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Lecture 1 — Tuesday, January 07, 2014

1. Formulations

We begin by framing optimization as a modelling discipline and by identifying the common struc-
ture shared by many applications.

Optimization Problems

Broadly speaking, optimization is the problem of minimizing or maximizing a quantity subject
to constraints. These kinds of problems appear in many settings, such as planning GPS routes and
parcel deliveries, choosing locations for hospitals or cell towers, and making pricing or investment
decisions.

The basic theme of the course is that there are really two separate tasks involved in optimiza-
tion: formulating the real-world problem mathematically, and then solving that mathematical

formulation using a suitable algorithm.

The rough picture is therefore the following:

real-life optimization problem ‘ — ‘ mathematical formulation‘

— ‘ algorithm ‘ — ’ optimal decision ‘

Suppose a company can produce three products using three machines. The relevant data are:

Product Machine 1 Machine 2 Machine 3 Unit Sales Price

1 11 4 8 $300
2 7 6 5 $260
3 6 5 5 $220
Resources 500 600 200

We want to decide how many units of each product to produce in order to maximize total sales
revenue, while respecting the available resources.



CO 250 INTRODUCTION TO OPTIMIZATION WINTER 2014

Let x; be the number of units of product j produced, for j = 1,2, 3.

Our objective function is
max 300x; + 260xo + 220x3.

Each machine column of the table gives one constraint:

1121 + 7x9 + 623 < 500 (Machine 1)
4x1 4 629 4+ 53 < 600 (Machine 2)
8x1 + bxg + dxz < 200 (Machine 3)

x1,x2,23 > 0.

The full formulation is therefore

max 300x1 + 260x2 + 220x3
subject to 11zy + Txo + 623 < 500
4x1 + 622 + bzxz < 600

8x1 4+ dxo + dxg < 200

Zy,T2,T3 > 0.

A good formulation should match the word description exactly: every feasible production plan

T T
should give a feasible vector ¥ = |xz9|, every feasible vector £ = |x5| should correspond to
T3 T3

an allowed production plan, and the objective should measure exactly the quantity we want to
optimize.
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We can also write the formulation in matrix form:

300 1
max 260 - |2
1220 T3
(11 7 6] [x1 500
subject to 4 6 5| |zo| < ]600],
|8 5 5] |z3 200
_:El 0
xzo| > |0
|73 0

(Here and in what follows, an inequality between two vectors of the same size means that the
inequality holds componentwise.) This is our first example of a linear program. Next time we will
abstract this example into a general production model and define linear programs formally.

Lecture 2 — Thursday, January 09, 2014

The numerical model above generalizes naturally to an indexed production planning problem.

Index products by j € {1,...,n} and resources by i € {1,...,m}. Let ¢; be the unit sales price
of product j, let b; be the amount of resource i available, and let A;; be the amount of resource
i required to produce one unit of product j. If z; is the number of units of product j produced,
then the general production model is

n

max E ijj

J=1

n

subject to ZAU:U]— <b (i=1,...,m),
j=1
;>0 (j=1,...,n).
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In matrix notation, let

o
1
Syl
I
8
1

and

Cn bm Tn

and let A = [A;;]. Then the formulation becomes

max &%
subject to AT < _’,
7> 0.

This is a simple example of a linear program.

Linear Programs

Before solving linear programs, we need a precise vocabulary for linear and affine expressions.

Definition 2.1 A linear function f :R"™ — R has the form

f(@) = % =aix1+ -+ anTn.

Example 2.2 For example, f(Z) = z1 — 3z2 is linear, whereas f(¥) = z1 — z122 and
f(&) = x1 4+ x2 + 4 are not.

Definition 2.3 An affine function f : R” — R has the form @' Z + 8 with § € R.

Obviously all linear functions are affine, but the converse does not hold.

Definition 2.4 A linear constraint is a relation of the form f(Z) < g, f(Z) > S, or
f(&) = B, where f is linear.

Example 2.5 For example, 221 — x5 < 3 is linear, whereas 3z1 —2x1290 =4 and z1 — x5 < 3
are not.

Standard linear programs use non-strict relations. A strict inequality can make the feasible region
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nonclosed, so even a bounded objective need not attain an optimum.

Definition 2.6 A linear program (LP) is an optimization problem that maximizes or
minimizes an affine function subject to finitely many linear constraints.

Example 2.7 The following are linear programs:

—
4

max ¢ T
subject to AT = _',
E>0
2.
max 2x1
subject to x1 — z9 =0,
r1+ T2 > 3,
x1 > 0.
3.
min 0

subject to x1 > 1,
I1 S 0.

This last problem is stupid (or more precisely, infeasible), but it is still linear.

By contrast,
min x; — o + x3

subject to 2x7 —x9 =4,
x1 +maxzg > 7 for every m € |0, 6],
L1,X2,T3 Z 0

is not a linear program, because it has infinitely many constraints (uncountably many, in
fact). Standard linear programs have only finitely many constraints.

Linear programs are nice. Many interesting problems can be formulated as LPs, and large LPs
with millions of variables or constraints can often be solved efficiently. Let us explore several

real-world examples.
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Example 2.8 (Pipeline procurement model)

1 2 3 4
S T A
BIG OIL
e
FIGURE 1
Outputs Inputs
Output | 1 2 3 4 Input | 1 2 3 4
Demand ‘ 3500 3000 4000 5000 Capacity | 4000 2000 3000 4500

Cost/barrel | 70 50 90 70

The pipeline stages, together with the corresponding demands and capacities, are summa-
rized in Figure 1.

The goal is to minimize the cost of buying oil while meeting all demands and respecting
capacities. The pipeline initially contains 6000 barrels. Let p; be the amount purchased
from input ¢ for ¢ = 1,...,4, and let ¢; be the amount in the pipeline right after output <.
The resulting program is

min 70p; + 50p2 4+ 90ps + 70p4
subject to  p; < 4000, p2 < 2000, p3 < 3000, and pg < 4500,

t1 = 6000 + p1 — 3500,

ta = t1 + p2 — 3000,

t3 =ty + p3 — 4000,

ty = t3 + ps — 5000,

oot >0,

P1,---,pa = 0.
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Example 2.9 (Fire station locations) A city needs to build fire stations so that every
school is within 2 km of a fire station. The building costs are

Location ‘Ll Lo Lsg Ly
Cost (in millions) ‘ 3 5 2 4

and the school-to-location distance table is

S1 S S3 Sy
Lyl 5 15 13 21
L, |09 5 01 4
L3| 3 06 1.1 04
Ls103 06 2.8 0.6

Each entry gives the distance from a candidate fire station location to a school.

Lecture 3 — Tuesday, January 14, 2014

We continue on from Example 2.9.

Example 3.1 (Fire station locations (continued)) The goal is to choose fire station
locations so that the total building cost is minimized and every school is within 2 km of a
fire station, given the data in Example 2.9. Let

1, if a station is built at location j,
T =
! 0, otherwise.

Then the formulation is

min 3x1 + dxo + 2x3 + 4x4
subject to x; > 0, xj <1, and zj€Z, (j=1,2,3,4),
x2+ x4 > 1 (school 1 within 2 km of a station),
x1+ w3+ x4 >1 (school 2 within 2 km of a station),
21+ a2+ x3>1 (school 3 within 2 km of a station),
x3+ x4 > 1 (school 4 within 2 km of a station).
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To check that this formulation is correct, we must verify both directions of the translation
between words and mathematics.

Mathematical formulation‘ — ‘WOI“d description

Any vector ¥ satisfying all constraints corresponds to a valid decision about whether to build,
and every valid decision of this kind gives such a vector. Both directions are needed when
we check formulation correctness.

The optimization problem in Example 3.1 is not a linear program because of the integrality con-
straint x; € Z. It is an integer program (IP), obtained by taking an LP and imposing integrality
on a nonempty set of variables. Integer programs are very general and can be difficult to solve,
although many important practical problems are modelled this way.

Example 3.2 (Binary assignment problem) We begin with a small qualification table
to motivate the binary assignment variables and constraints.

Ji | Ja | I3
X | X

2 ;/( AN X = not qualified, v'= qualified.
S3 | v | X |V

The goal is to assign as many students as possible to jobs for which they are qualified, while
ensuring that each student gets at most one job and each job is assigned to at most one
student.

Let x;; = 1 if student i is assigned to job j, and x;; = 0 otherwise.

3 3
max E E Tij

i=1 j—1
subject to w;; € {0,1} fori,j =1,2,3

Tl +xpo+xz3<1l fori=1,2,3

T1j + T2 +x3; < 1 forj=1,2,3

x12 =0, x91 = 0, x13 =0, and  w32=0

10
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Example 3.3 (Transportation model) This model captures how supply, demand, and
shipping costs interact in a network of warehouses and stores.

Let warehouses be indexed by ¢ = 1,2,...,m and stores by j = 1,2,...,n. Let ¢;; be the
cost of transporting one unit from warehouse ¢ to store j, let u; be the number of units
available at warehouse 4, and let b; be the number of units requested at store j.

The goal is to minimize transportation costs while respecting warehouse capacities and meet-
ing store demands.

Let x;; be the number of units going from warehouse ¢ to store j. Then the problem is

m n
min E E CijTij

i=1 j=1

n
subject to inj <wu; fori=1,....m
=1

m
inijj forjzl,...,n
i=1

2y >0 forj=1,...,n,i=1,...,m

We can make the problem more realistic by introducing a fixed cost a; for opening warehouse
i. If warehouse ¢ is open, it has capacity w;; otherwise, its capacity is 0. Let y; = 1 if
warehouse ¢ is open, and let y; = 0 otherwise. The modified model is

m n m
min E E cij:mj—i-g Q;Yy;
i=1

i=1 j=1

n
subject to Za:ij <wyy; fori=1,...,m
j=1

m
inj:bj forjzl,...,n
=1

11
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2y >0 fori=1,....m, j=1,...,n

y; € {0,1} fori=1,...,m.

Lecture 4 — Thursday, January 16, 2014

Modelling Tricks

We now collect practical modelling patterns that repeatedly appear in linear and integer opti-
mization. Before looking at specific tricks, it helps to remember that each reformulation should
preserve feasibility and objective meaning.

Minimizing a maximum. Many scheduling and balancing problems reduce to controlling the
largest of several quantities.

Suppose we want to solve

min max{ f1(Z),..., fx(¥)},

HSING

and let [* denote the optimal value.

For example, if f;(Z) is the completion time for task i, then max{ fi(Z),..., fx(Z)} is the finishing
time of the last task, and [* is the earliest time at which all tasks are complete. Finding [*
is equivalent to minimizing y subject to y > f1(Z),...,y > fr(Z), since at optimality we have

y = max{ fi1(Z),..., fx(¥)}, so

min y
subject to y > f1(Z)
y?elﬁ%r?ll max{ f1(Z),..., fx(¥)} <
y > fr(@)

Modelling absolute values. Absolute values can often be modelled by reusing the same refor-
mulation based on a maximum. If z € R is a variable and we want to minimize |z|, we can write

12
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|x| = max{z, —x} and apply the same trick, so

min y
min |z| <= subject to y > x
zeR
y=>-—x

Modelling OR constraints. Logical conditions such as OR statements can also be translated
into integer constraints.

Suppose we want to minimize some linear function f(Z) subject to x1,x2, 3 > 0, together with

1. 221 + 322 + 23 > 5, or
2. 4x1 4+ 2x9 + 8x3 > 8.

We want at least one of (1) or (2) to hold. Let y € {0, 1} select which condition is enforced, where

{1, if we enforce (1),
y =

0, if we enforce (2).

We then modify the constraints as follows:

1’. 2z1 + 3z + x3 > by. This trick works because z1, z9,x3 > 0.

2. 4xy + 2x9 + 8x3 > 8(1 —y).

So the equivalent IP is
min  f(&)
subject to 2x1 4+ 3x9 + x3 > by
4y + 219 + 8xr3z > 8(1 — y)

y €{0,1}

For this particular formulation, nonnegative coefficients and variables ensure that the unselected
constraint becomes automatic. More generally, the same construction works whenever the left-
hand side of an unselected constraint is known to be nonnegative; otherwise one uses an appropriate
big-M bound.

13
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A similar idea works with three constraints. Suppose we want to minimize some linear function
f(&) subject to 1, 2,23 > 0, together with

1. 214+ 229+ 23 > 2, or
2. 2x1 4+ 4x9 > 6, or
3. 2x9 + 4x3 > 8.

We want at least two of (1), (2), and (3) to hold. For ¢ = 1,2,3, let y; € {0,1}, where y; = 1
means that we select constraint ¢ to be enforced. Then we require y; 4+ y2 + y3 > 2 and modify
the constraints as follows:

U 2+ 220 + 23 > 211
2. 2x1 + 4xo > 6o
3. 2x9 + 4x3 > 8y;

So the equivalent IP is
min  f(Z)
subject to 1 + 2x2 + x3 > 211
2x1 + 4xo > 6yo
2x9 +4x3 > 8Y3
Y1 +y2 +ys > 2
Y1, 2,93 € {0, 1}

This idea generalizes to k constraints.
Discrete-valued variables. When a variable is restricted to a finite set of values, binary selec-
tors provide a clean encoding.

Suppose we want = € {3,7,29,86}. Write = = 3y; + Ty2 + 29y3 + 86y4, with y1,...,y4 € {0,1}
and
4
i=1
This simple trick is surprisingly powerful.
We next apply the formulation viewpoint to shortest paths and models based on cuts.

