AMATH 350: Differential Equations for Business and
Economics

Prof. David Harmsworth e Winter 2015 e University of Waterloo
MWEF 1:30-2:20PM in MC 4007

Transcribed, I&TEXed, and edited by Rob Zimmerman

Note: These are personal lecture notes, not official course materials. They may contain
errors (which by default you should attribute to me, Rob Zimmerman, rather than the
course instructor). The permanent home of these — and all of my other lecture notes — is
https://rob-zimmerman.github.io/coursenotes.

Contents

1 First-Order Differential Equations 3
Basic Concepts and Terminology . . . . . . . . . . ... 3
Separable Equations . . . . . ... 5
First-Order Linear Ordinary Differential Equations . . . . . . ... . ... .. ... ... 7
Direction Fields and Solution Families . . . . . .. ... ... ... ... ... ... .. 11
Mathematical Modelling With Differential Equations . . . . . . .. .. .. ... ... .. 15
Substitutions . . . . . ... e 17


https://rob-zimmerman.github.io
https://rob-zimmerman.github.io/coursenotes

AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

2 Higher-Order Linear Ordinary Differential Equations 21
Linear Independence of Functions . . . . . . . . . . .. ... 23
Characteristic Equations . . . . . . . . . .. .. L 28
Homogeneous Linear Equations . . . . . . . . . . . ... .. o o 31
Inhomogeneous Equations and the Method of Undetermined Coefficients . . . . . . . .. 32
Variation of Parameters . . . . . . . . . . . .. 36
Reduction of Order . . . . . . . . . . . e 39
Boundary Value Problems . . . . . . . . . .. . 42

3 Systems of Ordinary Differential Equations 45
Homogeneous Vector Differential Equations . . . . . . .. ... .. ... ... .. ... 49
Inhomogeneous Vector Differential Equations . . . . . .. .. ... .. ... ... .. 59
Variation of Parameters for Systems . . . . . . .. .. oo L oo 60

4 Partial Differential Equations and Fourier Methods 62
First-Order Linear Partial Differential Equations . . . . . .. ... .. ... ... .... 63
Change of Basis . . . . . . . . . . 66
Second-Order Linear Partial Differential Equations . . . . . . .. .. .. ... ... ... 69
The Wave Equation . . . . . . . .. . 72
Separation of Variables . . . . . . . . . .. L 75
The Fourier Transform . . . . . . . . . . . . . . . e 77

5 Black—Scholes and Derivative Pricing 86
The Black—Scholes Equation . . . . . . . .. .. . . L 86
Derivation of the Black—Scholes Partial Differential Equation . . . . ... ... ... .. 89
Boundary and Terminal Conditions . . . . . . . . . . . .. .. ... .. ... ... 90
Reduction to a Constant-Coefficient Partial Differential Equation . . . . . . . .. .. .. 91
Heat Equation Solution . . . . . . . . . .. . 94
Verification of the Heat Kernel Formula . . . . . . . ... .. ... ... ......... 97

Appendix: Lecture and Tutorial Index 99



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

Lecture 1 — Monday, January 05, 2015

1. First-Order Differential Equations

Basic Concepts and Terminology

A differential equation is an equation relating an unknown function to one or more of its

derivatives. For example, & _ y has solutions y = e* and y = 2e*. More generally, y = Ce”,

where C' € R, is a family of solutions.

Differential equations typically have multiple solutions. The general solution is an expression
d
which represents all, or nearly all, of the solutions. For instance, for d—y = 2y + 1, the general
x

solution is y = Ce** — 1/2.
Occasionally, there will be singular solutions, which do not fit exactly into the general solution.

The order of a differential equation is the order of the highest derivative present. For example,
y®) 4 3y’ — 2y = 0 is third order.

In multivariable calculus, we encounter partial differential equations, which involve partial
derivatives. The heat equation is

Ut = Ugy,

where u = u(z,t). This is a second-order partial differential equation.

In applications, we usually look for one particular solution. To identify it, we need more infor-
mation about the solution. Typically, for an ordinary differential equation, we are given values
such as y(xo), ¥'(z0), ¥”(x0), and so on. An nth-order problem needs n initial conditions. Such a

problem, together with its initial conditions, is an initial value problem. For example, consider

d

d—y = 2y with y(0) = 5. The general solution is y = Ce?*, and substituting the initial condition
x

gives C' = 5. Thus the solution is y = 5e%*.

An important distinction is that a linear equation is one which can be written in the form

Fa(@)y™ + -+ fo(2)y” + fi(@)y + fo(z)y = g(a).
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In particular, the unknown function and its derivatives occur only to the first power and are not
multiplied together. For example, y" + 22y’ + xy = € is linear, whereas ' +sin(y) = 0, (y')? = v,
and yy' = x are nonlinear.

We now turn to first-order equations. In general, these have the form F(z,y,y’) = 0. We will
consider only equations which can be solved for 3/; that is,

dy

d
Theorem 1.1 (Existence and uniqueness theorem) The initial value problem d—y =
x

f(x,y), y(xo) = yo has a unique solution, defined in some neighbourhood of xg, if f(z,y)
and f,(x,y) are continuous within some neighbourhood of (xg, %o).

We skip the proof.

The Picard-Lindeldf theorem reaches the same conclusion when f is continuous in z and locally
Lipschitz in y. This is weaker than requiring f, to be continuous, but the derivative condition is
often easier to check.

Lecture 2— Wednesday, January 07, 2015

d

By the first-order existence and uniqueness theorem, the initial value problem d—y = f(z,y),
x

% are

y(xo) = yo has a unique solution, defined on some interval containing xg, if f(x,y) and
continuous in some neighbourhood of (zg, yo).

d
Example 2.1 d—y = 2%y + ™ with y(12) = 5 has a unique solution because f(x,y) =
x

x2y+e* and fylz,y) = x?4e™ are continuous everywhere. Similarly, ¢’ = y/z has a unique
solution for any initial condition with xg # 0 because f(x,y) = y/x and fy(x,y) = 1/x are
continuous when x # 0.
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Example 2.2 For 3/ = (xy)?/3, the function f(z,y) = (zy)?/? is continuous everywhere. Its
partial derivative with respect to y fails to exist at (z,0) whenever x # 0; although f,(0,0)
itself exists, f, is therefore not continuous on any neighbourhood of (0,0). Consequently,
the problem has a unique solution for y(0) = 1, but Theorem 1.1 gives no conclusion about
existence or uniqueness for the initial condition y(0) = 0.

Corollary 2.3 Different solution curves for a first-order ordinary differential equation can
never intersect at points where the conditions of Theorem 1.1 are satisfied.

Separable Equations

d d
Suppose d—y = f(z,y). If f(z,y) can be factored so that d—y = g(z)h(y), then the differential
x x
equation is called separable. We can solve it by writing
1 dy 1 dy /
—_ = = [ ——dzr= dz.
iar =70 = [ iggyada= [
_dy

This uses substitution: if y = F(z), then dy = F'(z) dz = 3 dx. After integrating, we solve for
x
y, if possible.

d
Example 2.4 Solve d—y = et with y(0) = 0.
T

Solution. Separate the variables:

d
e dz,
ey

/e_ydy:/exdx,
—e Y+ Cy=¢e"+ Cs.

Thus e™¥ = —e® — (3, and hence
y = —log(—e* — Cy).

The condition y(0) = 0 gives C5 = —2. Therefore the explicit solution is

2—e”

y:—log(g_ex):10g< ! >

5
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The existence and uniqueness theorem does not determine the domain of the solution; in this case
the domain is (—oo,log2). O

One danger of separation of variables is that certain equilibrium solutions may be lost when
we divide by a factor involving .

d
Example 2.5 Solve d—y = —4xy?.
x

Solution. If y # 0, then separation gives dy/y? = —4x dx. Also, y = 0 is a solution by inspection.
Integrating the separated equation gives

1 1
-2 _ _ 2 _
/y dy——4/:1:da;:>—y——2x +C:>y—2m2_c.

The full solution set is y € {1/(22% — C),0}. O

d
Example 2.6 Solve d—y = (xy)?/3.
x

Solution. If y # 0, then

/y_2/3dy: /x2/3dac.

Also, y = 0 is a solution. For the separated equation,
1/3 _ 3 _5/3 L 53 ’
3y ’° = gx +C = y= gx +C | .

Thus the solutions obtained in this way are y = (335/ 3/5 4 0)3 and y = 0. Because uniqueness
fails along y = 0, we can also obtain solutions by joining one of the nonzero branches to the zero
solution where the branch reaches the axis. O
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First-Order Linear Ordinary Differential Equations

A first-order linear equation has the form

() 2+ ao(e)y = £(z).
dy
Example 2.7 Solve x— + y = €”.
dx
. .o d d
Solution. The left-hand side is d—(xy), S0 d—(xy) = e”. Hence
x x

e C
xy:/exd:l::ex+0 == y=—+—.
xr x
This is the general solution on any interval not containing 0. A solution that extends through

x = 0 must have C' = —1 on both sides; in that case (¢* — 1)/x has the removable value y(0) = 1.
In other words, this calculation is undoing the product rule. O

Lecture 3 —Friday, January 09, 2015

Consider the equation

(@) 3+ aofay = £(z).

d
If ap(z) = ! (z), then the left-hand side is an “exact differential”, and we can write
x

(@) = ).

da
Even if ag # d—l, we can create this structure. First write the equation in standard form:
x

§%+M@yzﬂﬂ-
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Then multiply through by an unknown function p(z), called an integrating factor:

p(w) 2+ awp()y = (o).

We want the left-hand side to be the derivative of u(z)y(z), so we require

dy

pla) 7+ ul@)p(@)y = p(z)

dy dp
a Ve

d
This requires d—'u = p(x)p(x), which is separable:

/(lllii:/p(x)dx = logW:/p(x)dx = pu(z) = Cexp </p(x)dx>, C #0.

Any nonzero choice of C' works, so we usually take C' = 1:

pu(x) = exp </p($) dx) :

The differential equation is now

SO

py = / pgdz.
Hence
1

o / p(@)g(x)de  and  p(r) = exp < / p() d:c).

y(z) = e

Most simpletons remember only the formula for p and the reason it is used.

The integrating-factor mechanism is summarized in Figure 1: multiplication by p is chosen pre-
cisely so that the product rule collapses the left-hand side to one derivative.

Example 3.1 Solve j—y +xy = x.
x

Solution. This equation is linear and separable, and it is already in standard form. An integrating

factor is 1
wu(x) = exp (/xdx) = exp (2332) .
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X [
y' +p(a)y = q(z) >y +pupy = pg
w = up
A
1 d
= = d < —_— =
y W f HICT integrate dz (/Jy) 1q

(z) = exp( [ p(z) dz) makes the product rule do the work

FIGURE 1

Multiplying by this integrating factor gives
” (" /2y) = e,

Therefore

3

Example 3.2 Solve zy’ — 2y = x° cos .

Solution. On an interval where x # 0, convert to standard form:

2
y — =y = x? cos z.
T

An integrating factor is
wu(x) = exp (/ —2/x dx) = e~ 2loglel — 42,
Multiplying the standard-form equation by 1/2? gives

ST = 5 ()
—y — —y=cosx — (<) =cosz.
ny x3y dx \ 22
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Thus

% = /cos:pdx—sinx+0,
T

and therefore
y(x) = 2’ sinz 4+ Cz® = 2%(sinz + O).

This formula gives the solutions on intervals contained in x > 0 or x < 0. Solutions of the original
equation can also pass through = = 0: they have y(0) = 0, and the constants on the two sides of
0 may be chosen independently. O

d
Example 3.3 Solve the initial value problem d—y +y = V1 + cos? x subject to y(1) = 4.
T

Solution. An integrating factor is

u(x) = exp </ 1d:1:> =e”.
Multiplying through by e® gives

6:pjﬁ + ey =e"/1+cos?x = di(exy).
x x

Therefore

e’y = /ex\/ 1+ cos? x dz.

The integral cannot be evaluated in elementary terms, but by the fundamental theorem of calculus

xr
/ e'/1+cos2tdt +C,
1

we can write it as

SO

X
ey :/ e'\/1 4 cos?tdt + C,
1

and therefore

x
y(x) = e_x/ e'\/1+cos2tdt + Ce ™.
1

Now use the initial condition:

y(1) =4 = 4=Ce ! = C = 4e.

10



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

Thus

x
Yy = ex/ e'\/1+ cos? tdt + 4el 7%,
1

which is a totally legitimate function of x. O

Lecture 4 — Monday, January 12, 2015

Direction Fields and Solution Families

It is possible to determine information about the graphs of solutions even without finding the
solutions explicitly.

d
Example 4.1 Analyze and solve d—y =y — 4.
x

d
Solution. We can see immediately that d—y = 0 if and only if y = £2. These equilibrium solutions
x

are the only places where there are critical points. We can also see that ' > 0 when |y| > 2 and
y" < 0 when |y| < 2. In general, we can determine the slope of the solution passing through any
point and generate the direction field in Figure 2.

