PMATH 348: Fields and Galois Theory

Prof. Frank Zorzitto e Winter 2015 o University of Waterloo
TWEF 9:30-10:20 in B2 350

Transcribed, I¥TEXed, and edited by Rob Zimmerman

Note: These are personal lecture notes, not official course materials. They may contain
errors (which by default you should attribute to me, Rob Zimmerman, rather than the
course instructor). The permanent home of these — and all of my other lecture notes — is
https://rob-zimmerman.github.io/coursenotes.

Contents

1 Irreducible Polynomials and Algebraic Extensions
Fields and Galois Theory . . . . . . . . . .
Ideals in F'[X]. . . . . .
Roots . . . o
Finite Groups of Units in a Field . . . . . . . .. .. . . . o .
Irreducibility . . . . . .
The Rational Root Test . . . . . . . . . . o


https://rob-zimmerman.github.io
https://rob-zimmerman.github.io/coursenotes

PMATH 348 FIELDS AND GALOIS THEORY WINTER 2015

Testing Irreducibility by Collapsing Modulop . . . . . ... ... ... .. ... ...
Irreducible Polynomials Make Fields . . . . . .. ... ... ... .. ... .. ..

2 Algebraic Extensions
The Characteristic of a Field . . . . . . . . ..
The Degree of An Extension . . . . . . . . . . .
Algebraic Elements in an Extension . . . . . . . . . . .. ... ... o
Adjoining Algebraic Elements . . . . . . . . . . . . e
The Tower Theorem . . . . . . . . .. oL o e
Algebraic Extensions of Algebraic Extensions . . . . . ... ... ... .. ... ...
The Field of Algebraic Elements . . . . . .. .. .. . L
The Algebraic Closure of Q . . . . . . . . .. o
Another Way to Look at Extensions of Finite Degree . . . . . . . . .. . ... ... ...
Making Roots Out of Thin Air . . . . . . . . .. ... ...
An Application to Algebraic Geometry . . . . . . ...

3 Splitting Fields

What is a Splitting Field, Really? . . . . . . . . . ..
Uniqueness of Splitting Fields . . . . . . . . . . . . ... . . .
The Normality Theorem . . . . . . . . . . . . s
Finite Fields Are Splitting Fields . . . . . . . . . .. . . .
Irreducibles over Z, . . . . . . ... e
The Subfields Of Fpn . . . 0 0 0 0 000 oo
Control of the Degree of a Splitting Field . . . . ... .. ... ... ... ...
Quadratic Extensions . . . . . . .. e

4 Separability
The Issue of Repeated Roots . . . . . . . . . .
Derivatives . . . . . . o e
Irreducibles Without Repeated Roots . . . . . . . . . . ... ... .. ... .......
Polynomials with Zero Derivative in Characteristicp . . . . . . . . . . .. .. ... ...
Separability for Arbitrary Polynomials . . . . . . ... ... oo o oL

5 The Galois Group of a Field Extension

Galois Groups Preserve Roots . . . . . . . . . . . . . . ...
Galois Groups and Generators . . . . . . . . . . ... e
The Irreducible Case . . . . . . . . . . e e e
An Upper Bound On the Order of the Galois Group . . . . .. . ... ... ... ....
The Fixed Field of a Galois Group . . . . . . . . .. .. .
The Characterization of Galois Extensions . . . . . . . . .. ... .. ... .. ......
The Fundamental Theorem of Galois Theory . . . . . ... ... ... .. ... ....

15
15
16
17
21
22
24
25
26
27
30
32

34
34
37
42
46
47
48
50
93

54
54
o6
o8
99
62



PMATH 348 FIELDS AND GALOIS THEORY WINTER 2015

The Normality Connection . . . . . . . . ... . o
Practice With the Isomorphism Extension Theorem . . . ... ... ... ... .....

6 Putting the Galois Correspondence to Work
Galois Correspondence in the Setting of Finite Fields . . . . . . .. ... ... ... ...
The Fundamental Theorem of Algebra . . . . . . . . . ... ... ... ... ....
The Primitive Element Theorem . . . . . . . . . ... . . ...
The Symmetric Function Theorem . . . . . . .. .. .. . . o .
Galois Groups of Quadratics and Cubics . . . . . . . . . .. ... L L.