14
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The Shortest Path Problem

To motivate the formulation, we first fix the concrete network in Figure 2, which we will use
throughout this discussion.

FIGURE 2

Finding the shortest route from S to T is the problem that a GPS solves when it is asked for a
route between two places. We now develop the underlying graph-theoretic language behind it.

Definition 4.1 A graph G is a pair (V, E), where V is a finite set of objects called vertices
and FE is a set of unordered pairs of vertices.

Thus the network in Figure 2 is a graph: FE is the set of roads, and V' is the set of meeting points.
For the smaller example in Figure 3, let V = {1,2,3,4,5} and E = {12,32, 14, 54,42}.

(D) (5)

FIGURE 3

Definition 4.2 Let G = (V, E) be a graph. A path P in G is a sequence of edges of the
form wjug,ugus, ..., up_1ur € E. Additionally, we impose that uq,...,u; are all distinct.
We say that P is a ujug-path.

It is often useful to think of a graph as a set of edges.

The shortest path problem is as follows. Let G = (V, E) be a graph, let s,t € V with s # ¢t
(think of these vertices as the start and end vertices), and let ¢, > 0 for all e € E (think of ¢, as

15
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the cost of travelling along edge €). Let P be a path in G and define
¢(P) = Z Ce,
echP
which is the total edge length (i.e., the total cost of traveling). We want to minimize c(P)
subject to P being an st-path.

Our goal is to formulate this problem as an IP. There are two pieces of bad news. First, the
process is going to get messy. Second, the resulting IP will look odd. The good news is that we
will develop theory to handle this.

Cuts and st-Cuts

Cuts are the structural bridge between paths and linear constraints, so we introduce them explicitly
before formulating the model.

s ~

Definition 4.3 Let G = (V, E) be a graph. Let U C V', where U # (. Let
U)={weE|lueclUwv¢U}.

We call §(U) a cut.

Example 4.4

FIGURE 4

In Figure 4, if U = {s,a, ¢, b} then §(U) = {bd, cd,cf}.

Example 4.5 Consider the graph and highlighted cut in Figure 5.

16
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FIGURE 5

Let U = {s,a,b,c}. Then 6(U) = {cd, ct}.

Removing the cut edges leaves the graph in Figure 6.

FIGURE 6

Definition 4.6 A cut §(U) is an st-cut if it is a cut and s € U,t ¢ U.

Every st-path and every st-cut must share at least one edge.

Lecture 5— Tuesday, January 21, 2014

We now connect graph cuts to path structure and use that connection to build optimization

formulations.

We start with the picture in Figure 7 to keep the path—cut interaction concrete.
e‘ @
(@Q—F—®
FIGURE 7

17
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Our st-path here is P = {sb, be, ct}, and our st-cut is §({s, a, ¢, b}) = {bd, cd, ct}. This cut consists
of the edges with one endpoint in {s, a, ¢, b} and the other endpoint outside that set.

Lemma 5.1 Let P be an st-path and let §(U) be an st-cut. Then PN (U) # 0.

The crossing edge used in the proof is isolated in Figure 8.

’ z N Y
/ ° Py
/ /// e PNa(U) J
/ \
| s U ! t
\ 1
\ 1
\ /
\ /
AY 7/
\\ //
FIGURE 8

Proof. Follow the path P from s, and let x be the last vertex of P in U. Such a vertex exists
because s € U. Since t ¢ U, the path has a next vertex y, and y ¢ U. Thus zy € §(U)NP. O

An st-path P contains at least one edge from every st-cut. A natural question is whether every
set of edges that contains at least one edge from every st-cut must itself be an st-path.

In general, the answer is no, as Figure 9 shows.

FIGURE 9

If we take one edge from every st-cut, the chosen set need not itself be an st-path.

Theorem 5.2 Let B be a set of edges that contains one edge from every st-cut. Then B
contains an st-path.

18
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Proof. For a contradiction, suppose there is no st-path P C B. Let
U = {s} U{u | there exists an su-path @ C B}.
Then t ¢ U. By hypothesis, B contains an edge xy of the st-cut 6(U); we may assume z € U and

y ¢ U. Since x € U, there is an sz-path @ C B. Appending zy to Q) gives an sy-path @ C B, so
y € U—a contradiction. O

With the cut machinery in place, we can now write an optimization model for shortest paths.

Let G = (V, E) be a graph. Let s,t € V with s #t. Let ¢, > 0 for all e € E. The goal is to find
an st-path P minimizing
c(P) = Z Ce-

ecP

We choose B C FE so that the following two conditions hold:

(1) B contains at least one edge from every st-cut.

¢(B) = Z Ce-

eeB

(2) B minimizes

These conditions force B to contain a shortest st-path. Indeed, the theorem above gives an st-path
P C B, so nonnegativity of the edge costs gives ¢(P) < ¢(B). Conversely, every st-path is itself
a feasible choice of B. Hence an optimal B cannot cost more than a shortest path, and the two
inequalities force equality; the path P C B is therefore shortest.

Accordingly, let

1 ifee€ B,
Te =
0 otherwise.

We then want to minimize

E CeTe-

ecE

The key constraint is that B N §(U) contains at least one edge, which we write as

19
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We also impose z. € {0,1}. Formally, the shortest path problem is formulated as the following
IP:

min g CeTe

ecE

subject to Z ze>1 foralUCV,seUtg¢U
ecéd(U)

ze €{0,1}  forallec E.

Example 5.3

FIGURE 10

For the weighted graph in Figure 10, our objective function is

min 2zs, + 6T + 3xp + 9xar + 1gp-

subject to (U = {s}) Tsq + Tsp > 1
(U = {s,a}) Tsp+ Tat + Tap > 1
(U = {s,b}) Tsq + Tap + Tpr > 1
(U ={s,a,b}) Tat +xpe > 1

If we were to solve this, we would get the solution

Tsa = Tap = Tpt = 1

20
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and To = Tg, = 0. Therefore B = {sa,ab,bt} is an st-path, and in this example it is the
shortest one.

There is a slight problem with this idea: if there are 100 vertices, then there are 2% such cut

constraints. This is too many to write explicitly. Fortunately, we will see that this does not
actually cause a problem.

Lecture 6 — Thursday, January 23, 2014

We now broaden the perspective from linear models to nonlinear ones and clarify the core notions

needed to analyze them.

Nonlinear Programs

We begin with the abstract template that captures a broad class of constrained nonlinear models.

Definition 6.1 Let
fR" =R and g :R" =R, i=1,...,m.
A nonlinear program has the form

min  f(Z)

subject to  ¢;(¥) <0 (i=1,...,m).

\

Nonlinear programs arise naturally when penalties or response functions are nonlinear.

Example 6.2 (Safe operating conditions) Suppose the system AZ < b describes safe
operating conditions for a nuclear reactor. The slack in constraint ¢ is

b —row;(A)Z >0 (i€ {l,...,m}).

If there exists ¢ such that b; — row;(A)Z < 0, then the corresponding safety constraint is
violated, the reactor goes into meltdown, and the city is destroyed.

21
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To stay far from meltdown conditions, we want a solution that remains well inside the
feasible region (i.e., the solution should be “robust”). One way to model this is to use a
penalty function that grows rapidly as a slack approaches 0 (for example f(a) = é or

f(a) = —log(a)).

Example 6.3 (Pricing) We want to choose a price that maximizes revenue.

Suppose we set a price p with 50 < p < 70 for a fancy new e-reader.

Price 50 | 60 | 70
demand (in 1000s) | 90 | 80 | 20

We fit a demand function through these points, such as d(p) = ap? + bp + c. An Excel
regression gives

d(p) = —0.25p* + 26.5p — 610.

The resulting model is
max p-d(p) = —0.25p + 26.5p* — 610p
subject to 50 < p < 70.

Feasibility, Optimality, and Unboundedness

At this point, the notion of “solving” still needs to be clarified.

Example 6.4
max 21‘1 — T2

subject to x1 + z9 =1,
x1, T2 > 0.

Here the optimum is clearly 1 = 1, x5 = 0 and there is no ambiguity.

22
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Example 6.5 Consider

min 22

subject to = >1,
z <0.

Here what it means to “solve” is not so clear because the problem is infeasible.

Definition 6.6 An assignment of values to the variables is a feasible solution if all con-

straints are satisfied.

Definition 6.7 An optimization problem is infeasible if it has no feasible solution. Other-

wise, it is feasible.

Definition 6.8 For a maximization problem, an optimum solution is a feasible solution
for which no other feasible solution has a larger objective value. The minimization case is

analogous.

Definition 6.9 A maximization problem is unbounded if for every M € R, there exists
a feasible solution with objective value at least M. For a minimization problem, unbound-
edness means that for every M € R, some feasible solution has objective value at most

M.

A feasible optimization problem may fail to attain an optimum without being unbounded:

Example 6.10 Consider

min

K=

subject to x >1

This problem has no optimum solution: if x; = m were optimal, then }; = m + 1 would

1
give (milﬂ) < —, a contradiction. Neither is this problem infeasible, nor is it unbounded.
m

For LPs, however, these three properties do form a trichotomy:

23
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Theorem 6.11 (Fundamental theorem of linear programming) For any linear pro-
gram, exactly one of the following holds:

1. The problem has an optimal solution.
2. The problem is infeasible.

3. The problem is unbounded.

The fundamental theorem is proved as a consequence of the two-phase simplex method, which
we will examine soon.

Figure 11 illustrates all three cases.

. optimal solution 7 and certificate
input: LP—Solver— certificate of infeasibility
™ certificate of unboundedness

FIGURE 11

2. Solving Linear Programs: the Simplex Method

The simplex method does not directly involve simplices.

The next lectures develop the simplex algorithm through certificates, pivots, and canonical repre-
sentations.

Certificates of Infeasibility

Before running simplex mechanically, we need a way to certify when no feasible point exists.

Example 6.12 Consider

max ¢'&
, 3 2 -6 7. [-6] @
subject to [2 1 _o 4}7:—[_4} )
£>0
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We prove that this system has no feasible solution.

Subtract equation (I) from twice equation (2) to get

10 2 1]Z=-2

This is a valid linear combination of the original equations, so it must also hold. However,
the left-hand side is nonnegative when & > 0, while the right-hand side is —2. That is

impossible, so the system has no feasible solution.

In Example 6.12, we found a vector ¢ such that g7 A > 0 and ng? <0

T T

BECEERIREYE

G'A>0 and §'b<0

Thus 7 acts as a certificate of infeasibility.

Theorem 6.13 If there exists a vector i such that 4T A > 0 and gj’Tl_; < 0, then the system

AZ=0b,7 > 0 has no feasible solution.

Proof. Let ¢ satisfy the two certificate inequalities, and suppose for contradiction that a feasible

vector ¥ exists. Then
G'A T =q'b
N S
>0 =0 <0

which is impossible. This contradiction shows that no feasible Z can exist.
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Lecture 7— Tuesday, January 28, 2014

Certificates of Unboundedness

A second failure mode is unboundedness, and it is certified by a feasible improving direction.

Example 7.1
max z=[1 3 0 0 1]&

: 1 3 —-11 0], |2
subject to 94 1 0 JJ:—[J,

>0
The idea is to construct a parameterized vector Z(t) for every ¢ > 0 such that

(A) Z(t) is feasible for every t > 0, and

(B) z— 00 as t — 0.

A useful choice is the following;:

Il
ST
+
~
=

For example, Z(0) =

W = O O =

2
0
and £(1) = |1].
1
4

We now check the two required properties.
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(A) AZ(t) = AZ + tA7 =b. Notice that 7> 0 and ¢ > 0, so Z(t) > 0.

(B) & &(t) = & (¥ +tF) = & £+ té 7. Note that ¢’ Z € R, and &7 > 0, so t&' 7 — oo.

In Example 7.1, the vector Z(t) acts as a certificate of unboundedness.

WINTER 2014

Proposition 7.2 The LP

conditions hold:

S

1) AZ=10
0

(1)
(2)
(3)
(4)
(5)

ST
v

=
AV
)]

4
5

QL
!
V

o

is unbounded if there exist a feasible vector # and a direction vector 7 such that the following

o)
o
8

max

subject to A

81
AV
L

Proof. For each t > 0, define

By assumptions (1) and (2),

-

AZ(t) = AT+ tAF = b+ 10 = b.

By assumptions (3) and (4), both Z and 7 are componentwise nonnegative, so Z(t) > 0 for every
t > 0. Hence Z(t) is feasible for every ¢t > 0. The objective value at Z(t) is

cTzt)y=c'Z+te'F.

Since €7# > 0 by assumption (5), this quantity tends to oo as t — oo. Therefore the LP has
feasible solutions with arbitrarily large objective value, so it is unbounded. O
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Standard Equality Form

To develop the simplex algorithm systematically, we first put linear programs into a common
canonical template.

Definition 7.3 The following LP is in standard equality form (SEF):

o
11

max

I
SHl

subject to A

8y
AV
(=]

The simplex algorithm requires the LP to be in SEF, and fortunately this is always possible. We
therefore solve an arbitrary LP, given a program (P), as follows.

Step 1: Convert (P) into (P’), an LP in SEF.
Step 2: Solve (P’) with the simplex algorithm.

Step 3: Use the (P’) result to recover a result for (P).

We thus need (P) and (P’) to be “equivalent”. What do we mean by that? We have the following
desiderata:

1 (P) is infeasible if and only if (P’) is infeasible.
2 (P) is unbounded if and only if (P’) is unbounded.