11
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FIGURE 2

The non-equilibrium solution curves appear to have inflection points where y = 0. We can verify

this:

dy 2 d2y dy 2 3
=Y 2~ Vg y(y ) =2y” —8y

The equilibrium solutions have zero curvature everywhere. Along any non-equilibrium solution,
y” =0 when y = 0, and its sign changes there.
Of course, we can also solve this differential equation, since it is separable:

dy 9 dy C—e

a7 /y24 / v 4 C+e
together with the equilibrium solutions y = 4+2. This tells us something new: there are vertical
asymptotes if C' < 0, where C' + ¢4 = 0. They occur at x = —log(—C)/4. O

If we have both the differential equation and its solution, then we can usually produce accurate
sketches easily.

d
Example 4.2 Analyze d—y =y — 22, given that the solution is y = Ce® 4+ 22 + 2z + 2.
x

12
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Solution. From the solution, we can see an “exceptional” solution:
y = 2%+ 2 + 2,

which is the only parabolic solution. All other solutions move toward the parabola as + — —oo
and away from it as x — oc.

For critical points,

d
& _ 0 = y= z2.
dx
This curve is called the horizontal isocline. For inflection points,
dy 2 d’y _dy 2
w477 de? Az TTYT® .
Hence
Y'=0 = y=2"+22=(r+1) -1
The resulting solution family and its two isoclines are shown in Figure 3. O

A
8

y=2a>+2c+2

y = 0.45e% + x2 4+ 22 + 2
y:0.961+2:2+21+2
y = —0.6e® + 22 + 22 + 2

FIGURE 3

We use the following algorithm for sketching solutions:

Step 1. Solve the differential equation.

13
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Step 2. Sketch the exceptional solutions.
Step 3. Consider limits of typical solutions.
Step 4. Find the horizontal isocline.

Step 5. Sketch the solutions. By Corollary 2.3, solution curves do not intersect where the hypothe-
ses of Theorem 1.1 hold, so points on the isocline can be used as starting points.

Example 4.3 Solve and sketch j—y = 32y
x

Solution. The constant function y = 0 is a solution by inspection. If y # 0, then the equation is

separable, and

d—g = 322 dz.
)

Integrating gives
1
/yzdy: /3x2dx — —— =234 C).
Y
Thus the nonzero solutions have the form

_ 1
y_C_x37

where C' = —Cj, on any interval that does not contain the vertical asymptote = v/C. The case
C = 0 gives the curve y = —1/z3. Therefore the full set of solutions consists of y = 0 together
with the nonzero branches y = 1/(C — 3).

The horizontal isocline is determined by

d

& _ 0= =0 or y =0,

dz
and y’ > 0 everywhere else. Hence every nonconstant solution is increasing on its interval of defi-
nition, with a horizontal tangent at any point where it is defined on the line x = 0. Representative
members of the solution family are plotted in Figure 4. O

14
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>
>

— y =1/
— y=1/(15-2%)
— y=1/(5-2%

y=1/(—1.5—z3)

\
8

FIGURE 4

Lecture 5— Wednesday, January 14, 2015

Mathematical Modelling With Differential Equations

Suppose we wish to predict future values of a population P(t). To find P(t), we make simple
assumptions about its rate of change. In the Malthusian model, the rate of change of P is

proportional to P itself:
dP

dt
where r is the growth rate, which is taken to be constant. By inspection, P(t) = Ke™. If

P(0) = Py, then K = Py, and therefore P(t) = Pye™. To determine 7, we would need to know the
population at one positive time.

=rP,

One way to improve this model is to suppose that resources are limited, so there is a maximum
sustainable population K > 0, called the carrying capacity. For a positive intrinsic growth rate

dpP P
C_rp(1-).
a ( K)

15

r, the resulting logistic equation is
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dP dP
This gives & ~ rP when P < K, but i 0 when P = K. The equation is separable:

dP KdP

K A B 1 1
P(k—P) P K—P /<P+K—P>d ri+C,

log(P) —log|K — P|=rt+ C; = log

P
=rt
KP‘ r —I-Cl,
P CyKe' K
— Ohet — P(t) = - .
K-p % ®) 1+ Coet  CeTt+1

For Py # 0, the initial condition P(0) = Py gives Py = K/(C + 1), so C = (K — Fy)/FPy. The
division used above excludes P = 0 and P = K; the former must be added separately, while

the latter is recovered by taking C' = 0. Several representative logistic solution curves appear in
Figure 5.

— P(t)=2/(1+5e7t)
— Pt)=2/(1+e7 %)
— P(t) =2/(1 — 0.4e?)

> 1

FIGURE 5

Example 5.1 Suppose a savings account earns interest at a continuous force of 5% per year.
The account is opened with $1000, and money is deposited continuously at a rate of $365
per year. What is the account balance after 10 years, assuming the financial system (and
indeed, civilization itself) is not first wiped out by a nuclear apocalypse?

Solution. Let y(t) be the account balance after ¢ years. The rate of change of the balance is

d
d—z = interest rate + deposits = 0.05y + 365.

16
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This is a first-order linear differential equation. Rewriting it as ¢’ — y/20 = 365, an integrating

u(t) = exp (- / (1/20) dt> ey

factor is

Multiplying through gives

e—t/20y/ _ ie—t/QOy — 3656_t/20,
20
d
= (e—t/20y> _ 3656—15/20,

ety = —7300e %0 1 C,
y(t) = Cet?° — 7300.

The initial condition y(0) = 1000 gives C' = 8300. Thus
y(t) = 8300et/%° — 7300.

Finally,
y(10) = 8300+y/e — 7300 ~ $6384.39.

For comparison, if the quoted 5% is a nominal annual rate compounded daily and $1 is deposited
at the end of each day, the exact discrete balance is approximately $6383.92, less than $0.50 below
the continuous-model value. O

Lecture 6 — Friday, January 16, 2015

Substitutions

If we encounter first-order differential equations which are neither linear nor separable, we may be
able to convert them into linear or separable equations by a change of variable. We will look at
three such classes of equations.

d
1. For equations of the form d—y = F(ax + by), we try letting u = ax + by, thinking of u as a
x

function of x.

17
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d
Example 6.1 Solve d—y =z +y—1with y(1) =0.
x

d d
Solution. Let u=x+y, so y =u — x and % 1 This gives
de dzx

d d
i Vu-1 — Y-

dzx dzx
1
2\/a:$+01,
2\/m:x+01,

—
=

C 2
oty = <;1:—|— 1) ,
—

2

1

Enforce the initial condition:

1
y()=0 — 0= 71+~ 1,
1, 1., 3
—2+ /4412
9 ’
= (C=1or C=-3.

:}C:

By Theorem 1.1, at most one of these candidates can be the solution near x = 1. If
y= (z+C)?/4 — z, then

d 1 1
7y:,($+0)_1 and Ve+y—1=4/=(x+C)2—1.
de 2 4
These are equal when z +C > 0. At x =1, weneed 1+ C > 0,80 C =1, not C = —3.
Therefore 1
y:Z(x—i—l)z—x.
This formula satisfies the differential equation for x > —1. At x = —1 it joins smoothly to

18
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y = —x, giving the global extension

—x, r < —1,
y(z) = )
(x+1)°/4—2x, z=>-1.

O

d
2. For equations of the form d—y = F(y/x), which are traditionally called homogeneous equa-
x

d d
tions, we try w = y/x. Then y = ux and & + opin

dz dz’
dy _ o o
Example 6.2 Solve 1= (x* —y*)/(3yz).
x

Solution. This equation is neither linear nor separable, but we can write it as

dy _Liz_y
dr 3\y 2/’

Let u = y/x. Then

dr 3 \u dz 3u 3
du dzx
:>/1 =
3u 3

With t = 1 — 4u?, this becomes

3 [dt dx 3
I _2 —1
LG =[S = gl =oglal +
= —3log |1 — 4u?| = 8log |z| + Co,
— (1 —4u?)3 = C32®,
= 1—4u® = Cyz™ %3,
1
- U2:1+C5[L‘ 8/37
1
= y2—1x2+0x 23
1
= :iwzac?—i—Cx—Q/?’.
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These real solutions are understood on intervals not containing 0 on which the radicand is
positive and y # 0. The case C' = 0 recovers the two constant-ratio solutions y/x = £1/2
on each such interval. O

d
3. A Bernoulli equation has the form d—y +p(z)y = q(z)y"™, where n is a constant and n # 1.
x

These can be converted into linear equations by letting v = y* ™.

d
Example 6.3 Solve d—y — 5y = —(5/2)zy>.
x

Solution. Let v = y~2. Then

dv _ady dy 1 gdv
dz -~ Y dx:dx_ oY Az
1 5dv 9 g
= @ T
2dr 0T T2
d
:>—v+101):5:v
dx

An integrating factor is

) oo 1005) = o

6101‘1}/ + 10v610x — 5.%'610:0,

Then

d
di(velox) — 5%‘6109&,
T
vetl? = /53:610”6 dx
1 1
— 5:L,el()av ?061036 4 C,
1 1
- T C —10x
v 2x 20 + Ce ,
1 1 —1/2
y:j:<2:v—20+06_wz> or y=0.

The nonzero real solutions are defined on intervals where the expression in parentheses is
strictly positive. O

20
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Lecture 7— Monday, January 19, 2015
2. Higher-Order Linear Ordinary Differential Equations

We begin with the basic structure of higher-order linear differential equations.

An nth-order ordinary differential equation is linear if it has the form

d’n

an(x)ﬁ +- al(x)j—i + ap(z)y = F(x).

If F(z) = 0, the equation is homogeneous. Otherwise, it is inhomogeneous.

The function

F(x) is called the inhomogeneous term or the forcing term. If a,, ..., ag are constants, then

the equation is a constant-coefficient linear ordinary differential equation.

Consider the initial value problem consisting of the equation
an(z)y™(2) + - + ao(z)y(z) = F(z)
taining x¢ such that

1. the functions ag(x),...,a,(z) are continuous on I;
2. ap(x) # 0 on I; and

3. F(z) is continuous on I.

then the initial value problem has a unique solution on I.

Theorem 7.1 (Existence and uniqueness theorem for IVPs for linear ODEs)

and prescribed values for y(zo), ¥/ (z0), ..., y™ 1 (xg). If there is an open interval I con-

We do not even contemplate the idea of considering the thought of proving this.

Example 7.2 The initial value problem

(% = 1)y" + zy’ —y = sinz, y(0) =1, and y'(0) =0

21
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has a unique solution on (—1,1) by Theorem 7.1.

Notation 7.3 An operator is a transformation which maps functions to functions. The
differential operator transforms f to f/. We may write this as

d :
—[f@)] = f'@)

or more concisely as Df(z) = f'(z).

\ J

For example, D(x? + 7) = 2. We can also define an identity operator by If(z) = f(z).
Operators can be combined: letting D? := D o D, we get

(D + D) () = ["(x) + 7/ (@).
If we give the operator D? + 7I its own name, say ®, then we can write y” 4+ 7Ty = cosz as
®[y] = cosz. Similarly, we could let
n
o = an(x)@ +--+ aO(:L‘)a

and then use ®[y] = F(x) to represent a general nth-order linear ordinary differential equation.

Theorem 7.4 (Principle of superposition: first version) Let ® be a linear differential
operator. Let y;(z) be a solution to ®[y] = Fi(x), and let y2(x) be a solution to ®[y] = Fa(x).
Then y1(z) + y2(z) is a solution to ®[y| = Fi(x) + Fa(x).

Proof. By linearity,
Py + yo] = @[y1] + Plyo] = F1 + Fo.

Remark 7.5 For clarity, the first-order version of Theorem 7.4 says that if y; is a solution
to vy +p(x)y = Fi(x) and ys is a solution to y' +p(x)y = Fy(x), then y; + yo is a solution to

Y+ p(x)y = Fi(x) + Fa(x).
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Example 7.6 Consider 3 +2y = 6+ 3e®. For ¢/ + 2y = 6, the function y; = 3 is a solution,
and for y' + 2y = 3e?, the function yo = €* is a solution. Hence, by Theorem 7.4, y = 3 + €
is a solution to the original equation.

Corollary 7.7 1If y, is a solution to ®[y] = 0 and y, is a solution to ®[y] = F(z), then
yn + Yp is also a solution to ®[y] = F(z). y;, is called a homogeneous solution, and y,, is
called a particular solution.

Example 7.8 Consider again 3’ + 2y = 6 + 3e®. The general solution to ¢y’ + 2y = 0 is
yn, = Ce™2*. Since y, = 3+¢ is a particular solution, the general solution to y'+2y = 6+3e®
is

y=Ce 2" 43+ ¢

Lecture 8 — Wednesday, January 21, 2015

Recall the principle of superposition and its consequence for adding homogeneous and particular
solutions.

Theorem 8.1 (Principle of superposition: second version) If y; and yy are both
solutions to the homogeneous equation ®[y] = 0, then c;y; + cay2 is also a solution for any
c1,c2 € R.

