ A 1
Py ocexp <)\(Oéi + Bj) — )\Mi'> -

Consequently, the family of all regularized optimal couplings obtained by varying the marginals is
an exponential family, and the convex conjugate of its cumulant generating function is C'.

For a fixed reference distribution r, define

A * *
Dyalp:ql = T KL (P(r,p) | PA(r,q)).
When r = p, this has the following representation resembling a Bregman divergence:

Dplp : q] = Cx(p,p) — C\(P,q) — V4Ci(p,q) - (P — q),
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and
lim D, \[p:q]=KL(p|q).
A—00

This construction provides one interpolation between optimal transport and information geometry,
but it does not by itself give a single geometry encompassing every such interpolation.

A different connection begins with the cross-difference of a cost ¢: M x M’ — R:

6(p7 q/ap/7 q”) = C(p7 q”) + C(p/a q/) - C(p7 q/) - C(p/7 q”)' (410)

If (p,q') and (p', ¢") lie on an optimal graph, then 6 > 0 by cyclical monotonicity. Taylor expansion
of the cross-difference yields a pseudo-Riemannian metric on M x M’. In local coordinates

(&,1) it has block form B
1 0 —DDec
h=3 D : 4.11
2 (—DDC 0 ) (4.11)

The Ma—Trudinger—Wang tensor is an unnormalized cross-sectional curvature of this met-
ric.

Restrict now to the optimal graph G and the c-divergence from Definition 2.11. For = (p, q) and
2 =(p,q) in G, write
o(z,2") =d0(p, .9, q').

Theorem 4.10 For z,2’' € G,

§(z,2") = D]z : 2] + D[z’ : z].

Thus the cross-difference is the symmetrization of the c-divergence. This identity connects
optimality, divergence geometry, and the pseudo-Riemannian curvature framework.

Lecture 5— Friday, October 11, 2019

4. Stochastic Control and Extensions
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Hamilton—Jacobi Duality

For quadratic transport, the static and dynamic primal problems are

in / e — g2 dy(z, y)
'yEH,uzz

inf / [ gl dpi(a)ar

The dynamic formulation leads to a Hamilton—Jacobi description of the Kantorovich poten-

and, by Theorem 2.21,

tials.

If (p,v) satisfies the continuity equation, then every smooth compactly supported test function ¢
satisfies

/01 /n (O + Vi -v)dp;dt = /n 0(1,y)dv(y) — /n 0(0, ) du(z). (5.1)

Introduce the momentum w = pv and enforce (5.1) by a Lagrange multiplier. Formally inter-
changing the infimum and supremum produces the pointwise minimization

P>Ow{|| I (atSD)P—VCP'W}-

For fixed p, the minimizer is w = pV¢. The pointwise infimum over p > 0 is finite only for the
dual subsolutions 1
D + 5”V<PH2 <0.

On the support of an optimal density, complementary slackness gives equality:
1 2
dp + 5Vl = 0. (5.2)

At optimality, —¢(0,-) and ¢(1,-) are Kantorovich potentials. Thus the static dual pair can be
joined by a Hamilton—Jacobi evolution.

Stochastic Control and Girsanov’s Theorem

Let € > 0 be a noise parameter. Consider continuous semimartingales of the form

X, = X, +/0 Bx (s, X) ds + VE W (t), (5.3)
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where Wx is Brownian motion adapted to the filtration of X. Given endpoint laws Py and
Py, define

1
Vo(Py,P;) = infE [/0 ;Hﬁx(t,X)]th] , (5.4)

where the infimum is over processes satisfying (5.3), Xo ~ Py, and X7 ~ Py.

Unlike a standard control problem, both endpoint distributions are constrained. A more
customary controlled diffusion begins from a fixed state,

t t
X2 =z —|—/ b(s, X as)ds + / o(s, X as)dWs,
0 0

and minimizes T
sy =& [ [ s x5 a+ 9(x7)

The endpoint law constraint is what ties (5.4) to transport and Schrédinger bridges.
Suppose that X ~ A(0,0%) under P. The following change of measure displays the basic

0 62

The density Z defines a probability Q by dQ = Z dP under which X ~ N(—6,0?). Girsanov’s
theorem applies the same infinitesimal shift to Brownian increments.

mechanism:

Theorem 5.1 (Girsanov’s theorem) Let (6;)o<;<7 be adapted.