3 We can use an optimum solution of (P’) to construct an optimum solution for (P), and vice
versa.

Proposition 7.4 Any linear program can be put into SEF.

Proof. Negate the objective of a minimization problem to obtain a maximization problem. Add a
nonnegative slack variable to each < constraint, and subtract a nonnegative surplus variable from

each > constraint, to turn inequalities into equalities. Finally, replace every free variable x; by
x;r — a:;

directions (after undoing the introduced variables), so the resulting SEF program is equivalent to

with azj, z; 2> 0. Each operation preserves feasible solutions and objective values in both
the original one. O
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Example 7.5
-9
min |—1| -7
L 1]
is equivalent to
9T
max | 1 | - &
[ —1]

Example 7.6
max

subject to x1 + 9 —x3<5H

is equivalent to
max

subject to x4+ X9 —x3+ x4 =5,
Ty > 0.

Example 7.7 Consider

-1

8y

max

1

) 1 2 1], 6
subject to 11 3}96_[4}’

T1,X2 Z 0.

Here, z3 is a free variable. That is, it is not specified whether it should be positive or
negative. We replace it by a:g — x5, where azg, x5 > 0. So:

1 Tl

-1 Tl
+ _ 2 33‘2
) :—x1+2x2+x3:—x1+2x2+x3—x3: 1 . -
1 T3 ?l
1 x5
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The reformulated LP is therefore

1
ma, 2 7
X
1
-1
1 2 1 -1 6
subject to 113 _3} f’—[4],
X1
— X2 =
= >0
+ -
s
T3

Does our reformulation work?

12 |t P
1 3T T T ] T s

Our reformulation works!

There are therefore three reasons an LP may fail to be in SEF: minimization instead of maximiza-
tion, inequality constraints, and free variables. We now know how to handle all three.

Improving Feasible Solutions
The simplex algorithm can be viewed as a repeatable improvement loop starting from feasibility:

(1) Find a feasible solution.

(2) Try to get a better feasible solution.
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(3) Repeat (2) until either our solution is optimal, or we notice the LP is unbounded.

As a first concrete iteration, we now carry out one explicit pivot to illustrate how objective im-
provement and feasibility are balanced.

max =z = |:

. 2 21 0], |8
subject to [2 10 1] = [10} ,
# > 0.

>

Example 7.8

o O otk
8

By inspection, a feasible solution is z = , which gives z = 0.

o O O

10

Our goal is to find a feasible solution z’ with z > 0. Set } =t > 0 and 2, = 0. Because
the last two columns form the identity matrix, these choices determine = and z). We have:

8 _ 2 t 2 L 1 L 0
0] 2 2|1 Slo) "ML
2 z
=t 3
HRFi
zh kA ; 2
z) 10 2]
Thus 25 = 8 — 2t and 2y = 10 — 2t. Nonnegativity requires ¢t < 4 and ¢ < 5, so the largest
admissible value is t = 4. This gives the improved feasible solution
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Lecture 8 — Thursday, January 30, 2014

Consider a closely related pivot calculation.

Example 8.1
4
max 2z = o X
|0
0
. 4 1 1 0], |8
subject to [2 2 0 1] = [10} ,
N————
=A
>0
0
We want to improve the feasible solution Z = g

10

To find a better feasible solution & with z > 0, set 2} =t > 0 and 2z, = 0. Then

-l o) 0]
4] -1}

Then we get 24 =t > 0 and zf, = 0, while 2§ = 8—4t > 0 gives t < % =2and 2z}, =10—-2¢t >0
gives t < % =5.

Therefore the largest admissible value is ¢ = min{2,5} = 2.
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2 4
~ 0 5
So we get 7' = ,and z = ' =38
0 0
6 0
Can we continue by increasing s from this new solution? If we freeze zf = 2 and set
xly =t > 0, the first equation gives a%f = —t, so this particular move immediately vio-

lates nonnegativity. That does not mean improvement is impossible: we must let the basic
variables move together. Keeping 4§ = 0 and setting zfy = t gives
t 3t
33'1':2—1, Ty =6—— 0<t <4
Along this feasible move, z = 4/ + 524 = 8 + 4t. Taking t = 4 yields &’ = [1 4 0 O]T
and z = 24. Systematic basis pivots keep track of precisely these coordinated changes.

The first step in Example 8.1 was easy because the last two columns of A form the identity matrix
152 and the corresponding coefficients in the objective are zero. This motivates the formal theory
of bases.

Notation 8.2 Let A be an m x n matrix, let J C {1,...,n} be a set of columns. Then
Ay is defined as the matrix obtained by selecting columns indexed by J. By convention, we
take columns in the same order.

Example 8.3 Let

1 21 0 0
A=|-11 0 1 -1
1 30 1 1
If J=1{1,2,4}, then
1 0
Aj= -1 11
1
2

If |J| = 1, then, for example, Ay = |1

w
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Definition 8.4 B C {1,...,n} is a basis if Ap is both square and invertible.

Example 8.5 Again let
0

1 00
010 -1
001 1

A= |-1
1

W = N

Then Ayzsy is not square. Aygy 56y is not invertible. Az 45y is a basis. Ag 45 is also a
basis.

We will assume that the rows of A are linearly independent. Then we can redefine what a basis is:

Proposition 8.6 B is a basis if and only if Ap is a maximum set of linearly independent
columns of A.

This matters because the simplex algorithm works with special solutions associated with bases for
systems in SEF. Can we assume that the rows of A are independent? Yes. Row reduction either
produces an inconsistent row, which certifies infeasibility, or identifies dependent equations that
are redundant and may be removed without changing the feasible set. We may therefore work
with a full-row-rank system.

Basic Solutions

The simplex method is organized around these basis-dependent solutions, so we now define them
carefully.

Say Ax¥ = l;, assuming the rows of A are independent and A is m x n. Let B be a basis of A. Let
N ={1,...,n}\ B.

Definition 8.7 z; is a basic variable if j € B. z; is a nonbasic variable if j € N.

Example 8.8 Consider
120 ], _[1
-1 3 1 1|7 |4]°

Pick, for instance, B = {1,3} which is a basis. The basic variables are x1,x3, and the
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nonbasic ones are T, x4, and

10 2 -1 L [m
AB_|:_1 1:|7 AN_|:3 1:|7 B_|::|7 and

x3

o
I

T
4|

(Check that AY = AgZp + AN.i"N).

This works in general.

Proposition 8.9 For any vector £ € R", we have

AX = ApZp + ANTN.

Proof.

n
AT =) wjA; =) wjAj+ > x;A; = Apip + Anin.
j=1 jEB JEN

Definition 8.10 Given A% = b and a basis B , we say that Z is the basic solution for B
if

(2) Zn

\

=0 (that is, 7; = 0 for all j € N).

The use of the phrase the basic solution (rather than a basic solution) in Definition 8.10 will be
justified shortly.

Example 8.11 Again consider
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and the basis B = {1,3}. Then

ST
Il

S ot O =

is the basic solution for B.

Proposition 8.12 For A¥ = b and a basis B, there exists a unique basic solution for B.

Proof. Since B is a basis, Ap is invertible.

Define

51

N = 0 and Zp = ATBII;.

Then
AT = ApZp + Anin = Ap(A5'D) + An0 = b.

So & is a basic solution for B, and existence holds.

For uniqueness, let & be any basic solution for B. Then Zy = 0 and

S

= A = ApZp + AnZN = ABZB.

Since Ap is invertible, Zp = Aglg = Zp, and together with Zy = @y = 0 this gives & =
is

U =u

Therefore the basic solution for B is unique.

Lecture 9 — Tuesday, February 04, 2014

Canonical Form and Pivoting

With the basic simplex ideas in place, we now study canonical form as the language for systematic
pivot operations.

The following quick checks build intuition for which vectors can arise as basic solutions.
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1. Recall the system [_1 1 2 1} L [2

=

1 110 } To show that B = {1,3} is a basis, it suffices

to check that Ag = [_11

1] is nonsingular.

2. The basic solution for B = {1,3} is Z = [0 0 1 O]T
Because only z3 is positive, the same vector is also the basic solution for the bases {2, 3}

and {3,4}.

It is feasible and degenerate.

is the basic solution for B = {1,4} and is feasible.
] T

3. The vector ¥ = [1 00 3]T

4. The vector =10 -1 0 3
because x9 < 0.

is the basic solution for B = {2,4}, but it is not feasible

R T
5. The vector ¥ = [1 11 0}
entries, whereas every basis contains only two columns.

is feasible but is not basic for any basis: it has three positive

Example 9.1
4
max z = o -
|0
0
. 2110, |8
subject to [2 9 0 1]x—[10}
0
. N 0
One feasible solution is & = 8
10

Definition 9.2 The LP

max z=¢ T+2
subject to AZ = l_;,
>0

(where Z is a constant) is in canonical form for some basis B if:

(1) AB =TI and
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max z2=¢ T

in canonical form for B so that

(1) we do not change the set of feasible solutions, and

(2) for any feasible solution, we have the same value for the objective function.

Proof. First rewrite the constraints by multiplying on the left by A;lz

AZ = b= A AT = AZ'D.
This equivalence holds because Agl is invertible. Therefore the feasible set is unchanged, proving
((1))-
In the transformed system, the basic block is

(AgtA)p = AgtAp =1,

so condition ((1)) in the definition of canonical form is satisfied.
Now adjust the objective so that condition ((2)) holds while preserving objective values on feasible

points. Write
2= Cpip + CNTN.

From AglAf = Aglg we get
ip+ (A5 An)Zy = AR'D,

and hence
ip=Ap'b— A Anin.

Substitute into z to get
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Therefore we can define

6 and

ou

= CBA 1b

and write the equivalent objective in canonical form as

u

z=ZzZ+cC T

o

This expression equals the original objective value for every feasible &, so ((2)) follows.

Example 9.4

subject to [
z

1
> 0.

S o T
CN = CN—AN(AB

TEB

);

Suppose B = {1,2} is a basis. We want to rewrite the LP in canonical form.

To force Ap = I, multiply the constraint system on the left by AJ_Bl:

1 17 -1 1], -1
1 2 12 1771 2

Hence

1 [2 —1][-1 1 1]. [1
—2-1|-1 -1) |1 2 1" |o

We also want the coefficients of the basic variables in the objective to be zero. Since b— AT =

=
- 0
0, multiply this equation by [1] to obtain
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Adding this identity to the objective gives

z=1+ |0| - 2,
2

so the coefficients of the basic variables are now zero.

In general, replace AZ = gby A]_31Aa_c' = Aglg.

Proposition 9.5

(1) If Z is a solution to AZ = b, it is a solution to AG' AT = Agll;.

(2) If 7 is a solution to AR AT = AEII;, then it is a solution to AZ = b.

The proof is on Assignment 1.

In general, we proceed in two steps. First construct a new identity 7' b— 7' AZ = 0 from b— Az = 0.
Then add this identity to the objective function to obtain 7" b— (4T A —¢" )& = 2. Any choice of i
leaves the LP unchanged, so we choose i to make the basic coefficients vanish. Since ¢ = &' —¢T 4,

T=0"

the condition EB = becomes

ch—y Ap=0",
which is equivalent to §' Ag = EE. Equivalently, Aggj = Cpg, SO

j=(Ap) 'ép = Ay p.

Thus we have proven the following:

s ~

Proposition 9.6 Consider the LP

max z=2¢7
subject to AX = 5,
>0
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and suppose that B is a basis of A. The following equivalent LP is in canonical form for B

max z=0b'j+ (' —§ AT
subject to A;Aa_f = A; q,
Z>0,
j=Ay'cp

Example 9.7 We now run the simplex algorithm in canonical form on the same LP as our
running pivot example:

4
max 2z = o - T
|0
0
1 1 0], |8
subject to [ 5 0 1]3’3—[10},
Z>0.

Start with basis B = {1,4}, so the corresponding basic feasible solution is

8]
I

N O O

Rewriting in canonical form for B = {1,4} gives

0
3 -
max z =16+ 9|7
0
subject to [ 1/2 1/2 ﬂ [;1,

z>0.
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This LP is in canonical form and is equivalent to the original LP, so it is a better starting
point for the algorithm.

Set o =t and 3 = 0. Then

o) i [ [ 3] s [ = 3]
)=l [7= L

The first component gives 4 — ¢/2 > 0, or ¢t < 8, while the second gives 2 —¢ > 0, or ¢t < 2.
The binding restriction is therefore ¢t < 2, and we choose t = 2.

Rearranging gives

The new solution is 2’ = . This is a basic solution for the new basis B’ = {1,2}.

O O N W

Rewriting in canonical form for B’ = {1, 2} gives

0
0 R
max z =22+ 1 - X
-3
. 10 1 -1/2 L3
subject to 0 1 —1 1 ]x—[Q],
i>0.
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Lecture 10 — Thursday, February 06, 2014

Example 10.1 (Continuation of the simplex pivot example) For the second iteration,
choose the entering variable x5 (its reduced cost is +1), and set x4 = 0, 3 = t. Then

=Bl =B = )

so t < 3. Taking t = 3 gives the new basis {2,3} and basic feasible solution

0
Rk
IR E]
0
In canonical form for {2,3}, the LP is
—1
0 o
max z =25+ 0 X
—5/2
. 110 1/21. [5
bject t =
SubJect 1o [1 01 —1/2}/” [3}
Z>0.

All reduced costs of nonbasic variables are now nonpositive, so the algorithm terminates

after two iterations. We now certify optimality.