Proof. For the first-order case, if y = c1y1 + ca2y2, then

y'(x) + p(z)y(x) = (c1y1 + caya)’ + p(x)(c1y1 + c2y2) = 0.

The same calculation applies to any linear differential operator. O

Linear Independence of Functions
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Definition 8.2 The functions fi, fo,..., f, are linearly dependent on an interval I if
there exist constants cq, ..., ¢y, not all zero, such that

lel(l') + -+ Cnfn(l‘) =0

for all x € I. Otherwise, they are linearly independent.

Usually linear dependence will be obvious for small sets of functions.
Example 8.3

1. The functions 1,z, 22,23, ... are independent: every linear relation among them in-

volves only finitely many monomials, and a polynomial that vanishes on an interval
has every coefficient equal to zero.

z+5

2. The functions e* and e are linearly dependent.

3. The set e, e~ %, sinhx is linearly dependent, since sinhz = (e* — e~ 7) /2.
4. The functions sinz and cos(z — m/2) are linearly dependent, since they are the same

function.

1 1

5. The functions cos™ z and sin™" z are linearly independent. However, the set

{cos™! z,sin" ! z,1} is linearly dependent, since
-1 1
cos” x+sinTx=m/2

for all x € [—1,1].

A test for independence does exist.

Definition 8.4 The Wronskian of the functions fi, fa,..., fn is the determinant of the
n X n matrix W(z) whose (i, j)-entry is f;z_l)(ac):

filz)  fal@) e fal@)
fi(z @) e fi
Wie) - 1§> 2§> <>
D@y f @) - B (@)

We write it as W(x) or W(f1,..., fa).
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Theorem 8.5 If W(xg) # 0 for some zy € I, then fi,..., f, are linearly independent on
I

Proof. Suppose
lel(x) + chQ(w) +oeeet Cnfn(x) =0

for all x € I. Differentiating this identity k times, for K =0,1,...,n — 1, gives
afi? (@) + e2f @)+ eaf (@) = 0,

Evaluating these n equations at x = x¢ gives the homogeneous linear system

fi(wo) falwo) -+ fulzo) | [ar 0
f1(xo) fa(zo) - falwo) | fe2| |0
A @) ") o o)) Lead L0
The coefficient matrix has determinant W (zg), which is nonzero by assumption. Hence the matrix
is invertible, so the only solution is ¢; = ¢o = .-+ = ¢, = 0. Therefore fi,..., f, are linearly
independent on 1. O
Example 8.6
2
2y _|¥ T _o2 2 __ 2
W(x,a:)—l 2x—2x xt =z

Although this vanishes at x = 0, it is nonzero at every other point. In particular, W (1) # 0,
so x and 2 are linearly independent on R by Theorem 8.5.

The converse of Theorem 8.5 is not generally true. That is, W ( f1, f2) = 0 does not imply that f;
and fo are dependent without further hypotheses.

Example 8.7 Let f(z) = 23 and g(z) = |z|2%. Then

a3 |x|:v2 4 4
W(0) = | s | = 3lalst — 3fela

for all x € R. However, f and g are independent on R, since cf(x) 4+ dg(x) = 0 for all
implies c=d = 0.
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We need one more condition.

s N

Theorem 8.8 Let p(x) and ¢g(x) be continuous on an interval I, and let y;(x) and ya(z)
be solutions on I to the homogeneous linear differential equation

Y+ p(x)y + q(z)y = 0.

If W(y1,y2) = 0 for some z € I, then y; and y, are linearly dependent on I.

Lecture 9 —Friday, January 23, 2015

Proof. Since W(zg) = 0, the linear system

b -
vi(xo) wo(xo)] [e2] |0
has a nonzero solution (¢, é2). Thus

cyi(xo) + Gaya(wo) =0 and &1y (zo) + Cays(wo) = 0.

Let
u(z) = ciyi(z) + Caya(x).
Then u(zg) = u/(z9) = 0. Since p and ¢ are continuous, the hypotheses of Theorem 7.1 hold for

the initial value problem

y' +p@)y +qx)y=0,  ylxo) =0, and  y'(xo) =0.

By Theorem 8.1, the function u is a solution, and the zero function is also a solution. Uniqueness
gives uw = 0 on I. Since (¢1,¢2) is nonzero, this proves that y; and y, are linearly dependent. [

Proposition 9.1 (Abel’s formula) If p and ¢ are continuous on an interval I and y; and
y2 are solutions there to y” + p(x)y’ + q(x)y = 0, then for z,z¢ € I,

W(y1,y2) = W(zo) exp <— /; p(t) dt) .

0
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Proof. If
i +p(@)y) +a(@)yr =0
and
Yy +p(@)ys + q(x)y2 = 0,
then multiplying the first equation by y» and the second by y;, and then subtracting, gives

(W2 — 1Y) + p() (Y192 — y193) = 0.

Thus
W'(2) + p(x)W (z) = 0.

Solving this first-order differential equation gives

W (z) = Cexp (— / p(z) d$> .

Applying the condition at xg gives the stated formula. O

Theorem 9.2 Let p(z) and g(x) be continuous on an interval I, and consider the differential
equation
y' +p@)y +q(x)y = 0.

If 41 and yo are two linearly independent solutions on I, then the general solution is y =
c1y1 + coye. There are no singular solutions.

Proof. Let ¥(z) be a solution on I. Consider the initial value problem consisting of the dif-
ferential equation together with the initial conditions y(z¢) = ¥(x¢) and y'(z9) = ¥'(zg). By
Theorem 7.1, ¥ is the unique solution to this initial value problem.

Choose ¢1 and ¢y so that
ayi(wo) + cayz(wo) = W(zo)  and  cryy(wo) + cays(zo) = ' (20).

This can be done because W(xg) # 0. By Theorem 8.1, y = c1y1 + ca2y2 also satisfies the
differential equation, and by construction it satisfies the same initial conditions as ¥. Uniqueness
gives ¥(z) = c1y1(x) + caya2 (). O

It remains to find such functions y; and y». For now, assume that the differential equation has
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constant coeflicients:
y" 4+ ay’ + by = 0.

We solve this using characteristic equations.

Lecture 10— Monday, January 26, 2015

Characteristic Equations

We continue by solving homogeneous second-order linear ordinary differential equations with con-

stant coefficients. For example, the equation 3" — y = 0 has general solution y = c1e* + coe™?.

Similarly, y” + y = 0 has general solution y = ¢1 cosz + ¢g sinz, which can also be expressed as
Y= ke + koe ™. This uses Euler’s formula:

. o 1 . » ) . i
e =cosz +isinz, cosT = §(e“+e ), and sinez = — (e —e ™).

Perhaps other similar equations also have exponential solutions. Consider y” + ay’ + by = 0, and

2 mx
)

assume that y = €™* is a solution for some m € C. Then 3y’ = me™* and 3" = m?e SO

v +ay +by=0 = m*+am+b=0.

T

If m is a solution to the characteristic equation m? + am + b = 0, then €™* is a solution to

y" + ay’ + by = 0. There are three cases to consider.

Case 1. If the characteristic equation has distinct real roots m; and msg, then there are two
exponential solutions, and the general solution is

y = c1e™¥ + cpe™?”.

Case 2. If the characteristic equation has complex conjugate roots m = « i3, then

(a+iB)e (a—if).

Yy = c1e + coe

This is the general complex-valued solution, with ¢1,co € C. For a real-valued solution
the two coefficients must be complex conjugates. Equivalently, taking real and imaginary
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Case 3.

parts gives

—ifx

ax iBx

y=-e cile + coe

= € [c1(cos Bz + isin fx) + c2(cos fx — isin fz)]
= e*" [(c1 + ¢2) cos Bz + i(c1 — ¢2) sin Bx]
= e [Acos fx + Bsin Sz,

where A, B € R.

If the characteristic equation has a repeated root, then the first guess gives only one
solution, y; = €"*. To find the other, d’Alembert argued that a repeated root should not
differ much from two roots that are nearly equal. Suppose the roots are m and m + .
The general solution is then

y=ce™+ coe(mte),

As e — 0, most choices of ¢; and ¢a make the two solutions merge. However, if ¢; = —1/¢
and ¢y = 1/e, then

1 1
— 7e(m+s)x _ —emT

€ €

Y

Taking the limit using [L’Hopital’s rule gives

€T _ 0
y:emz< ) 7 ze™®,
€

This limiting argument suggests the second solution. To verify it, note that a repeated
root gives the characteristic polynomial (7 —m)?, so the equation is 3’ — 2my’ + m?y = 0;
direct substitution shows that xe™?* satisfies it. Moreover,

W (™ 2e™®) = 2™ £ 0.
Thus the general solution in the case of a repeated root is

y=cre™ + coxe™”.

The three possibilities for a quadratic characteristic polynomial are pictured in Figure 6. Their
geometry in the complex plane determines whether the fundamental solutions are distinct expo-

nentials, damped oscillations, or an exponential paired with xe™*.

Example 10.1 Solve the following homogeneous equations:
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distinct real complex pair
°
|
|
1
|
°
e, ema® e cos(Bx), e*” sin(Bx)
FIGURE 6

1.y —y =2y =0.
2.y +2y + 5y =0.
3.y +6y +9y=0.

Solution. For (1), the characteristic equation is

repeated real

o

% .o MT
877117 Te™me

m*—m—-2=0 = (m—-2)(m+1)=0 = m=—1,2.

Therefore the general solution is
y=cre ® + cpe?”.

For (2), the characteristic equation is

m*+2m+5=0 = (m+1)*+4=0 = m=—1+2i.

Therefore the general solution is

y =€ “(c1 cos 2z + co8in 2x).
For (3), the characteristic equation is

m? +6m+9 = (m+3)? =0.
Thus m = —3 is a repeated root, so

y=cre 3% + coze 3%,
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Lecture 11 — Wednesday, January 28, 2015
Homogeneous Linear Equations

For a homogeneous nth-order linear ordinary differential equation with constant coefficients,
Y + a1y + 4 ary + agy = 0,
the characteristic equation is
m" 4 ap_1m™ ' 4+ arm+ag = 0.

For every distinct real root m, the function ™ is a solution. For every pair of complex conjugate
roots a 144, the functions e** cos fx and e*”* sin Sz are solutions. For repeated roots, multiplying
these functions by powers of x yields the additional solutions.

Example 11.1 Solve the following homogeneous equations:

1 y®) — 4y + 7y — 6y = 0.
2. y®) 43y + 3y +y=0.
3.y 4+ 2y +y =0.

Solution. For (1), the characteristic equation is
m? —4m* +Tm —6=0 = (m —2)(m*> —2m +3) = 0.
Thus m; =2 and mg3 =1+ V2, so

y = 1% + cpe® cos (\/5:1:) + c3e” sin(\/ix).

For (2), the characteristic equation is

m3+3m?> +3m+1=0 = (m+1)>=0.
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Thus m = —1 has multiplicity 3, so

y=cre ® + cpre " + czaxle 7.

For (3), the characteristic equation is
mt42m?+1=0 = (m*+1)*2=0.
Thus m = =i are repeated roots, so

Yy =c1cosx + cosinx + cgxrcosx + cyrsin .

Inhomogeneous Equations and the Method of Undetermined Coefficients

By Corollary 7.7, if we can find one particular solution to ®[y] = F(z) and add it to the general
solution of ®[y] = 0, then we get solutions to ®[y] = F(z). In fact, we get all of them: if y is
any solution and y, is one particular solution, then linearity gives ®[y — y,] = 0. The remaining
problem is how to find a particular solution. If F'(x) is of a certain type, we can make an educated
guess.

Example 11.2 Solve 3" + 9/ — 6y = 7.

Solution. We make an educated guess that a particular solution has the form y, = Ae® for some
A €R. Then y, = 4Ae** and Yy = 16Ae*®. Substituting gives

16A4e*® + 446" — 6Ae™™ = 7,

which holds when 14A = 1. Thus A = 1/14, and y, = ¢*/14 is a particular solution.

For the homogeneous equation y” 4+ 3’ — 6y = 0, the characteristic equation is m? +m — 6 = 0, so
yn = c1e73% + c9e?®. Therefore the original equation has general solution

1
3z 2x 4z
= C1€ + coe + —e™.
Yy 1 2 14

32



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

Example 11.3 Find a particular solution to y” + 1’ — 4y = cos 2.

Solution. We make the inspired guess that a particular solution has the form y = Acos2x +
Bsin 2x. Then

y = —2Asin 2z + 2B cos 2z and y" = —4Acos 2z — 4B sin 2z.

Substituting gives
(—8A +2B)cos2x + (—2A — 8B) sin 2z = cos 2z.

Comparing coefficients gives
—8A+2B=1 and —2A-8B=0.