Suppose that the exponential martingale
T 1 (T
Zr=ew (- [ ocawi— [ ol w)
0 2 Jo
has expectation one. Define Q by dQ = Zp dP. Then
N ¢
Wt = Wt + / 05 ds
0

is Brownian motion under Q.

Apply Theorem 5.1 on canonical Wiener space to

X = X0+ VeW,.
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Choosing 8 = —3/+/¢ turns the canonical process under the new measure into

t —
Xt:X(]—f—/ Bst—F\@Wt.
0

The cost of this change of measure is relative entropy. Here IP is the reference law and Q is the
controlled law. The stochastic integral has mean zero under the controlled law, and

KL(Q | P) = 5 Eq [ / 1 HﬂtllZdt] . (5.5)

Equation (5.5) makes the equivalence between the control energy and the Schrodinger relative
entropy transparent.

Noise adds diffusion to the Hamilton—Jacobi equation. The resulting viscous Hamilton—
Jacobi—Bellman equation is

5 1
Orp + §Aap + §HV¢H2 =0. (5.6)

Theorem 5.2 Under the regularity assumptions for the control problem with fixed
endpoints,

veo. ) = sup { [ (1) ai(v) - [ o(0.2) aPo(e) .
©
where the supremum is over smooth subsolutions of
13 1 2
Oep + 5Ap + S lIVell” <0,

or over suitably interpreted viscosity subsolutions. Under conditions that permit solving
the backward equation from arbitrary terminal data, the supremum may equivalently be
parametrized by solutions of (5.6).

As e | 0, (5.6) approaches (5.2), and the stochastic dual converges to Kantorovich duality. This
formulation is due to Mikami and Thicullen (2006) and Mikami and Thieullen (2008).

Transport with Prior Dynamics

Quadratic transport can be generalized by imposing a preferred linear dynamics:

dax(t) = A(O)x(t) dt + B(t)u(t) dt + veB(t) dw(t). (5.7)
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The state satisfies x(0) ~ pp and (1) ~ p;, and the objective is

B[ [ JuPal.

When A =0, B =1, and € = 0, this is the Benamou—Brenier problem. A nonzero A models an
existing flow or force that the control should exploit rather than cancel unnecessarily.

Let ®(t,s) be the transition matrix satisfying
h®(t,s) = A(t)®(t,s) and ®(s,s) =1,

and define the controllability Gramian
t1
M(tq, o) :/ ®(t1,7)B(T)B(r)"®(t,, ) dr. (5.8)
to

The system is controllable when this matrix is invertible. Probabilistically, control can then steer
the process from any initial point into any nonempty open target set with positive probability.

Set @19 = ®(1,0) and Mjp = M(1,0). In the deterministic case, the minimum energy required
to travel from @ to y is

cl,y) = 5(y — B10m) My (y — B1ow). 5.9

The optimal control is
u*(t) = B(t)T®(1,4) "M, (y — ®roz),

and the associated state trajectory is

x*(t) = ®(t, 1)M(1, )My @102 + M(t,0)®(1,t) "M, y.

The change of variables

T = MI_OI/QCIHO:B and Y= Ml_ol/Qy

turns (5.9) into ||& — g|*/2. Therefore the problem reduces to quadratic transport between the
transformed endpoint laws. If T'= V¢ is the corresponding Brenier map, then

T(z) = M) T(M) &) (5.10)
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The interpolating map is
Ty(w) = ®(t, 1)M(L, )My, @10z + M(1,0)8(1,1) M) T(),
which is generally not a straight line displacement interpolation.

The difference is visible even in one dimension. Under the prior drift dx = —2x df + u d¢, uncon-
trolled particles contract toward the origin. The optimal controlled paths in Figure 11 curve so
that they cooperate with this drift, whereas McCann interpolation ignores it.

x(t)

straight transport  transport with prior drift

FIGURE 11

The same transport can be recovered from dynamic programming. For a terminal cost G, define

V(t.2) = inf {/tl %Hu(s)”zds + G(:z:”(l))} .
Bellman’s dynamic programming principle yields
0= igf {;HUHQ +0,V+VV .- (Alt)x + B(t)u)} .
Optimizing explicitly gives
oV +VV - -Alt)x — %VVTB(t)B(t)TVV =0, (5.11)

with V(1,y) = G(y), and
u*(t,x) = —B(t)"VV(t,x).