Proposition 10.2 25 is an upper bound for the LP.
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Proof. Let & be any feasible solution. Then

-1
0 _
=25 v
z + 0
—5/2
-1
Since 8 <0Oand 7> 0, the correction term is at most 0. Hence 25 is an upper bound.
—5/2
0
- 5 . . . .
Because ¥ = 3 attains this value, it is optimal. O
0

Canonical form also makes unboundedness transparent, so we examine a representative case.

Example 10.3

0
0
max z= |—1| &
2
—1—
. 102 -1 1/, |6
subject to [0 1 1 -3 1]:()—|:5],
>0

6
5
This LP is in canonical form for B = {1,2} with ¥ = [0|. We work with x4 by setting
0
0

r4 =t and x3 = x5 = 0. Then

R i v
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We may choose t as large as we want, so the LP is unbounded. If we had started with x5
instead, we would eventually reach the same conclusion. Our certificate of unboundedness
is

[6+t] [6] 1]
5+ 3t 5 3
t 0 1

0 0 0

z d

This example shows how unboundedness appears naturally in canonical form.

With optimality and unboundedness criteria in place, we can now state the simplex algorithm
formally.

Algorithm 1: The Simplex Algorithm

Input: A linear program max ¢' Z + Z subject to AZ = 5, Z > 0, together with a feasible
basis B
Output: An optimal basic feasible solution with certificate of optimality, or a certificate that
the LP is unbounded
Rewrite the LP in canonical form for basis B;
if ey < 0 then
return the current basic feasible solution (optimal; the vector i = AgTEB, computed from
the original basis matriz and objective coefficients, certifies it);
end
Choose k € N with ¢ > 0;
if A; <0 then
return the LP is unbounded;
end
Set t + min{bi/Aik | A > 0};
Let r be the row index attaining this minimum, and let [ be the r-th basic variable;
Set B’ + (BU{k}) \ {l} and repeat from the first step with basis B’;

For
max z==¢ & (P)
subject to AZ = g,
Z>0,
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the following table summarizes our current situation:

Task ‘
A Solve (P) What we want to do
B Find a feasible solution for (P) ?

C Given a feasible solution for (P), solve (P) | What we know how to do

Finding a feasible solution is not easy. In fact, it is computationally as difficult as finding an
optimal solution. The next lecture addresses this missing step.

Lecture 11 — Tuesday, February 11, 2014

Two-Phase Simplex and Feasibility

A central practical issue is how to obtain a feasible starting basis, and the two-phase simplex
algorithm addresses exactly this point.

Before optimization begins, we must find a feasible starting point. To this end, consider the
problem of finding a feasible solution to

max 2 =... (P)

. 12 1], {3
subject to [_3 1 J r= [_4}
xz

> 0.

1) First eliminate the negative entry of b:

[zla ? —11}"“7: [ﬂ

2) Then introduce new variables x4 and x5 to create an identity block:
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min x4 + T3 (Q)
subject to B i _1 1 é (1)] r= E’J auxiliary problem
>0
o
0
3) A convenient feasible solution is & = [0
3
_4-
0
1
4) Solving (Q) using this feasible solution gives the optimal solution @ = |0].
0
._O_
1
Therefore 77 = | 1] is feasible for (P) after we drop the auxiliary variables.
0

Example 11.1 Now consider the problem of finding a feasible solution to
max z=...

1

subject to [
2

z

SOl o
W N
—_
8
1
1
N
—_

The auxiliary model packages the feasibility search as an optimization problem.

min x4 + 75 (Q)
. 1 221 0], |2
subject to [2 9 3 0 1]3:— L]
xl,...,$520
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One feasible solution is ¥ =

0
/
, and from this an optimal solution is @’ = | 0 |, with
1
0

=N OO O

objective value 1.

Therefore we cannot recover a feasible solution to (P) in the same way as before, and

Proposition 11.2 (P) has no feasible solution.

7
Proof. Suppose |z} | were a feasible solution to (P). Then |af%| is a feasible solution to
xh 0
- 0 -
(Q) that has w = 0. But the optimal solution to (@) has value 1. This is a contradiction.
Therefore (P) has no feasible solution. O

We now summarize the full two-phase framework in a compact template. Start with (P):

(@)
o
11
i)
S~—

max

Il
SHl

subject to A

S
VAR
L

where A is an m x n matrix and b > 0.

Phase 1 First form the auxiliary program (Q):

min w=2Ipr1+ -+ Tntm Q)
I
subject to  [A | I : =

S

Tn+m
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.TUl,...,iL'yH_mZO

—

Then pick the feasible basic solution &’ = g» . Put (Q) in SEF form and run the simplex

algorithm to find an optimal solution z”.

If the optimal auxiliary value satisfies w* > 0, then stop: (P) is infeasible. Otherwise,
w* = 0, and dropping the artificial variables from &’ gives a feasible solution to (P). If a
zero-valued artificial variable remains basic, pivot it out; if that is impossible, remove the
corresponding redundant row. This produces a feasible basis for the original variables.

Phase 2 Once we have a feasible basis for (P), the second phase is exactly the ordinary simplex
algorithm applied to the original objective.

We still need guarantees on correctness and finite progress. If the algorithm gives an answer, that
answer is correct. However, the simplex algorithm may fail to terminate because of cycling.

To guarantee termination, use Bland’s rule: whenever there is a choice of entering or leaving
variables, choose the eligible variable with the smallest index.

Example 11.3

11

max

1

subject to [
2

X

Sl n oL

[S—y
O =
)
—_
8y

Il
1
3 0o
—_

We may choose either zo or x3 to enter the basis since co,c3 > 0. We select x9 because it
has the smaller index.

These structural consequences explain why two-phase simplex is foundational for linear program-

ming theory. We already stated the following theorem earlier in the course; our development of
the two-phase simplex method has now proven it.
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Theorem 11.4 (Fundamental theorem of linear programming) For the linear pro-

gram
max ¢ % (P)
subject to AX = b
>0

exactly one of the following holds:

1. (P) is infeasible.
. (P) is unbounded.

2
3. (P) has an optimal solution.

\ J

The following theorem has also been established by the two-phase simplex method:

Theorem 11.5 If (P) has an optimum solution, then it has an optimum solution that is a
basic solution.

3. Geometry

We now interpret linear programming through geometry, which explains why methods based on
extreme points are effective.

Feasible Regions: Hyperplanes and Half-Spaces

We begin the geometric viewpoint by naming the feasible region and asking what its shape tells
us algorithmically.

Definition 11.6 The feasible region of an optimization problem is the set of all feasible
solutions.

This raises three natural questions: What is the shape of the feasible region of an LP? What do
extreme points correspond to? Why does this make LPs easier to solve?
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Example 11.7

21
max | |- F
1 1] 3] D
1 0 2| @
subject to 0 1(Z< (2|03
-1 0 0| @
|0 -1 u ®

o

© 1 D 3@@/1:1

FIGURE 12

Let @ € R™ with & # 0, and let 8 € R.

Definition 11.8 The set H = {Z | @'# = 3} is called a hyperplane. The set F = {Z |
a'# < B} is called a half-space.

The situation is easy to visualize in R? when 8 = 0, as shown in Figure 13.

From Figure 13, we can see that H is the set of vectors perpendicular to &, and the nonzero points
of F' are precisely those that form an angle of at least 90° with &.

Proposition 11.9 The affine dimension of H is n — 1.

o1
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FIGURE 13

Proof. Recall from linear algebra that for an m x n matrix A, the rank-nullity theorem states
that
dim{# | AZ = 0} + rank(A) = n.
Replacing A with &',
dim{Z | @"Z = 0} + rank(a") = n,

T

and since @' is a rank-1 matrix, this kernel has dimension n — 1. The hyperplane H is a translate

of the kernel, so it has the same affine dimension. O

Lecture 12— Thursday, February 13, 2014

Building on the previous geometric view, we now formalize polyhedra and their structural proper-
ties.

Polyhedra

A translated hyperplane is the natural next step after studying homogeneous hyperplanes.
Consider adding a constant vector & to every element in a homogeneous hyperplane H. The
resulting set H’

{#la'@ -5 =0={7|a'? =p}

&
I
—
ST
+
841
Ql

_'
81
I
o
—
I
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Figure 14 shows one translation from H to H'.

FIGURE 14

The feasible region of an LP is of the form {Z | AZ < b} for some A and b. Such a set is the
intersection of finitely many half-spaces, so it is a polyhedron.

Definition 12.1 A polyhedron is an intersection of finitely many half-spaces.

Figures 15 to 17 contrast a polyhedron with two sets that are not polyhedra.

This is a polyhedron.

FIGURE 15

E This is not a polyhedron because it has a dent.

FIGURE 16

Convexity

Convexity is the geometric property that makes local improvement arguments globally meaningful.

Definition 12.2 Let #', 72 € R". The line segment between 7! and #2 is {7 € R" | ¥ =
AT+ (1= N)a2, ) € [0,1]}.
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Q This is not a polyhedron.

FIGURE 17

Definition 12.3 C C R” is convex if for all %, 2% € C, the line segment between them is
still in C.

Proposition 12.4 Let Cy and Cs be convex. In general, C; U Cs need not be convex, but
C1 N Cy is convex.

Proof. For the union claim, a counterexample suffices. In R, let
Cy =1[-2,—1] and Cy =11,2].

Each set is convex, but C7 U Cy is not convex because —1,1 € C7 U Cy while their midpoint

~1+1
-

0
is not in C7 U C5.

Now we prove C1 N Cy is convex. Take any ', #2 € C; N Cy and any \ € [0,1]. Since 2!, 72 € C;
and C1 is convex,

M+ (1= Va2 € C.

1

Likewise, since #', 2% € Cy and C; is convex,

M+ (1= V)22 e O,

Therefore
M4 (1= N22 € Gy N Cy.

Hence C7 N Cs is convex. O

Theorem 12.5 Any polyhedron P is convex.

Proof. Let P = {Z | A7 < b} for some b and A.
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Pick &', %2 € P, and pick Z in the line segment between Z! and #2. We want to show that & € P.
Since &', 72 € P, we have Az' < band A7? < b. &= A\F' + (1 — \)#? where 0 < A < 1. We check
that AZ < b:

ADZ + (1 = N)F?) = MZ + (1 = A2 < Mo+ (1 - Nb=1b.

Extreme Points and Basic Feasible Solutions

Extreme points capture where optimal solutions tend to occur, so we define them carefully.

Definition 12.6 Let 2!, 72 € R” and let L be the line segment between #! and #2. Then
L properly contains & if Z € L and Z ¢ {z', #?}.

Definition 12.7 Let C C R” be convex. A point # € C is not extreme if there exists a
line segment in C' that properly contains Z. Otherwise, & is an extreme point of C.

Equivalently, Z is an extreme point of C' if and only if there is no line segment contained in C
that strictly contains Z.

Every vertex of a polyhedron is an extreme point. By contrast, every boundary point of a closed
disk is extreme, even though the disk is not a polyhedron.

—

€ d
q
C ¢
f
—»' —
a b
FIGURE 18
In Figure 18, @,..., € are the extreme points of C'. The point f is not extreme because the line

segment between band @ properly contains it.
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Definition 12.8 A linear constraint @' & < 3 is tight for a feasible vector Z if the constraint
is satisfied with equality; i.e., &z = 5.

Notation 12.9 Let P = {# | AZ < b} C R be a polyhedron. Let & € P. Denote by A=
the matrix formed by the rows of A corresponding to tight constraints for Z, and define b=
similarly, so that A=Z = b=.

Example 12.10 Consider

1 1 3
1 0 2
P=XzZeR*| |0 1|&<]|2
-1 0 0
0 —1] 0

Figure 19 marks one extreme point and one nonextreme boundary point of P.

Z2

\ =2 0)

FIGURE 19
At Z, = (2,1), the tight constraints are z; + o = 3 and 21 = 2, so

A = E (1)] and rank(A7) =2 = n.
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Hence Z. is an extreme point.
At af“'f = (2, %), the only tight constraint is 7 = 2, so
A7 = 1 0] and rank(A7) =1 <2=n.

Hence &y is not an extreme point.

Lecture 13— Tuesday, February 25, 2014

We now connect the geometric notion of extremity to the algebraic notion of a basic feasible
solution.

s N

Theorem 13.1 Let P = {Z | AZ < b} C R be a polyhedron, let Z € P, and let
AT =b"

be the tight constraints for . Then Z is extreme if and only if rank(A~) = n.

Lemma 13.2 Let 0 < A < 1, and let g, a9, € R satisfy = Aag + (1 — A)ae together
with aq1,a9 < 8. Then oy = ag = S.

Proof. Observe that
B=Xd+(1=XNag <A+ (1-)N)p=28.
N SN——
A <(1-MB

Therefore equality holds throughout, so a; = ag = 3. O

Proof of Theorem 13.1. Reverse implication. Suppose rank(A~) = n but Z is not extreme.
Then Z is properly contained in a line segment between points &!,7%2 € P with @' # ¥ # 2.
Algebraically, there exists A € (0,1) such that & = A&' + (1 — X\)Z%. Therefore

b= = AT = MATZ' 4+ (1 - N)A=.

By the previous lemma, this implies
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and
A= =D,

1 2

Since rank(A~) = n, these equations have a unique solution, so " = #*, a contradiction.