Thus A= —-2/17 and B =1/34, so
1

Yp = 31 sin 2x — 7 cos 2.
O
Example 11.4 Find a particular solution to y” + v’ — 6y = 622
Solution. Guess y = Az? + Bz + C. Then ¢/ = 24z + B and y” = 2A. Substituting gives
2A + 2Az + B — 6A2” — 6Bz — 6C = 62°.
Comparing coefficients gives
6A=6, 24-6B=0, and 24+ B—6C=0.
Thus A= -1, B=—-1/3, and C' = —7/18, so
_ 2 T
Y 318
O

The following table summarizes the method of undetermined coefficients for second-order equations.
The trial function is the form of the particular solution we guess, and the inhomogeneous term is
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the right-hand side of the equation. For example, if F'(z) = e**, then we try y, = Ae®” for some
AeR

Inhomogeneous term | Trial function

eax Aeax

sin kx + cos kx Asinkx 4+ Bcoskzx

z" Apx™ 4+ -+ Ajx + Ag

e (Apa™ + -4 Ag)e™

e sin kx e (Acos kx + Bsinkx)

™ sin kx (Apa™ + -+ -+ Ap) coskx + (Bpa™ + - - - + By) sinkx

There is one problem with this method. For y" — ¢/ — 2y = €*, trying y = Ae?® leads to 0 = e%?,
2z already solves the homogeneous equation. That’s not good! We will not be able to
sleep until we find a workaround for this problem.

because e

Lecture 12— Friday, January 30, 2015

The problem in the last example was that our trial function was already a solution to the homo-
geneous equation. In that case, we multiply the usual guess by x. If there is still overlap, we
keep multiplying by higher powers of x until the trial function is linearly independent from the
homogeneous solution.

Example 12.1 Solve y” —y' —2y = €2*. The usual guess y, = Ae?® fails since €2* is already
part of the homogeneous solution. So instead we try

Yp = Aze®.

Then
Yy = A 4 2Axe™ and  y, = 4Ae* 4 4Axe®®.

Plugging in, we get

yg - y;, — 2y, = (4Ae2x + 4ACE€2$) — (Aezz + 2A£E€21) — 2Aze®® = 3A4e%.
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Therefore 34 =1, so A =1/3 and a particular solution is

Example 12.2 Solve ¢/ —y = e+ x2. The homogeneous solution is 3, = Ce®, so we cannot
use Ae” in our trial function. We would instead try

yp = Aze® + Ba® + Dz + E.
Substitution gives A =1, B = —1, and D = E = —2. Therefore

y = Ce® + ze® — a2 — 20 — 2.

Example 12.3 Solve y” + 2y’ + y = e~ *. Here the homogeneous solution is
yn, = cre” ¥+ cowe™ ",
Since both e~ and ze™* already appear, we must multiply by 22, so we try
Yp = Az?e,

Substitution gives 24e™" =e™*, so A =1/2 and

1
y=cre “ 4+ core ¥ + §$26_I.

Example 12.4 Choose a trial function for y® + 2y” 4+ y = xcosz. Previously, we found
that the homogeneous solution is

Yp = €1 COST + 28N T + c3x cosx + ¢y sin x.
Since the forcing term already overlaps with this structure, we must guess

yp = (Az® + Ba?) cosz + (Cz® + Dz?)sinz.

35



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

Variation of Parameters

There is another method for finding particular solutions. It is called variation of parameters.
For first-order equations, this is really just the integrating factor method in disguise, but it gener-
alizes to solve equations of the form ®[y] = F(z).

The basic idea is simple: if the homogeneous solution contains arbitrary constants, then for a
particular solution we replace those constants with unknown functions and solve for them.

Example 12.5 Solve the differential equation

, 1
y oy =—.
x

Solution. Work on an interval which does not contain 0, and choose x( in that interval. By
integrating factors, the homogeneous solution is

Yp = Cle_x2/2.

For a particular solution, we vary the parameter and try

Yp = u(ac)e_x2/2.

Differentiating gives

u’(ac)e_:c?/2 - avu(ac)e_”"/j/2 + avu(ac)e_”"’j/2 =—.
x
Hence 1
/ - - x2/2
u (z) e

Integrating, we obtain

Hence
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Therefore the general solution is

yz(k*”—%e$”2/mieﬁﬂdt

zo

Alternatively, keeping a constant of integration inside u(z) recovers the homogeneous part auto-
matically. O

Lecture 13— Monday, February 02, 2015

Now consider the general second-order equation
y' +p(a)y +qlx)y = F(a).
Suppose the homogeneous solution is
yn = ayi(z) + coy2(x).
We vary both parameters and try
y = ur()y1(x) + uz(z)y2(2).

Then
Y = ulyr + wyh + ubys + usysh.

We now have two unknown functions, so we impose an extra condition:
/ !/ o 0
ury1 + ugy2 = 0.

This simplifies the derivative to
y' = uryy + uzyh.

Differentiating again,
! ! " ! 7 "
Y = uyy +uryy + ugys + u2ys.

Substitute into the differential equation:

uyyy + uryy + unyy + ugysy + p() (uryy + uays) + q(x) (uiyr + uzy2) = F(x).
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Since y; and yo solve the homogeneous equation, all of the terms involving u; and us vanish,
leaving
uiyy + uyyy = F(z).

So we must solve the system

uiyr + uhys = 0,
uyy) + uhyy = F(x).

Once we solve for v} and u), we integrate to obtain u; and us.

Example 13.1 Solve
y" + 9y = 9sec? 3z.

Solution. Work on any interval that contains no zero of cos3x. The homogeneous solution is
Yp = €1 €Os 3T + c2 sin 3.
For a particular solution, try
Yp = ui(x) cos 3z + ug(x) sin 3z.
The two equations for u} and u), are

u} cos 3z + uy sin 3z = 0,

—3u) sin 3z + 3ub cos 3z = 9sec? 3x.

Solving, we get
u} = —3sec 3z tan 3z and ufy = 3sec 3.

Therefore,
w1 = —sec3zr + Cy and ug = log [sec 3x + tan 3x| + Co.

Hence

Yy = ury1 + u2y2
= (—sec 3z + C7) cos 3z + (log |sec 3z + tan 3z| + C3) sin 3z
= —1+ C} cos 3z + Cy sin 3z + sin 3z log [sec 3z + tan 3x|.
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Lecture 14 — Wednesday, February 04, 2015

Reduction of Order

The same idea helps in another situation. If we know a nonzero solution to a homogeneous linear
equation, we may be able to find another by lowering the order of the problem. Locally, on an
interval where that known solution does not vanish, an nth-order equation can be reduced to an
(n — 1)th-order equation. This is the method of reduction of order.

Example 14.1 Solve
22y +2xy —2y =0, z>0.

Solution. The function y; = x is one solution. We guess a second solution of the form
y = u(z)z.
Then
y =uzr+u and Yy =u"z + 20

Substituting into the differential equation gives

(x4 2u') + 2z (u'z + u) — 2ux =0

220" + 42%u = 0.

Dividing by 2, we obtain
xu” 4+ 4u' = 0.

Let v = /. Then
v 4+ 4v = 0.
This is separable:
dv

d
:_4/33 = log |v| = —4log|z| + C.
v x

So
v=Coz 4 and u = Coz™.

Integrating once more,
U = 011'73 + Cs.
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Therefore

The same substitution can also streamline higher-order equations.

Example 14.2 Solve
y W + 4y + 6" + 4y +y =0.

Solution. The characteristic equation is (m + 1)* = 0, so one solution is e~*. We guess a second
solution of the form

y =u(x)e
Differentiating repeatedly,

e —ue ",

y/ — u/
y" = u'e™® — e +ue,
y®) = u®e™® —3ue™® + 3u/e™® — ue ®,

y W =uWe ™ — 4uPe™® 4 6u"e ™" — du/e ™ + ue "
Substituting into the differential equation, every term cancels except the one involving u®, so
u® = 0.

Thus )
u®) = 1, u''=Ciz + Oy, and u = iClxz + Cozx + Cf,

and hence
1 3 1 2
u = 601$ + 50237 + Cs3x + Cy.

Absorbing the constants, we obtain

y = Crade ™ 4+ Cor?e ™ + Cyze ™ + Cue ®.
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Lecture 15— Friday, February 06, 2015

Example 15.1 Solve
22y + zy' —y = 7225,

Solution. Work on an interval contained in z > 0 or x < 0. Observe that y; = x is a solution to
the homogeneous equation, so let

Then
y =uzr+u and Yy =u"z + 20

Substituting gives
22z + 2u) + x(u'z 4 u) — ur = 722°
230" 4 320 = 7225,
Dividing by 2,
zu” + 3u' = 7223

Let v = «’. Then 5
20 + 30 =122 = v + Zv = T22>.
x

p(z) = exp </ 3/xdx> = 25,

The integrating factor is

Thus d
a( 30) =7122° = 23w =122%4C.
So
v=1u =122+ Cx 3.
Integrating,
u=3z*+ Ciz7% + Cs.
Therefore

y = ux = 32° + Crz~! + Cya.
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Boundary Value Problems

A boundary value problem is a differential equation together with side conditions given at
different points. For example, we might have

y'+y=0, y0)=0, and y(r) =1

Unlike initial value problems, there is generally no existence and uniqueness theorem for boundary
value problems.

Example 15.2 Analyze

y' +7’y=0, y(0)=0, and y(1)=1

Lecture 16 — Monday, February 09, 2015

Solution. The general solution is
Y = €1 COSTX + Cco Sin 7.

The condition y(0) = 0 gives ¢; = 0, while y(1) = 1 gives

1 =cosinm =0,
which is impossible. So this problem has no solution.
Now consider instead

y' + 7y =0, y(0) =0, and y(1) =0.

Again ¢; = 0, but now the second condition gives no information about ¢z, so any multiple of

sin7z is a solution. Thus this boundary value problem has infinitely many solutions. O

Since these problems often have either no solutions or infinitely many, we usually ask a different
question.
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Example 16.1 For which values of k£ € R does the boundary value problem
y'+ky=0, y0)=0, and y(1)=0

have nontrivial solutions?

Solution. Case 1. Suppose k < 0. Let A> = —k. Then the characteristic equation becomes
m? — \* =0,

S0
Y= c1e™ + coe N,
From y(0) = 0, we get ¢1 + co = 0. From y(1) = 0, we get
et + e =0 = (e —1)=0.

Hence ¢; = ¢9 = 0, so there are no nontrivial solutions.

Case 2. Suppose k = 0. Then
Y =1 + Ccax.

Applying the boundary conditions gives ¢; = ¢ = 0, so again only the trivial solution.

Case 3. Suppose k > 0. Let k = A2, Then the characteristic equation is
m? 4+ X2 =0,

SO
Y = 1 COS AT + Co sin Ax.

The condition y(0) = 0 gives ¢; = 0, and then y(1) = 0 gives
cosin A = 0.

For a nontrivial solution, we need sin A = 0, so

Therefore

43



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

and the corresponding solutions are
y = Csinnnz.

The values n?7? are the eigenvalues of the boundary value problem, and the functions sin nma

are the corresponding eigenfunctions.

Example 16.2 Find the eigenvalues and eigenfunctions of the boundary value problem

y'+2y' +ky=0, y(0)=0, and  y(1)=0.

Solution. The characteristic equation is
m*4+2m+k=0 = (m+1)>+(k—1)=0.
As before, we divide into cases.

Case 1. Suppose k < 1. Then the roots are real, and we find that the only solution satisfying the
boundary conditions is the trivial solution.

Case 2. Suppose k = 1. Then

y=cie “+coxe .
Applying y(0) = 0 and y(1) = 0 again forces ¢; = c3 = 0.
Case 8. Suppose k > 1. Then
y=e" [cl cos (\/k‘jx> 4 ¢9 sin (\/k:jxﬂ .
The condition y(0) = 0 gives ¢; = 0. Then y(1) = 0 gives

C9 Sin (\/ﬁ) =0.

For a nontrivial solution, we need

vk —1=nm,

SO
k=n’m?+1.
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The corresponding eigenfunctions are

y = e “sin(nmz).

Lecture 17— Wednesday, February 11, 2015
3. Systems of Ordinary Differential Equations

In some applications, we encounter systems of coupled equations, where each unknown function
is related to the derivatives of the others.

Example 17.1 Let z(¢) and y(t) denote the amounts of salt in two tanks, each of volume
100 L. Suppose tank 1 has 20 L /min of pure water flowing in, 10 L/min from tank 2 flowing
in, and 30 L/min flowing into tank 2. Suppose tank 2 has 30 L /min from tank 1 flowing in
and 20 L/min draining out. Then

2'(t) = =30 (155) +10 (155) -

() = 30 (1%) ~ 30 (%) .

That is,
3 1
! —_
T =17+ ¥
3 3
/
)= —p— =
y'(t) 0%~ 10Y

More generally, we might have

v =aix+ by +crz+ fi(t),
Y = asx + bay + 2z + fo(t),
2 = asx + b3y + c3z + f3(t),
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which can be written in matrix form as

'(t) = Ax(t) + f(t),

where
x ar b1 bil (t)
r=|y|, A=|ay by c2f, and  f(t) = | fa(t)
2 az b3 c3 f3(t)

Theorem 17.2 Any nth-order ordinary differential equation that can be solved for its
highest derivative can be converted into a first-order vector differential equation. The same
is true for higher-order systems whose equations can be solved for their highest derivatives.