An explicit potential is obtained from the generalized Hopf-Lax formula
. 1 _
v(t.2) = int {00,9) + (o~ B(2.01p) M0 o - B(0.0) |

o1
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with V' = —t and an initial potential determined by the Brenier potential of the transformed
problem.

Schrodinger Bridges with a Markov Reference

Let q(s,x,t,y) be a positive Markov transition density. It satisfies the Chapman—Kolmogorov
identity

Q(tl,wl,t3,$3) :/Q(tl,ml,tQ,JJQ)Q(tQ,$2,t3,$3) dw?' (512)

Let @Q be the corresponding Markov path law. Its endpoint distribution has density ¢(0,x,1,y)
relative to the chosen initial reference.

Theorem 5.3 The static Schrodinger bridge with positive Markov reference has endpoint
law

dPo: (z,y) = ¢(0,z, 1,y)o(x)¢1(y) dz dy (5.13)
for positive functions @y and ¢1. The time-t marginal is
pi(x) = o(t, )§(t, x), (5.14)
where
o(t,z) = /q(t,w, Ly)ei(y)dy

and
a(t,z) = / 20,9, t,2)Bo(y) dy.

The two functions propagate backward and forward through the Markov semigroup. Equation
(5.12) then turns the endpoint factorization (5.13) into the intermediate factorization (5.14). In a
finite state space, this is the continuous time counterpart of the two Sinkhorn scaling vectors.

Return to the stochastic linear system (5.7). The Eulerian control problem is

mf/ /Hut x)||?p(t, z) dee dt

subject to the Fokker—Planck equation

dip+ V- (A(t)z + B(1) Z 82”(% =0, (5.15)
10T

p(0,-) = po and p(1,") = p1,
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where a(t) = B(t)B(t)T.

Theorem 5.4 Under suitable regularity conditions, the optimal control is
u'(t,x) = eB(t) Viog p(t, z),

where ¢ is the backward factor from Theorem 5.3 for the uncontrolled prior dynamics.

\ J

The drift is a Doob h-transform: the logarithmic gradient of the backward likelihood tilts
the reference process just enough to attain the terminal marginal. When the endpoint laws are
Gaussian and the prior is linear, every interpolating law remains Gaussian and the potentials are
explicit. A second-order example,

dz(t) =v(t)dt  and dv(t) = Vedw(t) + u(t) dt,

controls acceleration rather than position directly; the evolving distribution lives on position—
velocity phase space.

Multimarginal, Unbalanced, and Martingale Transport

The multimarginal extension replaces a coupling of two measures by a joint law with prescribed
marginals a1, ..., ag:

inf : /c(:rl, coyxg)dy. (5.16)
S

yell(a,...,a

An entropic penalty may be added exactly as in (3.3).

An economic example matches one consumer of type z; with contractors of types xs,...,xg. If a
team produces project y, its negative welfare is

S
—p1(r1,y) + Z ci(@i, y).
i=2
Optimizing the project within each team defines the multimarginal cost
S
C(l’l, s 7‘TS) = lgf {pl('xlay) + Zci(m’ia y)} .
i=2

Problem (5.16) then maximizes aggregate welfare by choosing the assignment of types.

Unbalanced transport relaxes the marginal constraints and penalizes their violation. For a non-
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negative transport measure v with marginals  and 3, one minimizes

iI;%{/Cd’y—FTDf(OJ | 1) +7D¢(B | u)} (5.17)

Y2

This is valuable when total signal strength matters, normalization is not meaningful, or the ob-
served marginals contain noise. In such settings, enforcing exact mass conservation can amplify
erTor.

Martingale transport adds a conditional expectation constraint. Let u1, ..., uxy be probability
measures on R in increasing convex order, meaning that

tr—>/¢d,ut

is nondecreasing for every convex ¢. This is necessary and sufficient for them to be the marginals
of a martingale (X;) satisfying

E[X, | X1,..., X, = X,, s<t.