Forward implication. We prove the contrapositive. Suppose rank(A=) < n. Then there exists
d # 0 such that A=d = 0. Let

z! — ed,

K1

+ ed and 72 =

Ky

where ¢ > 0 is sufficiently small. Then
1, 1.5, <
§£L'1 + §:E2 =17,
so & lies in the line segment between &' and #2. For every tight constraint, we have
A=F = A= (T4ed) = A"F+eA~d=b",

—

and similarly for #2. Since the remaining constraints are strict at Z, choosing € small enough keeps
both Z! and #? feasible. Hence Z is not extreme. O

Theorem 13.3 Let
P={i>0]|A%=1b}

and assume the rows of A are independent. Then ¥ is extreme if and only if 7 is a basic
feasible solution.

Proof. Let J = {j | Z; > 0} be the support of Z. We first show that & is extreme if and only if
the columns of A are linearly independent.

If the columns of A; are dependent, there is a nonzero vector d supported on J such that Ad = 0.
Because every coordinate z; with j € J is strictly positive, for sufficiently small € > 0 both & +ed
and Z — ed are nonnegative. They also satisfy AZ = b, and their midpoint is Z, so & is not extreme.

Conversely, suppose Z is not extreme. Then & = A& 4 (1 — \)#? for distinct feasible vectors

1. #? and some 0 < A < 1. If Z; = 0, nonnegativity forces le = :U? = 0. Hence the nonzero
1 2

is supported on J, and Ad = 0. Thus the columns of A 7 are dependent.

fv

vector d = 0 —

If 7 is a basic feasible solution for a basis B, then J C B, so the columns of A; are independent
and & is extreme. Conversely, if & is extreme, then A has independent columns. Since A has row
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rank m, we can extend J to an m-column basis B. Every coordinate outside B is zero, so & is the
basic solution associated with B; it is feasible by assumption. O

Example 13.4

The vector T = is a basic feasible solution. We now use the previous theorem to show

w = O O

that this vector is extreme.

Rewrite P as

1 3 1 07 (17
2 2 0 1

1 -3 -1 0 -1

=2 =2 0 —1|. |-3

P=97l11 o o o]0

0 -1 0 0 0

0 0 -1 0 0

0 0 0 -1 L0

1 3 1 0

2 0 1

- |-1 -3 -1 0
A7 = -2 -2 0 -1
-1 0 0 0

|0 -1 0 0]

Rows 3 and 4 are linearly dependent on rows 1 and 2, so we may drop them. The remaining
matrix has rank 4, and therefore  is extreme.

The simplex algorithm moves from one basic feasible solution to another, and therefore from one
extreme point to another.
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For example, the LP (P) given by

ma 2 z
X .
1
11 3
i r <
subject to [1 0] T < [2] ,
>0
becomes, after adding slack variables,
2
1 R /
max z (P")
0
0
. 1 1.1 0, |3
subject to 100 1] T = [2] ,
Z>0.

There is a natural bijection between feasible solutions of (P) and (P'):

x1

1 T2
—
To 3—x1 — X9

2—.%1

This bijection also maps extreme points of (P) to extreme points of (P’), and vice versa.

4. The Shortest Path Problem and Duality

We next develop duality, which turns arguments that establish lower bounds into a general theory
with algorithmic consequences.

Shortest Path Lower Bounds

Our goal is to generate lower bounds for the shortest path problem. We begin with the cardinality
case, where all edges have weight 1. The path and four pairwise disjoint st-cuts used below are
shown in Figure 20.
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]
I
" \
\
FiGURE 20

We want to show that 4 is the length of a shortest path, or equivalently a lower bound on the
length of every st-path.

To this end, let () be an arbitrary st-path. Then @ intersects the first, second, third, and fourth
st-cuts. Since no two of these cuts share an edge, @) has at least four edges.

In general, let G = (V, E) with s,t € V and s # t. If there exist k pairwise disjoint st-cuts, then
every st-path contains at least k edges. Thus k is a lower bound on the length of every st-path.

Lecture 14 — Thursday, February 27, 2014

Weak Duality

We used an ad hoc argument to get lower bounds for the shortest path problem by assigning
widths to st-cuts. Duality gives a systematic way to produce such lower bounds.

Example 14.1 Consider the linear program

min &' %
subject to AZ > _',
Z>0
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where
2 1 20 9
A=1|1 1], b= |18], and c= [3]
-1 1 8

It is easy to check that [186] and [ 153} are both feasible. Their objective values are 64 and

49, respectively. We want to prove that [ 153} is optimal by finding a lower bound of 49 on

the value of every feasible solution.

Y1
Take any vector ¥ = |yo| > 0. If we multiply the ith constraint of AZ > b by y; and add

Y3
them all up, we obtain

i Az > .

0
For instance, if we choose = |2|, then
1

or equivalently

Adding this to the objective function gives

1
¢z > m ST 44 — [3] 7

e[
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- 1
Since £ > 0, we get [ O} -@ > 0, and so every feasible solution satisfies ¢' & > 44. This is not

yet enough to prove optimality, but it does show that the optimum lies between 44 and 49.

To get the best lower bound from this method, rewrite the inequality as
0> 76— §' Az,
and add it to the objective:

So if we choose 7 > 0 such that

then every feasible ¥ satisfies

max ngj
subject to ATyj <,
j=>0

This new linear program is called the dual. For the present example, solving the dual gives

and I_)Tg': 49.

<y
|
=l O

Since the feasible solution [153] also has objective value 49, it is optimal.
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Theorem 14.2 (Weak duality) Consider the pair of linear programs

min &' Z (P)
subject to AT > b
i>0
max b'j (D)
subject to ATy <@
j=>0

Let & be feasible for (P) and let ¢ be feasible for (D). Then

&E>b"g

Moreover, if equality holds, then & is optimal for (P).

Proof. Since 4> 0 and A

STl
Vv
o
3
5
<
@

Also,

Since Ang’ < Zand T > 6, it follows that
(ATpHTz<é'z

Combining these inequalities gives b" 7 < €T Z. If equality holds, then 7 attains a value equal to a

lower bound on (P), so Z is optimal. O

Next time we will apply this to the shortest path formulation. The dual variables will turn out to
be widths assigned to st-cuts.
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Lecture 15— Tuesday, March 04, 2014

Primal-Dual Shortest Path Methods

Example 15.1 We start with the concrete graph in Figure 21 so the primal and dual
variables remain easy to interpret.

[}

[}

1 2 3
FIGURE 21

The path through a has length d(P) = 1+ 3 = 4. Our goal is to show that 4 is both an
upper bound and a lower bound on the shortest path value, and therefore is optimal.

We begin with the LP relaxation of the shortest path cut formulation.

0

2
min 3| -7

3
3] (P)
[1 100 0 1

subject to (1) (1] 1 (1) (1) T > 1 and fzﬁ
000 11 1
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Remark 15.2 Recall the general weak duality pair

min &' & (P) max b'§ (D)
subject to AZ > b subject to ATg<é
>0 ij>0

Weak duality says that if Z is feasible for (P) and § is feasible for (D), then &' & > b' .

We now construct the dual of (P) and look for a feasible vector 3 for that dual. By weak
duality, the value of § is a lower bound on the optimum value of (P), which in turn is a
lower bound on the length of a shortest path.

For the current problem, dualizing gives

1
1

max 1 Yy
1
(1 0 1 0] 1] (D)
1100 2

subject to 011 0]y< |3 and Q’ZG

010 1 3
0 0 1 1] 3]

The dual variables assign nonnegative weights to st-cuts. There is one dual constraint for
each edge. For example, the constraint for edge sa is

Y{s} T Y{s,b} < 1=csa,

because those are exactly the st-cuts that use edge sa. Similarly, the constraint for edge bt
is

Ygspy T Yis,aby < 3= Cor-

So the dual problem is trying to maximize the total width assigned to st-cuts. This dual
can be read geometrically as assigning nonnegative widths to cuts, subject to edge capacity
limits.
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In general, let G = (V, E) with s,t € V, s # t, and ¢, > 0 for all e € E. The shortest path
problem can be written as

min E Cele

eck

subject to Z xe > 1, for every st-cut §(U),
ecéd(U)
Z>0,

Z integer.

Dropping the integrality constraint gives the LP relaxation

min &' Z
subject to AT > 1,
7> 0.

The matrix A is the cut—edge incidence matrix.

Its entry in row U and column e is 1 if e € §(U) and 0 otherwise.

The dual of this LP relaxation is

max 1§
subject to AT§ < ¢,
j>0

Equivalently, we may write it as

max Z Yu

4(U) is an st-cut

subject to Z yu < ¢, foreveryee€e FE,
U:ecd(U)

>0,

<y

where the sum is over all st-cuts 0(U).
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This interpretation suggests a shortest path algorithm based on growing cut widths.

Lecture 16 — Thursday, March 06, 2014

We now combine primal and dual viewpoints to obtain a constructive shortest path method.

A small worked instance makes the primal-dual mechanism transparent before the general method;
its graph and two highlighted cuts appear in Figure 22.

Example 16.1

FIGURE 22

For this graph, the shortest path formulation and its dual are given below.

g
=

— N W W
8

sa sb ab at bt

{s}|1 1

subject to {s,a} 1 1 1 i>1
{s,b} | 1 1 1
{s,a,b} 1 1
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1
ma; IRy
X .
1 Y
1
{3} {87a} {va} {Svaa b} _1_ (D)
sa| 1 1 3
subject to sb) 1 ! 7< |3
ab 1 1
: 2
a
bt 1 1 L

We claim that the path P = sa,at is shortest. On the dual side, take the feasible vector
¥ with yry = 1, yrsa) = 2, and all other components equal to 0. Its objective value is
142 = 3. On the primal side, take the feasible vector Z with x4, = 1, z4 = 1, and all other

components equal to 0. Its objective value is also 3. By weak duality, both solutions are
optimal.

Definition 16.2 For a fixed dual vector ¢, define the slack of an edge e by

slack,(e) = c. — (total width of the st-cuts using e).

Definition 16.3 A directed st-path is a path of the form s — --- — t.
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We now state the algorithm that implements the primal-dual idea step by step.

Algorithm 2: Primal-Dual Shortest Path Algorithm

Input: A graph G = (V, E) containing an st-path, with edge lengths ¢, > 0 and distinct
vertices s,t € V

Output: A directed shortest st-path together with a dual feasible cut width vector

Initialize y <— 0 and U < {s};

while ¢ ¢ U do

choose an edge ab € §(U) of minimum slack, labelled so that a € U and b ¢ U,
increase yy by slack, (ab);
enlarge U to U U {b};
orient the chosen edge as an arc a — b and record a as the predecessor of b;
end
return the unique directed st-path in the recorded predecessor tree;

Example 16.4

FIGURE 23

For the instance in Figure 23, we begin with y = 0 and U = {s}. Then slack(sa) = 1 and
slack(sd) = 8, so we set y;,3 = 1 and enlarge U to {s,a}. Next we have slack(ab) = 3
and slack(sd) = 7, so we set y;s, = 3 and enlarge U to {s,a,b}. At the next step,
slack(bg) = 8, slack(bd) = 3, and slack(sd) = 8 —1—3 = 4, so we set Y, 44} = 3 and enlarge
U again. Continuing in this way produces the directed path sa, ab, bd, dt, whose total length
isl+3+3+4=11.

Does the algorithm terminate? Most assuredly, because at every iteration one new vertex is added.
Does it work? It does. Does it give an optimal solution? That is not immediately clear. To prove
that it does, we restate the relevant optimality condition.
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Definition 16.5 e is an equality edge if it has slack 0, that is, if it corresponds to a tight
constraint.

Definition 16.6 An st-cut §(U) is active if it has positive width.

Theorem 16.7 (Optimality Criterion) Let y be feasible for the dual problem (D), and
let @ be an st-path. If

1. The constraints of (D) corresponding to the edges of @ are tight, and

2. @ uses exactly one edge from each active cut,

then @ is a shortest st-path.

Proof. The total st-cut width is

Yoow=d o D ow =)

U:yy>0 ee@ \ Uwyy>0 ecq
ecéd(U)

where the first equality is due to Assumption (2), and the second is due to Assumption (1). Hence
@ is optimal. O

Lemma 16.8 Suppose that the primal-dual shortest path algorithm has terminated and
the following properties hold:

1. g is feasible for the dual problem (D).
2. All chosen arcs are equality arcs (i.e., they have slack zero).

3. For every cut W with positive width, the arc configuration in Figure 24 is not possible:
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FIGURE 24

4. For all vertices v € U with v # s, there exists a directed path from s to v.

Then the output of the algorithm is optimal.

Proof. The algorithm terminates once t € U. (4) says that ¢ is reachable from s; call that st-path
Q. (2) then says that for all arcs in @, the corresponding dual constraint is tight.

Now, because ¥ is feasible for (D) by (1), Theorem 16.7 shows that it suffices that every cut with
positive width is crossed exactly once by Q). Every active cut W arose as a set U before ¢ entered
it, so s € W and t ¢ W; consequently ) must leave W at least once. Condition (3) forbids any
chosen arc from entering W. Once Q leaves W, it therefore cannot return, so it crosses W exactly
once. O

To prove that the primal-dual shortest path algorithm always produces an optimal st-path, it
suffices to prove that the conditions in Lemma 16.8 hold at every step of the algorithm; that is,
they are invariants.

Lemma 16.9 (1)—(4) in Lemma 16.8 are maintained at every step of the primal-dual
shortest path algorithm.

Proof. We prove this by induction on the iteration number.