Proof. Consider a scalar nth-order equation written in normal form as

y(n) = F(t7 y’ y/7 AR 7y(n_1))'

Define

1 =Y, T2 =1y, e and =y,

and let
X1
X2

Then
T3
x3

In

_F(t,$1,$27 cee )xn)_

This is a first-order vector differential equation, and the construction is reversible because =1 = ¥,

T2 = ylv ceey In = y(n_l)’

In particular, if

an(®)y™ + an—1 )y 4 Fag(t)y = g(t),  an(t) #0,
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then the last component is

, ao(t) ax(t) ap—1
T, = — 1 — 2= — n+ )
an(t) an(t) an(t) an(t)
so the resulting first-order vector equation is linear.
For a system, suppose that the unknown functions are y1,. ..,y and that the equation for y; has
order n;. Introduce variables
i—1
i1 = Yj, Tjo = y;-, cee and Tjn; = y](»nj )

/
j7r
solved for the highest derivatives, give a first-order system in n1+- - - +n,, unknown functions. [

for each j = 1,...,m. The equations z’;,, = x; 41 for » < n;, together with the original equations

Lecture 18 — Friday, February 13, 2015

Theorem 18.1 Conversely, every first-order constant-coefficient linear vector differential
equation in n unknown functions, with sufficiently differentiable forcing term, can be reduced
componentwise to nth-order linear ordinary differential equations.

Proof. Consider

' = Az + f(t) and =1,

where A is a constant n x n matrix. Let D = d/dt, and let
p()\) = det()\I — A) = \"+ an_l)\”_l +-Fa

be the characteristic polynomial of A. Set o, = 1. We first note that, for £k = 1,...,n, repeated

differentiation gives
k—1

DFg = AFx +) A0,
r=0
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Indeed, this follows by induction from @’ = Az + f(t) and the fact that A is constant. Hence

p(D)x = (D" + ap 1 D" '+ +ap) @
n k—

1
=p(A)z+ ) oy AT @),
k=1 r=0

By the Cayley—Hamilton theorem, p(A) = 0. Therefore

p(D)x = h(t),
where
n k—1
h(t) =Y ap Y A0,
k=1 r=0
Thus each component z; satisfies
azgn) + an71x§n—1) + -+ agxj = hy(t),

which is an nth-order linear ordinary differential equation. In the homogeneous case, h(t) = 0. [

The theory of linear ordinary differential equations extends very naturally to vector differential
equations. Existence and uniqueness still hold, the principle of superposition still holds, the
general solution to a homogeneous problem contains linearly independent solutions, and the general
solution to an inhomogeneous problem has the form # = x;+x,. What about linear independence?
We need a suitable definition first.

Definition 18.2 The Wronskian of vector functions fi, fo,..., fn : R — R™ is the deter-
minant of the matrix

fi fo o ful

Example 18.3 Are the vector functions
sint sin 2t
and
cost cos 2t
linearly independent? Their Wronskian is

W(t) _ |sint  sin2t
"~ lcost cos2t

‘ = sint cos 2t — costsin 2t.
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This is nonzero on (0,7/2), so the functions are linearly independent there.

Homogeneous Vector Differential Equations

Consider the homogeneous system

x = Ax.

Since the scalar equation 3’ = ay has solution y = Ce®, we guess that vector systems should also

have exponential solutions. Try

Then

x = )\ce)‘t,

so the differential equation becomes

Thus

AeeM = Ace.

we need

Ac = )c.

So A must be an eigenvalue of A, and ¢ must be a corresponding eigenvector.

We will need the following facts from linear algebra:

. Av = )v is equivalent to (A — AXI)v = 0. This has nonzero solutions precisely when

det(A — AI) = 0 (that is, when A — AI is not invertible).

. Once an eigenvalue A is known, the corresponding eigenvectors are found from (A —AI)v = 0.

. If an eigenvalue A has multiplicity m, then there are between 1 and m linearly independent

eigenvectors corresponding to A.

. If Aq, ..., Ap are distinct eigenvalues of A, then any corresponding eigenvectors v, ..., Uk
are linearly independent.
. If Ais real and A = o +if3 is a complex eigenvalue, then its complex conjugate A = o — if3

is also an eigenvalue, and if v is an eigenvector corresponding to A, then v is an eigenvector
corresponding to A.
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Lecture 19— Monday, February 23, 2015

Example 19.1 Solve the system

2 =2z + 3y,
y =21 +vy.
In matrix form,
x = 23 T
2 17

The characteristic equation gives eigenvalues A = 4, —1.

For A\ =4, we solve (A — 4I)v = 0 and obtain

So one solution is
For A = —1, we solve (A + I)v = 0 and may take
o= )
2= 4|

Thus another solution is

Hence the general solution is
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Suppose now that

Then

Solving gives

Therefore
Gett — e_t]

1
z(t) = 5 |4ett +et

The eigenvalues 4 and —1 make the origin a saddle. In Figure 7, trajectories move away from the

1
origin along the eigenvector (;’) and toward it along <_ 1).

T2

I

A=—1

one eigendirection is unstable and the other is stable

FIGURE 7

Example 19.2 Solve
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The characteristic equation is
(A +3)2+2=0,

so the eigenvalues are

A= —34+iv2.

For A = —3 + iv/2, solving (A — M)v = 0 gives an eigenvector

1
V= [—1 + zﬂ] ‘
Therefore one complex solution is

1 .
_ (—=3+ivV2)t
T [—1 + z\/ﬂ © ‘

Writing this as

m=e [—1 ; zﬂ] (cos(v2t) + isin(v2r) )

and expanding, we get

= H— coS(\/gf)S(—\/\i/?sin(ﬁt)] +i Lﬁ Cos(ii/%g)\/?tzin(ﬂt)” .

The real and imaginary parts are linearly independent real solutions. Therefore the general
solution is

2= 00y < vBin(v2) ] 2 | on (V) - (2 )

Thus the case of complex eigenvalues works exactly as in scalar ordinary differential equations:
complex exponentials combine into exponentially damped sines and cosines.

Example 19.3 Solve

The characteristic equation is

52



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

so A = —1 is a repeated eigenvalue.

Solving (A + I)v = 0, we obtain an eigenvector

v = 2_
-1

Therefore one solution is

We need a second solution. Can we just multiply by ¢?7 If we try
xr = vtekt,

then
x' = ve + Avte,

while
Az = Avte™ = \wte.

These are not equal unless v = 0, which is impossible. So this fails.

The issue is that this would force both components to remain multiples of one another.

Instead, we try
At

To = vteM 4+ we ,
where w is to be determined. Substituting into the differential equation gives
(A= N)w =w.

Such a vector w is called a generalized eigenvector corresponding to A.

In our example, solving

(A+TDw=wv

gives
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Hence

Therefore the general solution is

e-cosfresfeef] o [])

Lecture 20 — Wednesday, February 25, 2015

Remark 20.1 What about the 3 x 3 case? The same method works, but we may have to
find generalized eigenvectors of higher order.

1. If X is a simple eigenvalue, then we get one solution from the corresponding eigenvector.

2. If A has multiplicity 2 and two linearly independent eigenvectors w1 and wus, then the

At At

corresponding solutions are uije™ and wuoe™'.

3. If A has multiplicity 2 but only one independent eigenvector u, then the solutions are
ueM and (ut + v)eM, where (A — M\)v = u.

4. If X\ has multiplicity 3 and one eigenvector u, then the solutions are ue*, (ut + v)e)‘t,
and (ut?/2 + vt +w)eM, where v and w are generalized eigenvectors satisfying (A —
M)v =wu and (A — A\)w = v.

5. If A has multiplicity 3 and two linearly independent eigenvectors, one of them, say v,
belongs to the range of A — AI. If (A — A\I)w = v and w is an independent eigenvector,
then the solutions are ue*, veM, and (vt + w)e.

Example 20.2 Solve

—_ =N
N O W
8
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Solution. The characteristic equation is
—A=4HA=-1)(A+1)=0

so the eigenvalues are A = 1, —1,4. The corresponding eigenvectors are

-1 -3 1
vi=|6 |, vo= 1|0 |, and vy = [0
—4 2 1
Hence the general solution is
-1 -3 1
x=0C1e | 6| +Coet| 0|+ 03€4t 0
—4 2 1
Example 20.3 Solve
1 -1
=10 1 1|z
0 -1

Solution. The characteristic equation is

1-x 2 -1
det(A—X)=| 0 1-Xx 1
0 -1 1-2\

=(1-N(1-XN?+1)
= A=A = (1+9))\— (1 —1)).

Therefore the eigenvalues are A\=1, A=1+4+14, and A=1 —1.

For A =1,
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Thus (A —I)v = 0 implies vy = v3 = 0, so we may take

1
v = 0
0]
This gives the real solution
[1
x1(t) =€ |0
10
For A =1+,
- 2 -1
A-(14dI=|0 —i 1
0 -1 —i

Writing v = (v, ve,v3)7, the last two equations give v = ivo. Choosing vo = 1, we get v3 = i,

and the first equation gives

—iv1 +2—1=0,
so v1 = —1 — 2i. Hence an eigenvector for A =1+ is
—1—2 -1 —2
vy = 1 =[1]+2]0
1 0 1

The eigenvector for A = 1 — ¢ is the complex conjugate of vy. Therefore two real solutions are
obtained from the real and imaginary parts of voe1 9t

—cost + 2sint —sint — 2cost
xo(t) = € cost and x3(t) = € sint
—sint cost

Thus the general real solution is

1 —cost + 2sint —sint — 2cost
x(t) = Cre' [0] + Coe cost + C3e sint
0 —sint cost
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Lecture 21 — Friday, February 27, 2015

Example 21.1 Solve

2 1 1
=11 2 1|z
-2 -2 -1
Solution. The characteristic equation is
2—A 1 1
det(A—-XI)=| 1 2—A 1
-2 -2 1=
=—(A=1)>

Thus A = 1 is an eigenvalue of algebraic multiplicity 3. To find the eigenspace, compute
1 1 1
A-TI=1|1 1 1
-2 =2 =2
Therefore (A —I)u = 0 is equivalent to

up + ug + uz = 0.

Thus ug and ug are free, and u; = —ug — u3. Choosing (ug2,u3) = (0,1) and (ug,us) = (1,0) gives
the independent eigenvectors

-1 -1
ur = |0 and uy = | 1
1
These give the two solutions
eluq and eluy.
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Since the algebraic multiplicity is 3, we need one generalized eigenvector. Choose the eigenvector

1
v=|1/|,
-2
and solve
(A-Tw=w

If w= (wy,wsz,ws3)”, then
(A—I)w:(w1+w2+w3) 1
-2
Thus the equation becomes

(wi+we+w3) [ 1 |=]1]/,
—2 -2

so it is enough to choose w; + wy + w3 = 1. Taking we = w3 = 0, we may use
1
w= |0
0

Then
x3(t) = e (tv + w)

is a solution, because Av = v and (A — I)w = v. Therefore the general solution is

—1 —1 1 1
x(t)=Cre' | 0 | +Coe’ | 1 | +C3|tel | 1| +e' 0
1 0 —2 0
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Lecture 22— Monday, March 02, 2015

Inhomogeneous Vector Differential Equations

The method of undetermined coefficients works for simple vector systems as well.

o - 11 - 2
0 2 1"
Solution. First we solve the homogeneous problem. We get

1 1
Th = clet [0} —|—02€2t [J .

For a particular solution, guess a constant vector

Example 22.1 Solve

Then x;, = 0, so

This gives
a1 +az = -2,
2&2 =-1
Hence
1 q 3
as — —— an a1 = ——.
27 79 )
Therefore
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and the general solution is

-t f] [

Variation of Parameters for Systems

If
Xp = C1T] + C2x2,

then we look for a solution of the form
x = u(t)x1(t) + ua(t)xa(t).

Differentiating,
/ / / / /
T = uix1 + urx] + Uy + usxsy.

Substituting into
x' = Az + f(t),

and using the fact that @1 and x5 solve the homogeneous problem, we obtain
uiTy + uhxe = F(1).

This is a linear system for «} and u}. If

T = [:1:11] ) T2 = [wm] ) and f

Z21 Z22

[ 1]
fa]’
then in component form this system is

/ !
uyr11 + usz12 = fi,

/ /
U1T21 + Uy = fo.

Since 1 and xs are linearly independent, the coefficient matrix is invertible, so we can solve for
u) and u). Thus we obtain
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and therefore

2(t) = </ Gr(t) dt) z1(t) + </ Go(t) dt> ().

If we keep the constants of integration, this gives the general solution.

Lecture 23— Wednesday, March 04, 2015

Example 23.1 Solve

Solution. From the calculation in Example 22.1, the homogeneous solution is

1 1
T = clelt [0} —|—6262t [J .
So let

1 1
T = ulet [0} +uze2t [J .

1 1 te=2t
et o) ot ] = [ema]

Then «) and u), must satisfy

which gives the system

u’let + uée% =te %,
u’zezt = 3e7 2.
From the second equation,
/ —4t 3 —4t
Uy = e = u2:—ze + co.