The martingale optimal transport problem minimizes [c¢dy over all such joint laws. In
finance, ¢ may be the payoff of a path-dependent option. The infimum and supremum then
give bounds on arbitrage-free prices without specifying a model, while the dual variables describe
hedging strategies.

Transport can also be defined for positive matrices, possibly of unit trace. Unlike a scalar his-

togram, a matrix records both eigenvalues and eigenvectors. Relevant costs include the Bures—
Wasserstein metric and matrix relative entropy

KL(A |B) =tr(AlogA — AlogB — A +B).
This points toward quantum and matrix analogues of the Dirichlet transport and L(®-divergence.

Gromov—Wasserstein Geometry

When two measures live on different spaces, a pointwise cost between their locations may not be
defined. Gromov-type distances compare the internal geometries instead.

For nonempty compact subsets A, B of a metric space (Z,dz), the Hausdorff distance is

Hz(A, B) = max {sup inf dz(a,b),sup inf dz(a, b)} .
acAbEB beB acA
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The Gromov—Hausdorff distance between compact metric spaces (X,dx) and (Y,dy) is

GH(X,Y) = inf Hy(f(X),g(Y)), (5.18)

where f: X — Z and g: Y — Z are isometric embeddings.

An equivalent formulation uses a correspondence.

Definition 5.5 A correspondence between X and Y is a subset R C X x Y whose
projections onto both factors are surjective.

Then

1
GH(X,Y)= - inf sup ‘dx(x,x') - dy(y,y/)|. (5.19)
2 B (ay) (' y)eR

The supremum is the distortion of the correspondence.

Figure 12 compares two configurations by their internal distances alone.

FIGURE 12

For metric-measure spaces (X, dx, pux) and (Y, dy, uy ), replace a set correspondence by a proba-
bilistic coupling.

s ~

Definition 5.6 The squared Gromov—Wasserstein distance is

GW(X,Y)? = inf )/ }dX(x,x’)—dy(y,y’)|2

YE (1 x 1y
dy(x,y) dy(a',y). (5.20)

This distance is invariant under measure-preserving isometries. It is a smooth probabilistic ana-
logue of (5.19) and is useful in shape matching, where objects may have no shared coordinate
system.
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Lecture 6 — Friday, October 18, 2019

5. Variational Problems and Statistical Learning

Barycentres and Exponential Families

Given x1,...,xx € R? and weights \; > 0 with > Ai =1, the weighted Euclidean mean

N
Ty = E A
=1

is the unique minimizer of

N
T — Z)\zH:c — x|
i=1

A barycentre replaces the squared Euclidean distance by another divergence or metric.

Theorem 6.1 Let Dy be the Bregman divergence from Definition 2.10. Its right barycen-
tre is the arithmetic mean:

N N
argminz NiDglz; : 8| = Z i ;.
8 i=1

=1

Proof. Set ) =), \jz;. Expanding the definition of the Bregman divergence gives
N N
Z AiDglz; : 8] = ZAi¢(iBi) —@(s) = Vo(s) - (zr —s)
i=1 i=1

N
- Z)‘Z(b(xz) — ¢(&)\) + Dyl : 8].
=1

The first two terms do not depend on s. The final term is nonnegative and, by strict convexity,
vanishes only when s = &). Thus the weighted mean is the unique minimizer. O
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This observation underlies Bregman clustering; see Banerjee, Merugu, Dhillon, and Ghosh
(2005).

Now consider an exponential family
ple;6) = exp(8 - h(x) — 6(6)) (6.)
relative to a fixed base measure. The log-partition function ¢ is convex, and
Dyl6 : 0'] = KL(p(;0") | p(:;9)).

Its convex conjugate is negative Shannon entropy,

Y(n) =—H(p(;0)) = /p(w;e) log p(; ) du(z),

where

n = V¢(0) = Eg[h(X)]

is the expectation coordinate. If ' = V(€'), then

Dyl0: 6] = Dyln':n] =60) +v(n')-6-7 (6.2)

For a data point = for which h(x) lies in the effective domain of ¢, take ' = h(x). Equations
(6.1) and (6.2) give
log p(z;0) = —Dylh(x) : n] + ¢ (h(x)).