Initially, y = 0 and U = {s}. Then (1) holds because all dual constraints have nonnegative slack,
(2) is vacuous (no chosen arcs yet), (3) is vacuous (no active cut), and (4) is immediate. This
proves the base case.

For the induction step, assume (1)—(4) hold at the beginning of an iteration, with current pair
(U,y). Let ab € §(U) be an edge of minimum slack, labelled with @ € U and b ¢ U. Put
A = slacky(ab). The update sets

yp=yu+A and  yp =yw for W #£UT,

and replaces U by U’ = U U {b}, adding the arc a — b.
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We verify each assumption for (U’,y/).

(1): By the inductive hypothesis, every edge has nonnegative slack under y. For any edge f € §(U),
slacky (f) = slacky (f) — A = slack,(f) — slacky(ab) > 0,

because ab has minimum slack in §(U). For edges f ¢ 6(U), the value of > . pesy) yw is
unchanged, so their slack is unchanged and remains nonnegative.

(2): For the newly added arc ab,
slack, (ab) = slacky(ab) — A = 0.

Any previously chosen arc had both endpoints in U at the start of this iteration (once chosen,
both endpoints stay in all later supersets of U), hence it is not in §(U) and its slack is unchanged.
By induction, those slacks were already zero.

(3): Consider a cut W with yj;, > 0. If W # U, then yw > 0 already before the update, so the
property for previously chosen arcs follows by induction; and the new arc a — b cannot enter W
because such old cuts are subsets of U, while b ¢ U. If W = U (newly active), then previously
chosen arcs have both endpoints in U, so they do not cross 6(U), and the new arc a — b leaves U
(it does not enter).

(4) reachability in U’: Vertices already in U remain reachable by induction. Since a € U, there is
a directed path from s to a; appending the new arc a — b gives a directed path from s to b. Hence

every vertex in U’ is reachable from s.

Therefore (1)—(4) are preserved at every iteration. O

Combining Lemmas 16.8 and 16.9 proves the following theorem:

Theorem 16.10 The primal-dual shortest path algorithm always terminates with a feasible
solution to (D). Moreover, the dual solution gives rise to an optimal st-path.
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Lecture 17— Tuesday, March 11, 2014

Integral Optimal Solutions for Shortest Paths

Returning to the cut formulation of the shortest path problem, consider our formulation:

min E CeZe

subject to Z xze > 1 for every st-cut 6(U),
ecd(U)

Te > 0 for every e € E.

Proposition 17.1 If G contains an st-path and ¢, > 0 for every e € E, then this linear
program has an optimal solution that is integral.

Proof. Let P be a shortest st-path, and define

{1 ifeeP,
Te =

0 otherwise.

Then z is feasible for the primal problem. Moreover, the vector 4 produced by the shortest path
algorithm is feasible for the dual problem, and the objective value of x is equal to the objective
value of . Weak duality therefore implies that both solutions are optimal. O

This does not mean that every feasible linear program has an integer optimal solution.

Example 17.2 Consider
min x1 + 3 + x3

subject to 1 + x2 > 1,
r1+r3 > 1,
T2 + x3 Z 17

x1,r2,23 > 0.
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The corresponding integer program has optimal value 2, whereas the linear relaxation has

optimal value 3/2.

Duality Rules Beyond Standard Form

We have already seen the standard dual pair

min & 7 (Prin)
subject to AT > 5'7
> 0.
max b (Prax)
subject to AT§ < ¢,
j>0

The same principle continues to hold for more general sign conventions. The following table

summarizes the full picture:

Pmax — Pmin

D
U
- A

ST = : T 7h . . . ATgre

max €' & subject to a: L min l_;ry subject to ;97 ¢

I v
T
Y
xj > 0,2, < 0,27 free 1 constraint jis ">", kis "<", [is "="
constraint j is "=" kis ">", [is "<" ) y; free,yr < 0,7, >0
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For example, consider
4
max —1| -

3

3 -1 2 4
. - <
subject to [2 1 J T < [5] ,

x1 >0, z9 <0, z3 free.
Its dual is

subject to < | -1
2
g > 6
Similarly, the minimization problem

subject to [
z

has dual

: 3
subject to [4
y

free

Applying the duality rules twice returns the original problem. It is therefore always useful to know

how to identify the dual of a nonstandard formulation.
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Weak duality also remains valid in these more general settings. For example, consider the pair

max ¢ & (Pmax)

subject to AZ < b,

T free
min I;ng (Prin)
subject to Ang': C,
j>0

Proposition 17.3 If 7 is feasible for (Ppax) and ¥ is feasible for (Pyiy), then &' # < b7 7.

Proof. Since 7 is feasible for (Pyax), we can write A¥ 4+ § = b with §> 0. Since i is feasible for
(Puin), we have AT = &and ¢ > 0. Therefore

= AF=7 (AB)=§ (b-5) =7 b—§ §<ib=0"7.

Weak duality has several immediate consequences:

1. If & is feasible for (Ppay) and 4 is feasible for (Puy,) with éT & = b7 7/, then both solutions

are optimal.
2. If (Pnax) is unbounded, then (Pp;,) is infeasible.
3. If (Pnyin) is unbounded, then (Ppyax) is infeasible.
4. If both (Ppax) and (Ppin) are feasible, then both have optimal solutions.

The final statement follows from the fundamental theorem of linear programming. Once feasibility
is known for both problems, the previous two consequences rule out the possibility that either

problem is unbounded.
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Lecture 18 — Thursday, March 13, 2014

This topic strengthens weak duality ideas and introduces conditions that characterize optimal

pairs precisely.

Strong Duality

Strong duality says more than weak duality. If one member of a dual pair has an optimal
solution, then the other member also has an optimal solution, and the two optimal objective
values are equal. If neither side has an optimal solution, there are three possibilities: the primal
is unbounded and the dual infeasible, the primal is infeasible and the dual unbounded, or both

problems are infeasible.

-

Theorem 18.1 (Strong Duality for SEF) Consider the dual pair

max ¢ T (Pmax)
subject to AX = _’,
Z>0
min b 7 (Prin)
subject to Ang' >,
y free.

If (Ppax) has an optimal solution, then (Ppi,) has an optimal solution as well, and the

optimal objective values are equal.

Proof. Since (Ppax) has an optimal solution, the simplex algorithm terminates at an optimal

basis B. Rewrite the objective in canonical form with respect to B:

max (8 —§ A)Z+b'§
subject to ABlAa? = A]_g1 _’,
7> 0,

where 7 = E’;A;. Let & be the basic feasible solution associated with B. Because the simplex
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algorithm has terminated, all reduced costs are nonpositive, so
g —gTA<0".

Equivalently, AT > €, so  is feasible for (Pp,). For the basis B, the constant term in the canon-
ical objective is bT y. Rewriting the problem into canonical form does not change the objective

value of any feasible solution, so the basic feasible solution # satisfies

ST

c J::“:ngj’

Weak duality now implies that & and 7 are optimal.

For the SEF dual pair above, it is enough to verify the following three properties in order to prove

that # and ¢ are optimal:

(A) & is feasible for (Ppax)-
(B) ¢ is feasible for (Ppyin).
(C) &z=0b"7
The simplex algorithm maintains (A) and (C) while working toward (B). There are other options;

for example, the dual simplex algorithm maintains (B) and (C) while working toward (A),
while the interior point algorithm maintains primal and dual feasibility and drives the gap in

(C) to zero. We do not cover these latter two algorithms in this course.

Complementary Slackness

Theorem 18.2 (Complementary slackness) Consider the dual pair

max ¢ & (Pmax)

subject to AT < b,

I free
min ng’ (Prin)
subject to AT§=7¢,
j>0
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Let & be feasible for (Pyax), and let i be feasible for (Ppi,). Write

IS

—b—A

Wyl

Then # and ¥ are optimal if and only if the complementary slackness conditions
7i5; =0 foreveryi=1,...,m

hold. Equivalently, for each ¢, either y; = 0 or the ¢th primal constraint is tight.

Proof. Write the primal constraints as A7 + § = b with 5 > 0. If # is feasible for (Puax) and ¥
is feasible for (Pyin), then

=7 A7=¢4"(b-5)=¢'b—-7§'5<b' 7

By strong duality, & and ¢ are both optimal exactly when equality holds. Since 7 > 0 and § > 0,
equality holds if and only if

m
grE=) wisi=0,
1=1

which is equivalent to y;s; = 0 for every ¢ = 1,...,m. Thus, for each primal constraint, either the
corresponding dual variable is zero or the primal constraint is tight. O

Example 18.3 Consider the pair

5
max |3| &
B
(1 -1 2
subject to 3 2 | < | 4
-1 1 1 —1
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and
[ 2
min 4 iy
| —1
[ 1 -1 5!
subject to 2 1 1|1y=13],
-1 2 5
j>0
The vectors
1 0
r=|-1 and y= 12
1 1

are both feasible, and their objective values agree:

5 2
3| i=7=14] 7
5 —1

Hence they are optimal. The complementary slackness conditions are

y1:Oorm1+2x2—x3:27
y2 = 0 or 3z1 + x9 + 223 =4,

ys=0o0or —x1 + 29+ 23 =—1.

Lecture 19 — Tuesday, March 18, 2014

We begin with one more example illustrating complementary slackness.

Example 19.1 Consider the primal-dual pair

6
max |2]| -& (P)
4
subject to 12 -1 7 < 2
) 31 2 |"= 4]
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and i
min 2l g (D)
_4 y
1 3 6
subject to 2 1ly=12],
-1 2 4
7> 0.

The complementary slackness conditions are

y1 =0or 1 + 229 — x3 = 2,
yo = 0 or 3x1 + x2 + 223 = 4.

1

The vectors £ = |—1| and § = B] are feasible for (P) and (D), respectively. They satisfy
1

the complementary slackness conditions, so both are optimal.

Cone of Tight Constraints

The next step is to convert complementary slackness intuition into a geometric condition.

Definition 19.2 Let a!,...,a* € R™. The set

k
cone(al, ..., a") = {ZAiai])\iZOforizl,...,k}

=1

is called the cone generated by al,...,a*.

Definition 19.3 Let P = {# | AZ < b} be a polyhedron, and let Z € P. Define
J(Z) = {i | row;(A)Z = b;}.

Then
cone(row;(A)" | i € J(7))

is called the cone of tight constraints for Z.
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Example 19.4 Consider

max

8y
IA
o O NN W

subject to

N

1¢

|

cone of tight
1

constraints
0

i

3/2

feasible region 7

T

FIGURE 25

2

| IS

The point Z is optimal because

1

1
1

1
0

3/2
1/2

2

|

=2l

|

1{2
gt

Thus the objective vector ¢ lies in the cone generated by the normals of the tight constraints

at 7.
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The dual of (P) is

Taking ¢ =

subject to

S O NN W

<y
|v = =

<y

Sl o -

= O

o |
—_

0
-1

<y

|

i)

gives a feasible dual solution. The complementary slackness conditions

are satisfied with the primal point Z, so both solutions are optimal.

Conversely, if & is known to be optimal, then complementary slackness forces the multipliers

of all nontight constraints to be zero. The same calculation then shows that ¢ lies in the

cone generated by the tight constraints at Z.

max

subject to AZ < b.

'z

Theorem 19.5 (Cone characterization of optimality) Let ¥ be feasible for

(P)

Then Z is optimal if and only if € lies in the cone of tight constraints for Z.

Proof. We prove both directions using complementary slackness for the pair

max ¢ T

subject to Ax < 5,

(P)

84

min b (D)
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Reverse implication. Assume ¢ lies in the cone of tight constraints for Z. Then

c= Z i I‘OWZ'(A)T with \; > 0.
icJ ()

Define i by §; = A; for i € J(Z) and ¢; = 0 otherwise. Then § > 0, and

Alyg= Zﬂi row;(A)"T = ¢,

i=1

so 7/ is feasible for (D). Now for every constraint i of (P), either i € J(Z) (so constraint i is tight

0
at ) or i ¢ J(Z) (so g; = 0). Hence complementary slackness holds for (,7), and therefore T is
optimal.

Forward implication. Assume & is optimal for (P). By strong duality, there exists an optimal dual
feasible vector i for (D). Complementary slackness implies: for every i, if constraint i is not tight
at @, then 7; = 0. Using ATy = ¢,

m
C= Z Ui rowi(A)T,
i=1

where nonzero coefficients occur only for ¢ € J(Z), and all coefficients are nonnegative because

7 > 0. Therefore ¢ is in the cone generated by {row;(A)" : 4 € J(Z)}, i.e., in the cone of tight
constraints for . O

Historical Note (2026) The subject of linear programming was developed by Leonid
Kantorovich in the late 1930s, and George Dantzig published the simplex algorithm in 1947.
Dantzig later recalled that John von Neumann sketched the theory of duality within minutes
of hearing Dantzig explain linear programming.

Lecture 20 — Thursday, March 20, 2014

5. Solving Integer Programs
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Convex Hull Formulation of Integer Programs

We now transition to integrality restrictions, where geometry and duality still guide modelling but
the computational landscape changes. A simple integer programming example already suggests
the main idea.

Example 20.1 Consider the integer program

max I
subject to  x1 + x2 < 5/2,
x1,w9 > 0,

T1,T9 € Z.
Because x1 + x4 is integral on every feasible integer point, this is equivalent to

max I
subject to x1 + x9 < 2,
Ty, T2 Z 07

xr1,T9 € Z.