Substituting into the first equation,

uhel +3e7H =te
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SO
uh = (t—3)e 3.
Integrating by parts,
t

_ 8 _
ulz—ge 3t+§6 3t+01.

t 8 1 3 1
x(t) = <—3€_3t + §e_3t + C1> e’ [O] + <—46_4t + C2> e L] .

In component form,

Therefore

t 5
= el ot U ot —ot
x(t) = c1e’ + coe 36 + f36e ,

y(t) = coe®t — Ze_%.

4. Partial Differential Equations and Fourier Methods

Partial differential equations involve functions of more than one variable.

Example 23.2
Upy = Up + xSINT and u=u(z,t).

Example 23.3 Three famous partial differential equations are the following;:

1. The heat equation models a metal bar of length L with insulated sides. Let u(z,t)
be the temperature at position x and time ¢. Then

Ut = YUgy-

Roughly, the temperature increases where the temperature profile is concave up. To
complete the problem, we need side conditions:

(a) An initial condition such as u(z,0) = f(x).

(b) Boundary conditions at x = 0 and « = L, for instance u(0,t) = u(L,t) = 0 if the
ends are held in ice.
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(c) If the ends are insulated instead, then we would use uz(0,t) = uy(L,t) = 0.

Other boundary conditions are possible, depending on the physical setup.

2. The wave equation describes a vibrating string of length L under tension. If u(x,t)
denotes vertical displacement, then

2
Ut — O Ugy-

This model assumes that the displacement is small compared to the length of the string.
Roughly, the concavity of the string determines the forces and hence the acceleration.
Here we typically need two initial conditions,

w(z,0) = f(z)  and  w(z,0) = g(x),
together with boundary conditions at the endpoints.

3. Laplace’s equation is

Ugy + Uyy = 0.

It is a kind of smoothness condition. One application comes from the two-dimensional
heat equation
ug = Y (Ugz + Uyy)»

since in a steady state we expect u; — 0, which leaves Laplace’s equation. Boundary
conditions are usually specified on the boundary of the region, and bounded regions
are often the easiest to treat.

Lecture 24 — Friday, March 06, 2015

First-Order Linear Partial Differential Equations

Some simple partial differential equations can be solved by partial integration, which is just
antidifferentiation with respect to one variable while holding the others fixed.

Example 24.1 Solve

uy = —e Y and  u(z,0) = T2
T
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Solution. Antidifferentiate with respect to y:
u(z,y) = e ¥ +g(x).

Apply the initial condition:

=1
1522 + g(),
SO ]
=—— -1
9(x) 14 22
Hence
1

u(z,y) =e ¥+ —1.

1+ 22
We essentially have an ordinary differential equation for each fixed value of x, so the lines x = C
are characteristic curves here. O

If both u, and u, appear in a partial differential equation, direct partial integration will not
work. If the equation is linear, however, we can often make a change of variables to eliminate one
derivative.

Example 24.2 Solve the initial value problem

Uy = —2uy and u(xz,0) =e .

Solution. Let

E=x—2y and n =y,

and write
u(@,y) = (&, mn).
By the chain rule,

Uy = ﬁgfy + anny = —2”&5 + ﬁn,

Uy = Uy + UnTly = Ue.
The partial differential equation becomes
—20¢ + Uy = —2g,
SO

i, = 0.
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Antidifferentiate:

and hence

u(z,y) = gz — 2y).
Apply the initial condition:
g2

u(z,0) = g(z) = e

Therefore
u(x,y) = e~ @=20)°,

The lines
E=x—-2y="C

are called the characteristics. The solution behaves like an ordinary differential equation along
those lines rather than along z = C.

How do we find the change of variables in general?

Lemma 24.3 Consider the ordinary differential equation

dy

If its general solution can be written implicitly as ¢(z,y) = K and ¢, # 0, then

b _ _
ry f(z,y).

Proof. Differentiate ¢(x,y) = K implicitly with respect to x:

dy
bz + ¢ya =0.
Rearranging gives

o _dy
Oy dz
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Example 24.4 For

= 32?2 ,
dx 4
the general solution is
3
y=Ce" .
Rewriting this as
3
C=ye ™,
we may take
23
Pz, y) =ye " .
Then
_ -z d _ 2, —a3
oy =ce an Or = —3x7ye ",
and hence p
f = *3$2y,
y

exactly as the lemma predicts.

Lecture 25— Monday, March 09, 2015

Change of Basis

Consider a first-order linear partial differential equation

CL(ZL‘, y)ux + b(xay)uy + C(:Ev y)u = f(xa y)v

on a region where a # 0. We seek a change of variables

§=&(z,y)  and  n=n(z,y),

and write

u(@,y) = (&, n).

By the chain rule,

Uy = '&ffz + annza

Uy = Ue&y + Unny.
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Substituting into the partial differential equation gives
[a&e + bEy)te + [ang + bnyldy, + ca = f.

We want one derivative term to vanish. Let us eliminate the i, term by requiring

ang + bny = 0.
Assuming 7, # 0, this becomes

ne _ bx,y)

My a(a:, y)

By Lemma 24.3, this means that n(xz,y) = K should be the general solution to the ordinary
differential equation

dy _ b(=,y)

dr  a(z,y)’

This is called the characteristic equation of the partial differential equation.

What should & be? The only remaining requirement is that the transformation be invertible, so
its Jacobian must be nonzero:

8(€7 77) g:]c é.y
Oy e my| TS
The simplest choice is
E=u.

Example 25.1 Solve the initial value problem

Uz + Yuy = 3u, u(z,1) =1 — 22, and x>0, y>1

Solution. First work on the region x > 0. Start with the characteristic equation:

dy y

der =z

d d
/y:/ﬂc = logy —logx = C.
Yy x

This is separable:

So we take
E==x and n = logx — logy.
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Then

The partial differential equation becomes
Ll = 3.
This is now an ordinary differential equation in &:

fﬁ:m::@:q@

dg
Since the constant may depend on 7, we write
= F(n)e.
Returning to the original variables,

x
Y

u(x,y) = F(logz —logy)z® = H () 3

Now apply the boundary condition u(x,1) = 1 — 2
1—2? = H(z)x3

So

Therefore

3. 1= (@/y)”

= =3 —$2 .
U(.’L’,y) - (:E/y)?’ ) Y

The final expression also satisfies the equation and boundary data at x = 0, so it extends the

solution to the stated domain.

O

Note that we could also try to eliminate the ¢ term instead. Depending on the partial differential

equation, one choice may be easier than the other.
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Lecture 26 — Wednesday, March 11, 2015

Second-Order Linear Partial Differential Equations

A second-order linear partial differential equation in two variables has the form

a(, Y)tae + b(2, Y)uay + (T, y)uyy + d(2, y)us + e(z, y)uy + f (2, y)u = g(z,y).
As with first-order equations, we try to simplify this by making a change of variables
§=¢(xy)  and  n=n(z,y),
and writing

u(z,y) = a(§,n).

After a long chain rule calculation, the transformed partial differential equation has the form

A&, m)tige + B(E,m)ey + C(&,n)lyy + D(&,n)te + E(&,n)iy, + F(&,n)a = G(€,n),

where

A(&,m) = a(&)® + by + (&),
B(fa 77) = 2a&;n: + b(&xny + fzﬂ?m) + 20£y77y>
C(&,m) = a(ne)® + brany + c(ny)*.

For example, the calculation begins with
Uy = ﬁgﬁx + annma
and differentiating once more gives
— 5 2 ~ ~ 2 N ~
Ugy = uEf(fz) + 2“{77&907790 + Uy (7795) + uﬁng + UpNzz-

The analogous formulas for u,, and u,, produce the coefficients above.

The goal is to choose & and 7 so that one or more of these coefficients vanish. To eliminate the
Uge term, we set

A= a(&)? + bty + (&) =0,
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Assuming &, # 0, this becomes

&\’ (f)
= b= =0.
a <§y> + 3 +c=0
Therefore
§o  —bE Vb2 —dac
g - 2a '

This leads to the characteristic equations

dy b+ Vb? — 4dac
der 2a '

There are three cases.

Case 1. The equation is hyperbolic if b> — 4ac > 0. Then there are two distinct characteristic
families. We may choose £ = ¢1 and 1 = ¢2, where ¢1 = K and ¢o = Ky are the general
solutions to the two characteristic equations. This eliminates both ¢ and i, leaving the
canonical form

ey + (&, 1, 0, Ug, Uy) = 0.

Case 2. The equation is parabolic if b> — 4ac = 0. Then there is only one characteristic family.
We can reduce the equation to the canonical form

Uy + (&, m, @, Ug, Uy) = 0.
The mixed term also vanishes in this case. Indeed, if §,/§, = —b/(2a), then
B = (2a&; + b&y)nz + (b&x + 2¢€y)n, = 0,

since the first factor vanishes by the choice of &, and the second vanishes because b? = 4ac.

Case 3. The equation is elliptic if b> — 4ac < 0. Then we cannot eliminate both pure second
derivative terms. However, it is possible to reduce the equation to

ﬁ’f'f + am? + q)(‘ga U»ﬂ,ﬁg,ﬂn) =0.

The names mirror the classification of the quadratic form aX? +bXY 4+ c¢Y?: the sign of the same
discriminant, b? — 4ac, distinguishes hyperbolic, parabolic, and elliptic forms.
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Example 26.1 The wave equation uy = o?ug, is hyperbolic, the heat equation u; = YUgy
is parabolic, and Laplace’s equation ., + 1y, = 0 is elliptic.

Example 26.2 Solve

Ugy + Uy = TV, u(z,0) =0, u(0,y) = siny, and x>0, y>0.

Solution. First we antidifferentiate with respect to y:

1
Uy +u = §xy2 + f(x).

This is now a first-order linear ordinary differential equation in x. The integrating factor is e*, so

d X 1 X €T
a(ue )= %e y? + " f(x).

Integrating gives

1
ue’ = 53/2 /xex dx —i—/exf(%) dz + h(y),

and hence ]
u= 5y —1)+g(z) +e "h(y),

where

g(x) = e_x/exf(a:) dz.
Now we apply the boundary conditions. From u(z,0) = 0, we get

0=g(z)+e "h(0),
SO
g(x) = —e "h(0).

From (0, y) = siny, we get

) 1

sing = =%+ (0) + h(y).

Since ¢(0) = —h(0), this determines

1 1
h(y) = siny + §y2 —g(0) =siny + §y2 + h(0).
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Therefore

1 1
u(z,y) = §y2(x —1)—e *h(0) + e * |siny + §y2 + h(0)

1 1
= §y2(x —1)4+e “siny + ine*“.

Lecture 27— Friday, March 13, 2015

The Wave Equation

Now we consider the wave equation
Uy = gy, u(z,0) = vy(x), and ug(x,0) = 0.

In standard form, this is
oﬂum —uy = 0.

To convert it to canonical form, we solve the characteristic equations. In the variables (z,t), the

standard form has a = o?, b =0, and ¢ = —1, so
dt b+ Vb2 —dac  £vVia? :l:l
dr 2a 202 ol
Equivalently, dz/dt = +a, so
z=2dat+ C.
Thus we use x £+ at as the new variables and let
E=x+at and T=1x— at.

Let
a(&, 7).

¢E=x+ at, T=x— at, and u(x,t)

Then

up = Uey + Ury

72



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS

WINTER 2015

= atlig — iy,
Uy = Ugﬁx + UrTy

= ﬂg + Ur.

Differentiating again,

o, . .
uy = o (otlg — actiy)

ot
= a(ﬁﬁﬁgt + ﬁﬁ‘th) - Oé(’LALTgft + U777t
= a(alge — aligr) — a (olire — Olirr)
= 012’&55 — 20&2’&57 =+ 042’&7.7.,

Upy = ﬁgé + 27:L£7- + Urr.
Substituting into the wave equation gives

oz222§£ — 2@21257 + 042’&.,-7- = a2ﬂ§§ + 2a2ﬂ57 + Ot2ﬂ~,-.,-.

Equivalently,
4, =0,
SO
Ugr = 0.
Antidifferentiate:
g = f(§) = @ =F(§)+G().
Therefore

u(z,t) = F(z+ at) + G(x — at).

This is called d’Alembert’s solution.
Now apply the initial conditions. From u(x,0) = v(x), we get
F(z)+ G(z) = v(z).

From w(x,0) = 0, we get
aF'(z) — aG'(z) = 0,

SO

F'(z) = G'(x).

Differentiating the first relation yields
Fl(z) + G'(x) = +/(2).

73



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

Hence 1
Fl(z) = ¢'(x) = 57/ (2).

Integrating,

with ¢1 + ¢g = 0. Therefore

u(z,t) = - [y(z + at) +y(xr — at)].

1
2
For zero initial velocity, d’Alembert’s formula splits the initial profile into two half-amplitude
copies travelling in opposite directions. This propagation mechanism is shown schematically in

Figure 8.

v(x)

t>0 /\ /\

{ the two copies travel at speeds —a and +a }

FIGURE 8

Lecture 28 — Monday, March 16, 2015

Example 28.1 Suppose

Then at time t = 2/q,
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Thus two half-amplitude copies of the initial profile travel in opposite directions along the
zr-axis, each with speed a.