Therefore maximum likelihood for observations 1, ...,z is equivalent to

N
argminz Dylh(z;) = ml,
=1

and Theorem 6.1 gives
1 N
1=

Thus the maximum likelihood estimator is a right Bregman barycentre in expectation coordinates.
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Wasserstein Barycentres

Definition 6.2 Let v1,...,vy € Po(R?) and let \; > 0 with >°. \; = 1. A Wasserstein
barycentre is a minimizer of

f )\W V). 6.3
Vegsmi 2(v4 (6.3)

Theorem 6.3 A Wasserstein barycentre exists. It is unique if at least one positive-weight
measure v; vanishes on every Borel set of Hausdorff dimension at most d — 1; in particular,
absolute continuity of one positive-weight v; is sufficient.

This result is due to Agueh and Carlier (2011).

Zero-weight inputs may be discarded, so assume in the following dual formulas that every \; > 0.
The dual problem uses a weighted quadratic infimal convolution. Define

=t ey
$ufi@) = inf, {5lle vl - @) |

With a harmless factor of 1/2 in the primal objective, the dual is

sup Z/S)‘ fidv;. (6.4)
fly :fNi 1

Indeed,
Ai
Sy fix) + fily) < EHm —y|*

Integrating this inequality against couplings of v; and a candidate barycentre v, then summing
over i, eliminates the functions f; because ), fi = 0. Convex duality turns the resulting weak
inequality into equality.

There is also a multimarginal formulation. For = (x1,...,xx), set

N
= Z )\Z:BZ
=1
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Consider

) quwz (@) dv(a). 65

Theorem 6.4 If 7 solves (6.5), then
v="Tyuvy

solves (6.3).

Proof. Let m;j(x) = x;. Then

and hence

20,0 < [ i = T@)|* a3 (2).

Summing with weights proves one inequality between the two problems. Conversely, glue optimal
couplings of a candidate v with each v; over their common r-coordinate, just as in the proof of
Theorem 2.5. Conditional on a barycentre point y, the weighted mean minimizes

z— ) Aille — 2%
7

This gives the reverse inequality and shows that a multimarginal optimizer pushes forward to a
barycentre. O

In one dimension, quantiles give an explicit solution. If F; and F' are the distribution functions
of v; and v, then
2 (vi, v / |F *l(u)}gdu.

N

FM u) =Y NF; (u). (6.6)

=1

Pointwise minimization yields

If 11 is atomless, this common-quantile coupling can equivalently be written as v = Tyvq, with

T = Z )\ile' and (Tli)#yl = V.
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For equally weighted empirical measures with the same number of atoms, (6.6) averages atoms of
equal rank, as illustrated in Figure 13.

. ° °
([ ]
° °
[ J
o
° °
[ ]
[ ]
° °
[ ]
41 2 V3 barycentre
FI1GURE 13

When N = 2, write the inputs as vy and v1. If vy is absolutely continuous, the barycentre with
weights (1 — ¢,t) is precisely the displacement interpolation

v = ((1 — t) Id +tT)#V0.

For centered Gaussian inputs with positive-definite covariance matrices v; = N (0, X;), the barycen-
tre is Gaussian, v = N (0, X), where

N
> nEVEEEVH2 =3, (6.7)

i=1

This matrix equation is the covariance analogue of averaging aligned quantiles.

In the discrete setting, an entropic barycentre solves

N
min » AL (a, b;). (6.8)
=1

For € > 0, Lf is convex and differentiable on the interior of the product of simplices. Its gradient
with respect to the marginals is given by the optimal dual potentials (f,g), where

L*(a,b) = max {{f, a) + (g, b) — & (exp(f /), Kexp(g/e)) + £}
The Sinkhorn scalings satisfy

u = exp(f/e) and v = exp(g/e).
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At a solution of (6.8), the first order condition is ) . A\;fi = 0 up to the common additive
gauge. This leads to both gradient methods and generalized Sinkhorn iterations. In imaging
applications, the barycentre blends corresponding shapes and colours rather than averaging pixels
at fixed locations.