FIGURE 26

As Figure 26 suggests, we can sometimes solve an integer program by replacing its feasible integer
points with their convex hull.
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Definition 20.2 Let S C R™. The convex hull of S, denoted conv(S), is the smallest

convex set containing S.

That is, the convex hull of S is the intersection of all convex sets that contain S.

Theorem 20.3 (Fundamental theorem of integer programming) Let P = {z | Az <
b} and suppose that all entries of A and b are rational. Then

conv{z € P |z € Z"}

is a polyhedron.

The proof is long and is omitted.

Now consider the integer program

max ¢ Z
subject to AT < _',
Z>0,
relzZ".

By Theorem 20.3, the convex hull of its feasible integer points is a polyhedron of the form

-,

{Z|Az<V, >0}

If we could compute A’ and v , then solving the corresponding linear program would solve the
original integer program. The difficulty is that this convex hull description is usually impractical

to compute directly.

Cutting Plane Methods

Instead of describing the entire convex hull, we approximate it by gradually adding valid inequal-

ities.
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Example 20.4 Consider

2 z
5

==L

2

—_
—

max [
subject to [
Z

Vv
N o

€

81

. : _ : . : - 8/3
If we drop the integrality restriction, the linear relaxation has optimal solution ¥ = [ 4; 3].
We therefore look for a linear inequality that is satisfied by every feasible integer solution
but violated by Z. Such an inequality is called a cutting plane.

For example, the inequality x1 4+ 3z2 < 6 is valid for the integer program. To see this, the
first constraint forces the nonnegative integer x5 to lie in {0,1,2}. If x9 = 0, the second
constraint gives x1 < 4; if xo = 1, it gives 1 < 3; and if z9 = 2, the first constraint gives

x1 = 0. In every case, r1 + 3x2 < 6.

Adding this inequality to the relaxation gives

max § T (P

subject to

1 4 8
1 1| #< (4],
1 3 6
z>0.

The point [‘ﬂ is optimal for (P’), with objective value 11, and is integral. It is therefore

also optimal for the original integer program.
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This leads to the following general cutting plane procedure.

Algorithm 3: Conceptual Cutting Plane Method

Input: An integer program (IP) and its initial linear relaxation (P)

Output: If the procedure terminates, an optimal integral solution or a valid failure

declaration

114+ 0;

2 while no answer has been returned do

3 Solve the current linear relaxation (F;);

4 | if (P) is infeasible then

5 return (IP) is infeasible;

6 ;

7 end

8 if (P;) is unbounded then

9 return (I P) is infeasible or unbounded;
10 ;

11 end
12 if the optimal solution T of (P;) is integral then
13 return T as an optimal solution for (IP);
14 ;
15 end

16 Find a cutting plane @' Z < § that is valid for (IP) but violated by &;

17 Set (Piy1) < (P;) augmented with &% < B3; set 4 < i + 1;
18 end

The remaining question is how to find such cuts systematically. This generic template does not

by itself guarantee finite termination: that requires a particular cut family and a corresponding

convergence theorem. The Gomory cuts developed next provide a systematic construction for pure

integer programs.

Cutting Planes from Simplex Tableaux
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Example 20.5 Return to Example 20.4. After adding slack variables, we obtain

2
max ol z

0
0

1 4

subject to [ 1

z

with the integrality restriction on x1, s, 3, 4. Solving the linear relaxation by the simplex
algorithm yields the optimal basis {1,2} and the canonical form

0
max 12+ 01 - X
-1
: 10 —-1/3 4/3 1. [8/3
bject t =
SURIERTO o 1 13 —1/3] v [4/3} ’
>0
8/3
: : : .. 14/3 o . .
The corresponding basic feasible solution is L so it is optimal for the relaxation.
0
The equation
1 . 4 8
I 3333 3334 -3

holds for every solution of the relaxation, and therefore for every integer solution as well.
Taking floors gives the valid inequality

x1 — 3+ x4 < 2.

8/3
Since the fractional optimum 0 violates this inequality, it is a cutting plane. Adding it

0

90



CO 250 INTRODUCTION TO OPTIMIZATION WINTER 2014

produces the stronger relaxation

2
5
max 0| -4
0
._O_
(1 4 1 0 0 8
subject to 11 0 1 0|x= |4],
11 0 -1 1 1 2
#>0.

Lecture 21 — Tuesday, March 25, 2014

Example 21.1 (Continuation of the cutting plane example) A similar floor argument
can be applied to the second row of the tableau as well.

Last time we obtained the cutting plane coming from the row

1 4 8
T1 — g(L‘g + §x4 = 3

Applying the same idea to the second row,
n 1 1 4
T+ -3 — —xg = =
2 3 3 3 4 37

produces the additional cutting plane
To — 1y < 1.

For a pure integer program, in which the slack variables are also integral, the general cutting plane
method is as follows. First solve the LP relaxation; that is, drop the integrality constraints and
solve the resulting linear program by the simplex method. Once a basis B is obtained, rewrite the
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relaxation in canonical form with respect to B:

max 2z -+ EE%N
subject to xp + Anzy = b,
xz > 0.

The associated basic solution is obtained by setting the nonbasic variables equal to zero, so Zy =0
and Zgp = b. If b € Z™, then this basic solution is integral, so the LP relaxation has already
produced a solution to the integer program.

If some entry of b is fractional, then choose an index i with b; ¢ Z. The ith row of the canonical
system has the form
B, + Z Aijl'j = b;.
JEN

For every integer feasible solution, this equation implies the valid inequality
v, + YAl < [bi).

This is the cutting plane determined by row i. At the current basic solution we have zy = 0, so
the left-hand side equals xp, = b;. Because b; is fractional, we have b; > LEiJ, so the present basic
solution violates the inequality. Therefore the cut removes the current fractional LP solution while
remaining valid for all integer feasible solutions.

6. Nonlinear Optimization

The final arc of the course focuses on convex nonlinear models, where strong structure restores
tractability.

Nonlinear Optimization Can Be Hard

Recall that a nonlinear program (NLP) has the form

min  f(Z)

subject to  g;(Z) <0 i=1,...,m.

Linear programs are a special case of nonlinear programs, but general nonlinear optimization is
very hard.
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Definition 21.2 A 0—1 integer program is an integer program in which every variable
is constrained to lie in {0, 1}.

0-1 integer programs are intrinsically difficult. Moreover, solving nonlinear programs is at least
as hard as solving 0-1 integer programs, because the constraint z; € {0,1} is equivalent to the
nonlinear equation

:L'j(l — {L‘j) =0.

Even small nonlinear programs can encode very hard questions.

Example 21.3 Consider

2 2 2 2 2

+ (sin7x1)” + (sinae)” + (sinwrg)® + (sinmry)

subject to 1—2; <0, ¢=1,2,3
3—x4 <0

min (27" + z3* — x3")

Clearly the objective function is nonnegative for all feasible Z. A solution that achieves a
value of 0 would force all of the squared terms to vanish. The sine terms would then imply
r1,...,2T4 € Z, while the first term would encode an equation of the form

T4 T4 __ . %4
T+ xyt = x5t

so a feasible point with objective value 0 would be a counterexample to Fermat’s last theorem.
Thus even deciding whether this NLP attains 0 encodes an extremely difficult Diophantine
question.

Convexity

Because general nonlinear programs are so hard, the rest of the course focuses on convex settings.

Consider the problem
min x9

subject to @ € S C R?

where S is the set shown in Figure 27.

The key feature of convex sets is that improvement directions can be turned into nearby better
feasible points.
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7

optimal

FIGURE 27

Proposition 21.4 Let S C R™ be convex, and let #!,72 € S. If ' &' > " #2, then there

exists a point in S arbitrarily close to Z! whose objective value is strictly smaller than &' z!.

Proof. For every A\ € (0,1), the point
= (1= Nt + \?
belongs to S by convexity. Moreover,
gt =(1-Ne"# a2 <7

As X\ — 0, the points 2 approach #'. O

Lecture 22— Thursday, March 27, 2014

From this point onward we focus on nonlinear programs with linear objective functions and convex
feasible regions.

Definition 22.1 A function f : R® — R is convex if for every a, b € R" and every A € [0,1],

=,

FOAG+ (1= 2)b) < Af(@) + (1= A)f(b).

Example 22.2 The function f: R — R given by f(z) = 2? is convex.

Proof. Let a,b € R and let A € [0,1]. Then

(Aa+ (1= N)b)% < Xa®+ (1= \)bp?
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is equivalent to
a® +b* —2ab = (a — b)? > 0.

2

Hence z“ is convex. O

Convex functions are useful because they produce convex feasible regions.

Proposition 22.3 If all of the functions g1, ..., g, are convex, then the feasible region of
min &' %
subject to  g;(¥) <0 i=1,...,m
is convex.

Proof. For each i, let
Si=A{Z| g;(¥) < 0}.

If a, be S;and \ € [0, 1], then convexity of g; gives

-, -,

gi(Ad 4 (1 = A)b) < Agi(d@) 4 (1 — N)gis(b) < 0.

Thus each S; is convex. The feasible region is ()%, S;, so it is convex as well. O

This assumption is genuinely necessary. Without convexity of the constraint functions, the feasible
region need not be convex.

Epigraphs, Subgradients, and Supporting Half-Spaces

These two notions are central in convex analysis because they turn nonlinear behavior into geo-
metric and linear objects.

s N

Definition 22.4 Let f: R™ — R. The epigraph of f is

eni(f) ={ Y] e Rx B 1@ <0}

Geometrically, this is the region on or above the graph of f. Figure 28 depicts the graph of
f together with its epigraph.
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FIGURE 28

Theorem 22.5 (Epigraph characterization of convexity) A function
and only if epi(f) is convex.

f is convex if

Proof. Forward implication. Assume f is convex. Take any

[yl] , [?{?] cepi(f), Ael0,1].

fl X9

By definition of epigraph, f(Z1) < y; and f(Z3) < yo. Using convexity of f,

FOZL+ (1= A)Z2) < Af(@1) + (1 = A)f(T2) < Ayr + (1= Ay

Hence
[)\yl + (1= Ny2

AZ1+ (1 — )\):EJ € epi(f),

so epi(f) is convex.
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Reverse implication. Assume epi(f) is convex. Let #1,Z3 € R™ and A € [0,1]. Then
[f(fl)] ’ [f(q2)] € epi(f).
I xT9

By convexity of epi(f),

\ [f(fl)} 1) [f(fz)] _ [Af(flz +(1 —Misf?) € epi(f),

z1 2

Therefore,

FOZL + (1= N)@2) < Af(Z1) + (1= A) f(22),

which is exactly convexity of f. O

The plan for the rest of the course is to replace selected nonlinear constraints by supporting linear
inequalities. Starting from

min &' &
subject to  g;(Z) <0 i=1,...,m

we will linearize some of the active constraints and thereby obtain relaxations with larger feasible
regions.

Definition 22.6 Let f : R® — R be convex and let & € R™. A vector § € R” is a
subgradient of f at Z if

(@) + 5 (F—T) < f(&) for every & € R™.

The affine function

is therefore a global affine lower bound on f that is tight at Z.

Example 22.7 Consider g : R? — R given by g(%) = 22 — x1. We already know that g is

-1 - 1
convex. We claim that §= [ 5 ] is a subgradient of g at ¥ = [J :
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Indeed,

W) = g(Z) + 5T (&

|
&y
N~—

I

0+ [-1 2] (f— ED = —x1 4 2z9 — 1.

We need to verify that h(Z¥) < g(&) for every & € R?. This is equivalent to
—x1+ 229 — 1 < 23 — 1y

or, after rearranging,
x§—2x2+1:(a€2—1)220,

which is clear.
Supporting half-spaces provide the geometric tool that turns subgradients into linear relaxations.

Recall the definitions of hyperplanes and half-spaces.

Definition 22.8 Let C' C R™ be convex. We say that the half-space
F:={ZecR" |5 <3}
is a supporting half-space of C' at Z if:

(1) C C F;

(2) §7% = B3, that is, Z lies on the hyperplane defining the boundary of F.

Proposition 22.9 Let g : R” — R be convex, let Z € R” satisfy ¢g(Z) = 0, and let
§e R\ {0} be a nonzero subgradient of g at #. Denote by

C={ZeR"[g() <0}
the O-level set of g, and by
F={FeR"|g(@)+5 (¥-7) <0}

the half-space defined by the subgradient inequality. Then F' is a supporting half-space of
C at 7.
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Proof. Let # € C. Then g(#) < 0. Since 5 is a subgradient of g at Z,

) < g(¥) <0.

811

9(Z)+ 5 (7 —

Thus ¥ € F, so C C F. Also,

so Z lies on the boundary of F. O

- 1
Example 22.10 For the function ¢(#) = 3 — x1 and the point 7 = [1], the subgradient
N e A .
§= [ 5 ] gives the supporting half-space
F={fecR?| —z; + 225 — 1 < 0}.
From Proposition 22.9 we obtain the following corollary:

Corollary 22.11 Consider an NLP of the form

min &' &
subject to  g;(Z) <0 i=1,...,m.

Let # be a feasible solution and suppose that the constraint g;(Z) < 0 is tight at Z. Suppose
also that g; is convex and has a subgradient § at Z. Then the NLP obtained by replacing
the constraint g;(Z) < 0 with the linear constraint

$'E <5 T — g(D)

is a relaxation of the original NLP.

Proof. Let

Ci = {7 € R" | g:(7) < 0}.
Since Z is tight for the ith constraint, we have g;(#) = 0. If Z € C;, the subgradient inequality
gives

gi(@) + 51 (7~

ST

) < 6i(%) < 0.