Separation of Variables

Here is the most commonly used approach: assume that the solution can be written in the form

u(z,t) = F(z)G(t).

Example 28.2 Solve
Ut = YUgg, >0,
with
3rx

u(z,0) = 20sin (L) , u(0,t) =0, and u(L,t) = 0.

Assume

u(z,t) = F(z)G().

Solution. Then
us = F(2)G'(t) and uze = F"(2)G(1).

Since uy = YUy,
F(z)G'(t) = vF" (2)G(t).

Rearranging,

G'(t) _ F'(x)

VG(t)  F(z)
Since the left side depends only on t and the right side only on x, both must equal a constant cg.
Hence

{G’(t) = corG(t),
F'(z) = coF(x).

The boundary conditions give

(6]
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So F satisfies the boundary value problem
F" —coF =0, F(0) =0, and F(L)=0.

As before, there are no nontrivial solutions if ¢y > 0. Indeed, if ¢y = 0, then F(z) = Az + B, and
the boundary conditions force A = B = 0. If cg = A2 > 0, then F(z) = Ae’ + Be ™ and the
boundary conditions again force the trivial solution. Hence we assume ¢y < 0 and let

co = —A\2.

Then
F'+NF =0,

whose general solution is
F(x) = ¢1 cos(Ax) + casin(Ax).

Since F'(0) = 0, we get ¢; = 0. Since F(L) =0,
casin(AL) = 0.

For a nontrivial solution we need

AL = niwr —> A:%, neN
Thus o
A= evin(5)
(z) = ¢y sin 7
Returning to G,
/ ) n2m2
G(t) = —AMG(t) = ——537G@),
SO
n?m?
Gn(t) = Ape L%
Therefore
n?n?

- vt nwT
un(z,t) = Bpe L? ' sin (T) .
By the principle of superposition, we get

n?n?

oo
——t
u(z,t) = ZBne L2 " gin <?) :
n=1
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Now apply the initial condition

3mx
0) =20sin | — | .
u(zx,0) sin ( 7 )
This forces B3 = 20 and all other B,, = 0. So

972

——t
u(z,t) = 20e L? " sin (37TL$> .

Lecture 29 — Wednesday, March 18, 2015

The Fourier Transform

This is a technique designed for problems with infinite spatial domains, for example the heat
equation on an infinitely long bar:

Ut = YUgg, u(z,0) = f(x), and z € R.

Definition 29.1 The Fourier transform of a function f: R — R is

Fif@) = fw) = [ sl

provided the integral converges.

With this convention, the corresponding inverse transform is

—1/f 1 ® 3 wz
FUP@) =52 [ Fwre .

For example, if both f and f are absolutely integrable, Fourier inversion recovers f(x) at every
point where f is continuous. Whenever we use an inverse transform below, we either assume
hypotheses that justify this formula or interpret the calculation formally and verify the resulting
solution directly.

i



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

This transforms a real-valued function of x into a complex-valued function of w. We will also use
Euler’s formula:
et = e*(cosy + isiny).

Example 29.2 Find F(f(z)) if

where a > 0.

Solution. We have

f = [ e as

_ / ef(aJriw):p dx
0

t

= lim e~ (atiw)r qp
t—o00 0
e—(a—l—iw)m
= lim | ——
t—oo | —(a + iw) o
—e—(atiw)t 1
= lim - + - .
t—00 a+ w a + w
Since
e—(atiw)t e—at
- = — — 0 ast— oo,
a+ iw la + iw|
it follows that )
flw) = a+iw’
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where K is called the kernel of the transform. The Fourier transform has kernel e =7 while
the Laplace transform has kernel e %%,

Example 29.4 If f(z) =1, then

which does not converge.

Theorem 29.5 Let f: R — R. If

1. f is piecewise continuous on R, and

2. f is absolutely integrable on R,

then F(f(x)) exists.

Proof. If f is absolutely integrable, then

| i@l <.

—0o0
Since |e=™*| = 1, we have

< [ i@l

— 00

' /_ Z F@)e i dg

Hence the Fourier transform converges. O

The functions z, sinx, and e® are not absolutely integrable on R, so this theorem does not give
them ordinary Fourier transforms. Some non-integrable functions do have Fourier transforms in a
generalized sense, but that requires distribution theory.

Theorem 29.6 If f and § exist, then for o, 3 € R,

Flaf + Bg) = af + Bg.
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Proof. By linearity of the integral,

Flaf +59)= [ (af(@)+ Bgla)e " ds
= a/ f(z)e ™ dx + ﬁ/ g(x)e™™7 dg
—0oQ —0o0
= af(w) + Bg(w).
O
Lecture 30 — Friday, March 20, 2015
Theorem 30.1 Let f be continuously differentiable on R, and suppose that both f and f’
are absolutely integrable. Then
F(f'(2)) = iwf (w).
Proof. Integration by parts gives
F(a) = [ e de
= [f(a;)e*iwx] iooo + iw/ f(z)e ™ dz.
Under the stated hypotheses, f(z) — 0 as  — 400, so the boundary term vanishes and
F(f'(2)) = iwf(w).
O

Corollary 30.2 If f is n times continuously differentiable and f, f’, ..., f(™ are absolutely
integrable, then

F(f () = (iw)" f(w).
Conversely, if f is continuous and absolutely integrable and F(x) = ffoo f(t)dt is also
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absolutely integrable, then

In principle, these identities let us convert ordinary differential equations into algebraic equations.
For an arbitrary ordinary differential equation, however, its solutions need not be absolutely inte-
grable, so an ordinary Fourier transform may be unavailable.

Example 30.3 Solve
y' +ay +by = f(z).

Solution. Applying the Fourier transform gives
(iw)*] + a(iw)j + bj = f(w),
so formally

f(w)
—w? +iaw+ b

y(o) =7~ { —w? f-((;)w + b} ’

The difficulty is that § will not usually exist. However, the same procedure can work well for

J(w) =

Hence

partial differential equations. O

Theorem 30.4 Let f be continuous and absolutely integrable on R with Fourier transform

~

f(w). Then o
F(f(z —a)) = e f(w).

Proof. Let t =z — a. Then
F(f(x—a)) :/ f(a:—a)e_iwxdx
_ / F(t)e ) gy

— giwa / ft)e ™t dt
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= 7w f ().
O
Corollary 30.5
FHe ™ f(w)} = f(z —a).
Proof. This follows from Theorem 30.4 and the fact that F~1{f(w)} = f(x). O

Example 30.6 Solve the unidirectional wave equation

ur + aug, = 0.

Solution. Define
o

Ww,t) = Flu(z, 1)) = / w(z, )e=" dz.

Then
Flur) =ty and Flauy) = aiw)u.

So the partial differential equation becomes
U + tawt = 0.
For fixed w, this is an ordinary differential equation in ¢, so
(w,t) = Glw)e™ ot

Therefore
u(z,t) = FH{G(w)e "} = Gz — ot).

This agrees with the solution found by characteristics. In that sense, the answer remains valid
even in cases where G is only formal and does not exist as an ordinary Fourier transform. O

Definition 30.7 The convolution of two functions f and g is

(o)) = [ " = r)g(r) dr.
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When f and g are absolutely integrable, the convolution exists almost everywhere. For causal
functions, which vanish for < 0, the integral reduces to a finite interval:

(f * 9)(x) = / Cf-memdr, x>0,

provided the integrand is locally integrable.

Lecture 31 — Monday, March 23, 2015

Example 31.1 Let

Then
(Feo)e) = [ la=meTar
= [—(x—7)e™T], —/0 e Tdr

T

=x+ [6_10
=z+e " -1

Like multiplication, convolution is commutative and distributes over addition:

fxg=gxf and  (af+Bg)xh=oa(f*h)+B(gx*h).

Theorem 31.2 (Convolution theorem) If f and g are absolutely integrable, then
F(f*9) = f(w)gw).

At points where Fourier inversion applies, equivalently,

FHI@)i(w)} = f*g.
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Proof. By definition and the substitution £ = x — T,

Frg)= [ (g

- /_Z /_Z f( — r)g(r)e " dr da

/ F(©)g(r)e =€ dg dr

/.
Jg / f(&e ™t d§> ( / g(T)err>

(w)-

Example 31.3 Solve

Ut = YUgg, u(z,0) = f(x), and u(z,t) - 0 as x — +o0.

Solution. Assume f and the resulting solution are sufficiently regular and integrable to justify
the transforms and differentiations below. Decay to zero at spatial infinity alone would not be
enough to guarantee existence of a Fourier transform. Let

i(w, t) = Flu(z,t)).

Then
up — Ut and Ugy — (W)U = —w=,

so the transformed initial value problem is
iy = —ywa and a(w,0) = f(w).
Solving the ordinary differential equation in ¢ gives

a(w,t) = H(w)e ™",

The initial condition gives H(w) = f(w), so
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Hence
u(z,t) = f_l{f(w)e_w%} = fx ]:_1{6_7“’2'5},

Let
g(z) = FH{e ™).

Using the inverse transform convention compatible with our definition and the standard Fourier
transform of a Gaussian,

1 [ 2., 1 2
— —ytw? +iwz dw = —x? /(4~t)
9(x) = o /_Ooe YT '
Therefore 1 .
— — — e~ T/ ()
wat) = (F o)) = = [ fa=n)e W00

Equivalently, let 7 = —2y+/7t, so d7 = —2y/~4tdy. As 7 goes from —oo to oo, y goes from oo to
—o00, and hence

u(x,t) = L
o /mt

N wl% /_Oo flz+2yvAt)e ™ dy.

/—oo fl@ + 2yvAt)e ™ (—2y/A%) dy

Lecture 32— Wednesday, March 25, 2015

Example 32.1 Suppose f(z) = 1j_y1)(z). Then

1 E[_l—l—x 1—x]
fa+oyvat =4 YT T2t 2vAE]

0, otherwise.

So

u(x,t) = — e Y dy

1 /u—z)/(zm) )
VT () /2vAD
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=5 = (5ar) ot (5 )]

erf(z) = 2 e dt.

where

5. Black—Scholes and Derivative Pricing

The Black—Scholes Equation

In this section, we focus on one particular stochastic differential equation: the Black-Scholes
equation.

A European call option is the right to purchase an underlying asset for an agreed-upon price
K at an agreed-upon time 7. We call K the strike price and T the expiry time. The value of
the option depends on the stock price S and on time ¢, so we write the option value as

F(S,t).
More naturally, it depends on the time remaining, T — t.

We make the following simplifying assumptions:

Assumption 1. Trading is continuous.
Assumption 2. Assets are infinitesimally divisible.
Assumption 3. There are no transaction costs.
Assumption 4. Short selling is permitted.

Assumption 5. Assets pay no dividends.

The stock price depends on time, so write S = S(t). We assume the change in S has both a
deterministic and a random component, and that the deterministic part is Malthusian. Thus if

AS = S(t+ At) — S(b),
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then
AS = fdet(Sa t, At) + frand(sa t, At)-

The Malthusian assumption gives
Jdet = pSAL.

For the random contribution we assume
frand = USAW(t),

where AW (t) = W(t + At) — W(t). A Wiener process has continuous paths and independent
increments, with

AW (t) ~ N (0, At).

Hence
AS = S(puAt + e AW (t)).

Letting At — 0, it is customary to write this as the stochastic differential equation
dS = pSdt + oS dW (t).

We call p the drift (the stock’s expected instantaneous rate of return) and o the volatility. This
is our sixth assumption:

Assumption 6. The stock price S follows the stochastic differential equation

dS = pSdt +oSdW(t).

Here ;1 € R and o > 0 are constants.

One useful fact is that [AW (¢)]? has mean At and variance 2(At)2.

Lecture 33 — Friday, March 27, 2015

To incorporate our assumptions about S(t) into F'(.S,t), recall the second-order part of the Taylor
expansion of a function of two variables:

f(z,y) = f(xo,90) + V f(zo,y0) - (x — z0,y — o)
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1
+ §(x — 20,y — Y0)V2f (20, y0) (& — x0,y — yo)? + higher-order terms.

In increment form, this says

1
Af=Vf -Ax+ iAazTVQf Az + higher-order terms.

Apply this to F(S,t), using
AS = uSAt + o SAW (t).

Then

AF = Fg[uSAt + o SAW (t)] + Fy At

1 1
+ iFss[,uSAt + o SAW (1)]? 4+ Foi[nSAt + o SAW (t)] At + §Ftt(At)2 + -
1
= FsuSAt + Fsa SAW (t) + Fy At + §ngu252(At)2
1
+ FssuoS* At AW (t) + §F350252 [AW (1)]?