The population version also has a law of large numbers. Let P be a probability distribution on
P2(X) and suppose the population barycentre

vt = argmin/WQ(,u, )2 dP(p)

is unique.

Theorem 6.5 If uq,...,uyN are independent samples from P and vy is their empirical
Wasserstein barycentre, then, under the required moment and compactness assumptions,

WQ(I/N, l/*) — 0

almost surely as N — oo.

Metric Gradient Flows

For a differentiable function F' on Euclidean space, the gradient flow
B(t) = —VF(a(t))

is the continuous limit of the proximal recursion
(¢+1) 1 ©|°
x = argmin 5”:1: —x H +7F(x) ;. (6.9)
T

On a Riemannian manifold, the squared norm is replaced by squared Riemannian distance. This

observation makes sense even in a metric space (X, d): define a candidate flow as the small-7 limit
of

LD — argmin {1d(:c,$(z))2 + TF(:B)} ) (6.10)
zeX 2

This is the minimizing movement construction.
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The heat equation gives two complementary examples. First consider the Dirichlet energy
1 2
F(u) = - |Vul|” de.
2 Jrn
For a smooth compactly supported variation v,
1 2
F(u+ hv) = 5 |Vu+ hVo|* de
= F(u) + h/Vu - Vodx + O(h?)
— Fu)—h / (Aw)vdz + O(h?).
With the L? inner product, grad F(u) = —Au. Hence

ou = Au

is the L? gradient flow of Dirichlet energy.

The same heat equation is the Wasserstein gradient flow of entropy. Let F' be a smooth
functional of densities, and denote its first variation by 6F/Jp. A tangent in Otto’s metric has
the form

o=-V-(pVyp).

Along a curve with this tangent,

Comparing with (4.1) identifies

grady, F(p) = -V - <pV5F) . (6.11)

Therefore the negative gradient flow is

oF
= . — . 12
Bp =V (pv 5p) (6.12)

For negative entropy,
F(p) = /plogpda},
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the first variation is log p + 1. The additive constant disappears after taking a spatial gradient, so

oF

V. <pV6p> =V - (pVliogp) = Ap.

Equation (6.12) is again the heat equation.
More generally, the Fokker—Planck equation
dip=V-(pV¥)+ B Ap (6.13)

is the Wasserstein gradient flow of the free energy

F(p) = /\prdaz +B_1/plogpdaz.
It is also the forward equation of the Langevin diffusion
dX; = —VU(X,)dt + /2871 dW,.

When the normalizing integral is finite, the stationary density is proportional to e #Y.

For m > 1, another example is the porous medium equation with drift,
Op —Ap™ =V - (pVV) =0,

whose energy is
1

F(P):m

p™ dm—i—/V(az)p(:c)dw.

The rigorous theory is developed by Ambrosio, Gigli, and Savaré (2008). The entropy interpreta-
tion of the Fokker—Planck equation originates with Jordan, Kinderlehrer, and Otto (1998).

Particle Discretizations

The minimizing movement scheme (6.10) for the Wasserstein metric becomes
.1
p(f"rl) = argmin {2W2(p’ p(f))z 4 TF(p)} )
P

One numerical approximation represents the density by a moving cloud

n

1
P Z O (t)-

i=1

63


https://doi.org/10.1007/978-3-7643-8722-8
https://doi.org/10.1137/S0036141096303359

STA 4519H OPTIMAL TRANSPORT: THEORY AND ALGORITHMS FALL 2019

For sufficiently small time steps, the identity matching remains optimal, and

1 n
Walprsar pr)* = — > llwi(t + At) — xi(t)|*.

i=1

Thus the measure-valued flow becomes an ordinary Euclidean gradient flow for the particle vector
X ()= (21(t),...,2a(t)) and X (t) = —VE(X(t)).

For the Langevin example, the particles initially spread and then settle into the Gibbs density.
The approximation converts diffusion into a deterministic interaction among particle locations
through the discretized entropy.