Rearranging gives
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Thus every point satisfying the original constraint g;(Z) < 0 also satisfies the new linear constraint,
even in the degenerate case § = 0. Therefore, if we replace the ith constraint of the NLP by this
linear inequality and leave all other constraints unchanged, every feasible solution of the original

NLP remains feasible for the new problem. Hence the new NLP is a relaxation of the original
NLP. O

Lecture 23 — Tuesday, April 01, 2014

Optimality Conditions for Convex Programs

We now derive practical optimality criteria for convex programs using gradients, cones, and mul-
tiplier conditions. Consider convex NLPs of the form

min  f(Z)

subject to  ¢1(Z) <0,

gm (L) < 0.

It is enough to understand the case where the objective function is linear. Indeed, by introducing
a new variable x, 1 and the extra constraint f(¥) — z,41 < 0, we can rewrite the problem as

min  Zpy
subject to  f(¥) — xp41 <0,
91(F) <0

If &’ is a Slater point for the original problem, then choosing ], ; > f(#') makes every constraint
in this epigraph formulation strict, so the Slater condition is preserved.
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We therefore consider problems with linear objectives of the form
min &' &

subject to  ¢1(Z) <0,

gm(f) <0.

Proposition 23.1 Let & be feasible for

min ¢ ¥

subject to  ¢1(Z) <0,

Let
J(Z) :={i ] g:(¥) = 0}
be the set of tight constraints at Z. Suppose that for every i € J(Z), the function g; has a

subgradient §; at Z. If
—C € cone{s; | i € J(Z)},

then Z is an optimal solution.

Proof. For each i € J(¥), the preceding discussion shows that the linear constraint

defines a relaxation of the nonlinear constraint g;(#) < 0. Since g;(Z) = 0 for every i € J(T), we

obtain the LP relaxation

min ¢ ¥

subject to 5, Z < 5] ¥ i€ J(T).

This is indeed a relaxation of the original NLP, because each tight nonlinear constraint has been
replaced by a valid linear relaxation, and the remaining constraints have simply been dropped.

By hypothesis,
—c € cone{s; | i € J(Z)},

101



CO 250 INTRODUCTION TO OPTIMIZATION WINTER 2014

so there exist scalars \; >0 for ¢ € J (:1:5) such that

—C= E AiSi.

icJ(Z)

Now let # be any feasible solution of the LP relaxation. Then for every i € J(&) we have

Therefore,

Hence &% < &' & for every feasible solution & of the LP relaxation, so Z is optimal for that LP.
Since 7 is feasible for the original NLP and the LP is a relaxation, every feasible solution of the
NLP is feasible for the LP. It follows that no feasible point of the NLP can have smaller objective
value than #. Therefore Z is optimal for the original NLP. O

This gives sufficient conditions for optimality: if the negative objective vector —¢ lies in the cone
generated by the subgradients of the tight constraints, then the point is optimal. We now turn to
necessary conditions.

Differentiability and Gradients

We start off by reviewing standard definitions from multivariable calculus.

~

Definition 23.2

Let f:R™ — R and let & € R™. If there exists 5§ € R™ such that

-

f(@+h)— f(&)—5"h
h 1722

9

then we say that f is differentiable at & and call the vector § the gradient of f at Z. We
denote it by V f(Z).
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Under the usual assumptions, the gradient is given by

of -
@
Vi@ =]
of

D

—~
ST
S~—

Proposition 23.3 Let f: R” — R be convex and let & € R™. If the gradient V f(Z) exists,
then it is a subgradient of f at 7.

Proof. Let & € R" be arbitrary, and define
o(t) == f(Z+t(&—7)) fortel0,1].

Since f is convex, the function ¢ is convex on [0, 1]. The slopes of its secant lines are nondecreasing,
so its right derivative at 0 satisfies

6(1) — 6(0)

9(0) < B0

Now ¢(1) = f(Z) and $(0) = f(&). Because f is differentiable at Z, the chain rule gives
¢'(0) = V(@) (@ - D).
Substituting into the previous inequality yields
F(@) > (@) + V(@) (7 - 3).

Since this holds for every # € R™, the vector V f () satisfies the defining inequality for a subgradient
of f at Z. Thus Vf(Z) is a subgradient of f at 7. O

Example 23.4 Consider again the function g(#) = 23—z from Example 22.7. Its gradient
is

vmm:{_ﬂ.

2%2
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5 1
Evaluating at £ = [ 1] gives
frt _1
Vg(Z) = [ 5 } .

Since g is convex, Proposition 23.3 tells us that this gradient is also a subgradient at Z.

Karush—Kuhn—Tucker Conditions

We now assemble Slater feasibility, convexity, and gradients into an optimality criterion for NLPs.

-

N

Definition 23.5 We need one more notion. We say that the NLP has a Slater point if
there exists Z’ such that
gi(¥) <0 forali=1,...,m.

That is, there is a point satisfying every inequality strictly.

.

Theorem 23.6 (Karush—-Kuhn—Tucker theorem based on gradients) Consider a

convex NLP of the form
min  f(Z)

subject to  ¢1(Z) <0,

gm(f) <0

that has a Slater point. Let & € R be a feasible solution and assume that f,gi,. .., gm are
differentiable at Z. Then & is an optimal solution if and only if

~Vf(&) € cone{Vgi(Z) | i € J(Z)},

where J(Z) = {i | g;(Z) = 0}.

J

When f(#) = ¢'Z, the sufficiency direction is exactly the previous proposition. The converse
direction is harder and needs the Slater condition; it is established below using Farkas’ lemma.

The condition in Theorem 23.6 can also be restated in terms of multipliers: there exists § € R’
such that

V@) + Y 4iVgi(@) =0

i=1
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and
vi9i(Z) =0 fori=1,...,m.

This is the nonlinear analogue of dual feasibility together with complementary slackness.

To prove the KKT theorem in more generality, we will require Farkas’ lemma, of which there are
many equivalent variants.

s N

Theorem 23.7 (Farkas’ lemma) Let a,...,a™ e R™, and let b € R". Then exactly
one of the following is true:

(i) b e cone{@® |i=1,...,m}.
(ii) There exists ¥ € R™ such that
g'@a» >0 fori=1,...,m, and §b<O.

Equivalently, the hyperplane H := {i_i € R" | Q’Tﬁ = 0} separates b from the cone

generated by @), ..., al

We will prove an equivalent version later.

Lecture 24 — Thursday, April 03, 2014

We continue with the same Karush—Kuhn—Tucker criterion, now stated in the linear objective form
used most often in applications.

s ~

Theorem 24.1 (Karush-Kuhn—Tucker theorem) Consider the nonlinear program

min &' 7
subject to  g;(¥) <0 i=1,...,m

and let Z be a feasible point. Suppose that all of the functions g; are convex, all of the
functions g; are differentiable at Z, and the problem has a Slater point. Then the following
are equivalent:
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1. Z is optimal.

2.
—¢ € cone{Vg;(7) | i € J(2)},

where J(Z) = {i | g;(Z) = 0}.

Proof. We first show that (2) implies (1). Since each g; is convex and differentiable at &, Propo-
sition 23.3 implies that Vg;(Z) is a subgradient of g; at #. Therefore the previous proposition
applies with

5 = Vgi(%) forie J(T).

The hypothesis in (2) is exactly the cone condition from that proposition, so it follows that & is
optimal.

For the converse, assume that (1) holds, and suppose for contradiction that (2) fails. Then
—&¢ cone{Vg;(%) | i € J(L)}.

By Farkas’ lemma, there exists a vector d € R" such that
Vgi(D)Td<0 forallieJ(Z),

and

Let &’ be a Slater point, so g;(#') < 0 for every i = 1,...,m. For each i € J(¥), the vector Vg;(%)
is a subgradient of g; at Z, so

9i(Z) > g:(3) + Vgi(D) T (& — 2).
Since g;(¥) = 0 for i € J(&) and g;(Z) < 0, this shows that

Vgi(@) (Z — %) <0 forallie J(Z).

Because ¢ d < 0, we can choose K > 0 so large that

& ((@ - 7)+ Kd) < 0.
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Set

Then for every i € J(Z),

V(&) " = V(&) (& - &) + KVgi(7)Td <0,
because the first term is strictly negative and the second is nonpositive.

Now consider the points
Z(t) =2+ td, t>0.

For each active constraint i € J(&), differentiability of g; at & gives

gi(@(1)) = gi(T) + tVgi(F) T+ o(2).

Since g;(%) = 0 and Vg;(Z)" ¥ < 0, we obtain g;(#(t)) < 0 for all sufficiently small ¢ > 0. For each
inactive constraint i ¢ J(&), we have g;(Z) < 0, so by continuity g;(Z(t)) < 0 for all sufficiently
(t) is feasible for the NLP whenever ¢ > 0 is small enough.

—

small ¢t > 0 as well. Hence &

On the other hand,
'zt =c'2+té'v< @'z

for every sufficiently small ¢ > 0, because &' ¥ < 0. This contradicts the optimality of #. Therefore
(2) must hold. O

The linear-objective theorem also completes the proof of Theorem 23.6. Apply it to the epigraph
formulation at (Z, f(Z)). The gradient of the epigraph constraint f(Z) — z,41 < 0 is (Vf(Z), —1),
while each original active constraint has gradient (Vg;(#),0). The last coordinate of the KKT
cone equation forces the multiplier of the epigraph constraint to equal 1; the first n coordinates
then give

~Vf(Z) € cone{Vg;(Z) :i € J(7)}.

Conversely, any such cone representation, together with multiplier 1 for the epigraph constraint,
satisfies the linear-objective KKT condition. Thus the two formulations have exactly the same
optimality criterion.
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Example 24.2 As a concrete application of the criterion, consider the problem

min — 7l’1 — 5$2
subject to Qx% + x% 4+ x120 — 4 <0,
x4+ a3 —2<0,

1
—331+§§0-

= 1
We show that & = [J is optimal.

The constraint functions are differentiable and convex, and a Slater point is given by [ O]'

5 1
At ¥ = { 1] , the first two constraints are tight, while the third is not. Their gradients are

3 2

<[] [ fl

so —¢ lies in the cone generated by the gradients of the tight constraints. The KKT criterion

Vg1(1,1)2[5] and vg2(1,1):ﬂ.

Therefore

1
therefore proves that L] is optimal.

Farkas’ Lemma

Farkas’ lemma also has a clean geometric interpretation.
In R?, the statement takes the geometric form shown in Figure 29.

This formulation is important because it turns an algebraic alternative theorem into a geometric
separation statement.

For computation and duality arguments, it is useful to rewrite the geometric statement in matrix
form. Another equivalent formulation is as follows:
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a2

FIGURE 29

Theorem 24.3 (Farkas’ lemma: second version) Let A = [@") ... @™)]. Then exactly

one of the following holds:

(i) The system AZ = b, > 0 has a solution.

(i) There exists 7 € R™ such that 7 A >0 and 7' b < 0.

Proof. First note that ((i)) and ((ii)) cannot both hold. Indeed, if AZ = b with & > 0 and if
7' A >0, then
7'b=q" AZ >0,

which contradicts Q'Tl; < 0.

Now assume that ((i)) fails. Consider the linear program

min 0
subject to AT = 5,
Z>0.
Its dual is .
max i b

subject to 7' A <0,

i free.

The primal problem is infeasible by assumption. The dual is feasible, since § = 0 satisfies 7JrA<O.
If the dual had an optimal solution, applying strong duality after putting this dual problem in
SEF—equivalently, applying strong duality with the two members of the dual pair interchanged—
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would force the original primal to have an optimal solution. This contradicts infeasibility. The
feasible dual therefore has no optimum, so the fundamental theorem of linear programming implies
that it is unbounded. Hence there exists some § with

F'A<0 and §'b>0.
Replacing i by —, we obtain a vector satisfying
(-))TA>0 and (-7 b<0,
which is exactly ((ii)).

Thus, if ((i)) does not hold, then ((ii)) does. Since they cannot both hold, exactly one of them is
true. O

In fact, Farkas’ lemma can be used to prove linear programming duality.
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Appendix: Lecture and Tutorial Index
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. Lecture 1—Tuesday, January 07, 2014
Lecture 2— Thursday, January 09, 2014
Lecture 3— Tuesday, January 14, 2014
Lecture 4 — Thursday, January 16, 2014
Lecture 5— Tuesday, January 21, 2014
Lecture 6 — Thursday, January 23, 2014
Lecture 7— Tuesday, January 28, 2014
Lecture 8 — Thursday, January 30, 2014
Lecture 9 — Tuesday, February 04, 2014

. Lecture 10— Thursday, February 06, 2014
. Lecture 11— Tuesday, February 11, 2014
. Lecture 12— Thursday, February 13, 2014
. Lecture 13— Tuesday, February 25, 2014
. Lecture 14— Thursday, February 27, 2014
. Lecture 15— Tuesday, March 04, 2014

. Lecture 16 — Thursday, March 06, 2014

. Lecture 17— Tuesday, March 11, 2014

. Lecture 18 — Thursday, March 13, 2014

. Lecture 19— Tuesday, March 18, 2014

. Lecture 20— Thursday, March 20, 2014

. Lecture 21 — Tuesday, March 25, 2014

. Lecture 22— Thursday, March 27, 2014

. Lecture 23— Tuesday, April 01, 2014

. Lecture 24— Thursday, April 03, 2014
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