1
+ Fs;uS(At)? + Fs,0 SAW () At + 5Ftt(At)Q ey

The rigorous bookkeeping is supplied by It6 calculus. A Brownian increment is of stochastic order
VA, so terms of orders (At)? and At AW (t) disappear in the limit. Brownian quadratic variation
satisfies

D Witjen) = W(t)* — ¢t
J
as the mesh of a partition of [0, ] tends to zero; this is encoded by the It6 rule (dW)? = dt. It does
not mean that [AW (¢)]2/At converges to 1 for each individual increment. With this interpretation,
the surviving terms give

1
AF = FsuSAt + FsoSAW (t) + F,At + §F550252At.

In stochastic differential form,

1
dF = 0SFs dW(t) + (Ft + uSFs + 20—282F5s> dt.

To eliminate the stochastic term, we make two more assumptions:
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Assumption 7. Money can be borrowed or lent at the same constant continuously compounded
interest rate r.

Assumption 8. Arbitrage is immediately eliminated, so no arbitrage is possible.

The last assumption rules out a trading strategy with zero initial cost, no possibility of loss, and
a positive probability of profit.

Derivation of the Black—Scholes Partial Differential Equation
Consider a self-financing portfolio containing A shares of stock and an amount B in the risk-free
account. Its value and change are

V=AS+B and dV =A dS + rBdt.

Although A and B may change with time, self-financing means that purchases and sales of stock
are paid for from within the portfolio, which is why no separate S dA or dB term appears in the
gain equation.

To replicate the option, require V = F' and choose
A= Fg.

The stochastic term in dV is then ¢ SFgs dW, exactly the stochastic term in dF. Since V = F, the

risk-free holding must be
B=F—-AS=F—-SFs.

Equating the drift terms in dV and dF gives
1
uSFg + T(F — SFs) =F+ uSFg + 50'2521755.
After cancelling the stock-drift term,
L 5
’I“(F — SFs) =F+ 50 S“Fsg,

or equivalently
1
50252F55 +rSFg+ F, —rF =0.

This is the Black—Scholes equation. Under the stated market assumptions it applies to any
sufficiently smooth derivative written on the stock; the terminal and boundary conditions specify
that the derivative here is a European call.
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Boundary and Terminal Conditions

What is the domain of F(S,t)? We must have

S>0 and 0<t<T.

At time t =T If S(T) > K, the owner exercises the option and receives the payoff S — K.

If S(T) < K, the owner lets the option expire, so it is worthless. Therefore

F(S,T) = max(S — K,0) = (S — K)™.

Next, if S = 0, then from
dS = pSdt +oSdW(t),

the price remains 0, so
F(0,t) = 0.

On the other hand, a call with a very large stock price behaves like the stock minus the present
value of the strike:
F(5,t)—8 — —Ke "It a5 § — c0.

Thus the problem is

F, = —%UQSQFSS —rSFs+rF,
F(S,T)=(S-K)*,
F(0,t) =0,
F(S,t)— 8 — —Ke "7 a5 § — co.

The partial differential equation is therefore posed on a half-strip, with a terminal payoff at ¢t =T
and spatial boundary behaviour at S = 0 and S — oo. Figure 9 collects these conditions in one
picture.

There are several ways to simplify this problem.
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K

S
F(S,T) 3 (S — K)*

~
ST

i s
o | F(S,6) — S
;\ : _Kefr(Tft)
2 s

L> S

terminal data across the top; boundary behaviour along the sides

FIGURE 9

Lecture 34 — Monday, March 30, 2015
Reduction to a Constant-Coefficient Partial Differential Equation

We now transform the Black—Scholes partial differential equation into the heat equation. There
are several useful simplifications behind the substitution.

e Normalizing time by a factor of 02/2 normalizes the coefficient of S2Fgg. For example, if
1
T= 50275, then
oF OFdr 1 ,
= — = — — = — FT)
ot ordt 2

so the equation has the form F, = —S?Fgg + - --.

t

e Reversing time turns the terminal condition at ¢ = 7" into an initial condition. Combining

1
the first two ideas by taking 7 = 502(T — t) changes the sign and gives F, = S?Fgg + ---.

e Dividing both F' and S by K removes the strike price from the terminal condition, since

e The substitution S/K = e” is analogous to the standard ordinary differential equation
substitution which turns Euler-type equations into constant-coefficient equations.
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We combine these ideas and set

2
z = log <Ii> , T = %(T —t), and F(S,t) = Kv(z,T).

Equivalently,
27

S = Ke*, t=T—-—, and F = Kv.
o

Compute the derivatives:

Fy = KUTE =-— Vn
dr K
FS:K/UwE S/U]”

0 (K K Kov,dx K
Fss =95\ 5%) = ~52% T 5 or ds ~ g2 Vo)

Substituting into

1
50252&5 +rSFs+ F,—rF =0

gives
K 2K
02 (Uxx_vz)+TKUm_02 vy —rKv=0.

After dividing by Ko?/2, we obtain

2r 2r
vm—l—<2—1>vx—v7—2vzo.
o o

Let 5
r
0= —.
o2
Then

Vr = Vge + (6 — 1)vg — dv.

The conditions transform as follows:

F(S,T)=(S-K)t = v(z,0) = (" — 1),
F0,t)=0 = lim v(z,7)=0,

T—r—00

F(S,t) =8 — —Ke T as § 5 00 = v(z,7) —e® = — 7 as z — .
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Now let
v(x,7) = e u(x, 7),
where 5 512
1-— 1
a= — and b= ( Z )
Then
vy = e (up — bu),
Vg = e (uy 4 au),

Vpg = eaz*bT(um + 2au, + a’u).

Substituting into
Vr = Uge + (6 — D)o, — dv

ax—br

and cancelling the common factor e gives

Ur — bU = Ugy + 20, + au + (6 — 1)(ug + au) — du.

Thus
uT:um—i—(2a+(5—1)ux+(a2+(6—1)a—5+b)u.
With 5 512
1— 1
a= — and b= (Z),

the coeflicients of u, and u vanish. Thus

Ur = Ugy.

So we have reduced the Black—Scholes partial differential equation to the heat equation.

The initial condition becomes
e u(x,0) = (e —1)7,

SO

u(z,0) = (e(l_a)iE - e_ax)Jr.

We will now solve this heat equation.
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Lecture 35— Wednesday, April 01, 2015

Heat Equation Solution

Recall the heat equation solution on the whole line:
@)= [ s ramed
u(z,7) = — T+ 2y\/T)e v,
ﬁ —00

where

fz) = (e(1—a)a: _ e—aas>+.

This transformed payoff is not absolutely integrable, so the earlier Fourier-transform derivation
does not apply to it verbatim. Nevertheless, the Gaussian integral converges because f grows at
most exponentially, and the verification at the end of the section justifies the heat-kernel solution
directly (or, equivalently, one may first truncate the payoff and pass to a limit).

The Gaussian kernel spreads as 7 grows, averaging the initial condition over an increasingly wide
neighbourhood. Figure 10 shows the accompanying decrease in peak height; the area under each
schematic kernel is kept on the same visual scale.

kernel

sl 0< 1T <T<T3

72

T3

diffusion lowers the peak and broadens the region being averaged

FIGURE 10

Hence N
u(x,7) = 1/ (e(lfa)($+2yﬁ) _ efa(a:+2y\/~7-)>+ e,yz dy.
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The integrand is positive exactly when
e(I—a)(z+2yvT) _ o—alz+2yvT) |

< (1 —a)(z+2yV7) > —a(z + 2y/7)
& x4 2y/7 >0,

so the lower limit becomes —x/(24/7). Therefore

u(x,7) = G /oo e2(1-aVTy—y* 4y _e /OO e 20Ty qy.
’ VT ayevm) VT wj2vm)

For the first integral, completing the square gives
20 —a)Vry —y* = —(y — (1 —a)y7)> + (1 - a)’r.

With
w=—V2(y—(1-a)7),

the lower limit y = —x/(2+/7) becomes

and y — oo corresponds to w — —oo. Therefore

l—a)x [ee)
6( ) / 62(1_a)\/;y_y2 dy _ e(l_a)$+(1_a)27-(b (iL‘ + 2(1 - a)T) )
VT Je2ym) 27

For the second integral,
—2avTy — v = —(y + av/7)? + d’7.
With
w=—V2(y + av7),

the lower limit y = —x/(2+/7) becomes

so the second term becomes

R vayFy—y? azta? (a: - 2a7‘>
e T dy = e~ @+ 7g )
VT /—r/(Qﬁ) V2T

95



AMATH 350 DIFFERENTIAL EQUATIONS FOR BUSINESS AND ECONOMICS WINTER 2015

Converting to the standard normal cumulative distribution function

O(z) = \/12?/ e /2 qu,

u(m T) = e(lfa)er(l*a)QT(I) <l’—|—2(1—a)7’) _ e*am+a27—q) <‘/E - 2(17') )

we get

2T

Lecture 36 — Monday, April 06, 2015

Now return to the original variables. Since

F(S,t) = Ke®™ "y (x, 1), x = log (;) , and T= %(T —t),

the first prefactor simplifies as

Keaxfb‘re(lfa)er(lfa)z‘r — Kexe((lfa)sz)f -9

because b = (1 — a)?. The second prefactor is

Keax—bTe—a;t+a27 _ Ke(az—b)T _ Ke—(ST _ KG_T(T_t).

Also,
z+2(1—a)7  log(S/K)+ (r+0%/2)(T —1t)
Vor B oVl —t ’
and v—2ar  log(S/K) + (r— 02/2)(T — 1)
Vor N ovVT —t ’
Therefore
. s (SESELE 0L NT =) g (RSO 0P/

This is the Black—Scholes formula for a European call option.
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If we define

_ log(S/K) + (r+ a2 /2)(T —t)
B oVl —t ’
_ log(S/K) + (r — o2 /2)(T — t)

oVl —t ’

dq

do

then
F(S,t) = S®(dy) — Ke " T (dy).

This completes the derivation of the Black—Scholes pricing formula.

Verification of the Heat Kernel Formula

Finally, we verify the heat kernel formula used above. Consider

1 o
u(z, t) = —= / flz+ 23;\/775)6_92 dy.
VT o
The initial condition is immediate:

_f=@) Ooe—y2 — flr
u(x,o>—ﬁ/_oo dy = f(x).

Now assume that f is twice differentiable and that the boundary terms below vanish. Differenti-
ating under the integral sign gives

up = \/177/_00 f’(ﬂf+2y\/%)y\\/?6_y2 dy

= \/\/% /_Z yf'(z+ 2yv/At)e ™ dy,
and . - i
e = /_Oo [ (@ + 2y/yt)e™ dy.
To relate these, integrate by parts in the expression for u,;, taking
U=¢eV and dV = f"(z + 2y/~t) dy.
Then ) )
dU = —2ye™ ¥ dy and V= ENGT "(z + 2yv/t),
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SO

_ e RS L "
um—ﬁ[me(wﬂ%y\/%) _w+ﬁ/_mmf(w+2yx/%)eydy-

The boundary term is zero, for example, if
e_ny/(x +2yy/vt) - 0 asy — too.

In that case,
ﬁ/“ / —y?
Upy = ———= T+ 2 te ¥ dy = uy.
Vs \/Ft_ooyf( yv71t) y = uy

Thus the formula satisfies the heat equation u; = yu,, together with the initial condition u(z,0) =

f(@).
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Appendix: Lecture and Tutorial Index
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Lecture 1—Monday, January 05, 2015
Lecture 2— Wednesday, January 07, 2015
Lecture 3— Friday, January 09, 2015
Lecture 4 — Monday, January 12, 2015
Lecture 5— Wednesday, January 14, 2015
Lecture 6 — Friday, January 16, 2015
Lecture 7— Monday, January 19, 2015
Lecture 8 — Wednesday, January 21, 2015
Lecture 9 — Friday, January 23, 2015

. Lecture 10— Monday, January 26, 2015

. Lecture 11— Wednesday, January 28, 2015
. Lecture 12— Friday, January 30, 2015

. Lecture 13— Monday, February 02, 2015

. Lecture 14— Wednesday, February 04, 2015
. Lecture 15— Friday, February 06, 2015

. Lecture 16 — Monday, February 09, 2015

. Lecture 17— Wednesday, February 11, 2015
. Lecture 18 — Friday, February 13, 2015

. Lecture 19— Monday, February 23, 2015

. Lecture 20— Wednesday, February 25, 2015
. Lecture 21 — Friday, February 27, 2015

. Lecture 22— Monday, March 02, 2015

. Lecture 23— Wednesday, March 04, 2015

. Lecture 24 — Friday, March 06, 2015

. Lecture 25— Monday, March 09, 2015

. Lecture 26 — Wednesday, March 11, 2015
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27.
28.
29.
30.
31.
32.
33.
34.
35.
36.

Lecture 27— Friday, March 13, 2015
Lecture 28— Monday, March 16, 2015
Lecture 29— Wednesday, March 18, 2015
Lecture 30 — Friday, March 20, 2015
Lecture 31 — Monday, March 23, 2015
Lecture 32— Wednesday, March 25, 2015
Lecture 33 — Friday, March 27, 2015
Lecture 34— Monday, March 30, 2015
Lecture 35— Wednesday, April 01, 2015
Lecture 36— Monday, April 06, 2015
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