The energy landscape in Figure 14 shows how each proximal step balances a short Wasserstein
move against a decrease in free energy.

o0

transport cost
limits step length

(L£2) p
P /)VC*é)

FIGURE 14

Minimum Kantorovich Estimation and Generative Models

Let z1,...,x, be independent observations from an unknown distribution, and let

1 n
Bn = n;&%

be the empirical measure. A parametric model is a map 0 — ag € P(X). A general minimum-

distance estimator solves
min L(ag, Bn)- (6.14)

0cO
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If ag has density pg and
1 n
(g, Bn) /ogpo(x) Bu(z) = —— ;:1 og pe(;)

then (6.14) is maximum likelihood estimation. At the population level, if the true law 8 and the
model law have densities p and pg with respect to a common dominating measure, then

KL(8 | ag) = /p(x) log <]§;((a;))> dx

The maximum likelihood loss differs from this relative entropy by a term independent of 6.

Relative entropy becomes infinite unless the data law is absolutely continuous with respect to the
model law. This is a serious problem when both distributions are concentrated on low dimensional
sets. In high dimensional data analysis, a distribution may lie on an unknown manifold M with
dim M < d; two nearby model manifolds can then have disjoint supports even when they are
geometrically close. Moreover, the model density may be computationally inaccessible.

A generative model avoids explicit densities. Let ¢ be a simple distribution on a low dimensional
latent space Z, and let hg: Z — X be a parameterized map (often a neural network). The model
is

a9 = (ho) 4. (6.15)

Samples are easy to generate even if a density for (6.15) is unavailable. A weak transport
discrepancy is therefore a natural loss.

The standard comparison uses total variation, relative entropy, Jensen—Shannon divergence,
and Wasserstein distance:

(P, IPy) = sup [Pr(A) = Pg(A)],

P,
KL(P, |B;) = [ log (jp ) ap,,
g

1 1 1
JS(Pr,By) = S KL(P | Pr) + 5 KL(Py [ P)  and P = S(Pr +Py).

Example 6.6 Let Z be uniform on [0, 1]. Let Py be the law of (0,Z) € R?, and let Py be
the law of (0, 7). Then
Wi(Po, Pp) = 161,
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whereas

log2, 6+#0
JS(PO,PQ) — {Oog > ; 7 0’ and KL(PO ‘ Pg) = {

0o, 60 F#0,
Oa 9:7
and

1, 640,

5(Po, Py) =
(Po, Py) {0, b0

The geometry in Figure 15 is simple: Wasserstein distance records the horizontal displacement,
while divergences that are sensitive to the support jump as soon as the lines separate.

)

9]

1
Py Py

FIGURE 15

Theorem 6.7 Let P, be fixed, let Z have a fixed latent distribution, and let g: ZxR¢ — X
define Py as the law of g(Z,0).

1. If g is continuous in @ and the required moments are locally dominated, then W),(P,, Py)
is continuous in 6.

2. If g is locally Lipschitz and satisfies the corresponding regularity condition, then
W, (P, Pg) is continuous everywhere and differentiable almost everywhere.

3. The analogous assertions fail in general for Jensen—Shannon divergence and both ori-
entations of relative entropy.

The theorem, together with Example 6.6, explains why Wasserstein loss can support training
by gradient methods even when model and data distributions occupy different low dimensional
sets.
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For the cost ¢(x,y) = d(z,y), c-concave potentials are exactly 1-Lipschitz functions, and f¢ = —f.
Kantorovich duality therefore becomes the Kantorovich-Rubinstein formula

Wi(p,v) = ||fﬁ2p§1 {/fdu— /de}- (6.16)

For a generative model Py = (gg)4(,

Wi (P,,Pg) = ”fﬁu_p<1 {Ep, [f(X)] —Ec[f(90(2))]}

The original Wasserstein generative adversarial network parameterizes f by a critic net-
work fy,, and solves the saddle problem

min max {Ep, [ fu(X)] — Eclfw(ge(2))]}, (6.17)

subject to an approximate Lipschitz constraint on the critic. This formulation was introduced by
Arjovsky, Chintala, and Bottou (2017).
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Appendix: Lecture and Tutorial Index

1. Lecture 1— Friday, September 13, 2019
Lecture 2 — Friday, September 20, 2019
Lecture 3— Friday, September 27, 2019
Lecture 4 — Friday, October 04, 2019
Lecture 5— Friday, October 11, 2019

A

Lecture 6 — Friday, October 18, 2019
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