The Galois Group of X™ — 1 . . . . . . . . e 104
A Little Look Back at Cubics . . . . . . . . . . . . . ... e 109
7 Radical Extensions and Solvability 110
Radical Extensions . . . . . . . . . . e e e e 111
Cyclic Extensions . . . . . . . . o o 112
The Composite of Two Subfields . . . . . . . . .. .. ... ... ... ... ... .... 114
Radical Galois Extensions . . . . . . . . . . . . e 116
Solvable Groups . . . . . . . . e e e e e 119
The General Polynomial of Degree n . . . . . . . .. .. . .o . 125
Independence of Characters . . . . . . . . . . . . . . e 128

1. Irreducible Polynomials and Algebraic Extensions

Fields and Galois Theory

Definition 0.1 A field F' is a commutative ring in which every nonzero element has an
inverse, and 0 # 1.

Example 0.2 Examples of fields include Q, R, and C. The rings Z and N = {1,2,3,...}
are not fields.

Example 0.3 Another example is Z, = Z/(p), where p is prime and (p) is the ideal
generated by p. Here
Z,=140,1,2,...,p—1},
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with addition and multiplication performed modulo p.

If F is a field, then F[X] is the ring of polynomials in the indeterminate X, and F(X) is the field
of rational functions (f(X))/(g9(X)), where f(X),g(X) € F[X] and ¢g(X) # 0.

Henceforth, F' will denote an arbitrary field and F[X] will denote the polynomial ring over F' in
the indeterminate X.

Ideals in F[X]

If f,g € F[X] and g # 0, then Euclidean division says that there exist unique ¢,r € F[X] such
that
f=gq+r, where0 <degr <deggorr=0.

This can be used to show that every ideal J in F[X] is principal, that is,

J = (h) = {hk : k € F[X]}.

Definition 0.4 The polynomial h that satisfies J = (h) is called a generator of the ideal
J.

Any two generators of J are constant multiples of each other. If we insist that A be monic, then
the generator of J is unique. In particular, if f,g € F[X], then the ideal

(frg) ={fk+gl:klcFIX]}

has a unique monic generator h, so (f,g) = (h). This h is the greatest common divisor of f and
g. So h = ged(f,g) if and only if A is monic and

f=hs, g = ht, and h=fk+gl

for some s,t,k,l € F[X].
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Roots

If a € F, we have the substitution homomorphism

0o F[X] — F
9(X) — g(a).
The polynomial X —a lies in the ideal ker ¢,. Since ker ¢, = (h) for some unique monic h € F[X],

we have h | (X —a) in F[X]. Since h is monic and nonconstant while X — a is linear, we get
h=X —a. So keryp, = (X — a).

Definition 0.5 An element a € F' is a root of f € F[X] if f(a) = 0, that is, if f € ker ¢,.

This gives us our first result.

Proposition 0.6 (Factor theorem) An element a € F' is a root of f € F[X] if and only
if (X —a)l|fin F[X].

Here is another important fact.

Proposition 0.7 If f € F[X], f # 0, and n = deg f, then f has at most n roots.

Proof. We argue by induction on n. If deg f = 0, then f is constant and has 0 roots. Suppose
every polynomial of degree n — 1 has at most n — 1 roots, and consider f of degree n. If f has no
roots, then clearly 0 < n. Otherwise, pick a root a of f. Then f = (X — a)g for some g € F[X]
of degree n — 1. If b is another root of f (that is, f(b) = 0 and b # a), then

f(b) = (b—a)g(b).
Since b — a # 0, this forces g(b) = 0. By the inductive assumption, g has at most n — 1 roots.
Thus f has the root a, plus at most n — 1 additional roots. Therefore f has at most n roots. [

Finite Groups of Units in a Field

Recall that the set F* = {a € F': a # 0} is an abelian group under multiplication, sometimes
called the group of units of . Such an F* might contain finite subgroups. For example, Z; is
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finite with p — 1 elements. Also, in C, for every positive integer n, the set
T,={z€C:2"=1}
is a subgroup of C* of order n.

In fact, if ¢ = e2™/" then
T ={1.¢,¢ ¢ ¢

Figure 1 displays these roots on the unit circle.

C3 CQ
q
1o— (/T
0 ¢
( Cnfl
Cn—z
FIGURE 1

This is the group of nth roots of unity. Notice that T;, is cyclic.

Theorem 0.8 If GG is a finite subgroup of F*, then G is cyclic.

Proof. We need a refresher on finite abelian groups. If GG is such a group and p is a prime that
divides the order of G, Cauchy’s theorem says that G has an element of order p. Then the set

Gp={xeG: 2?" =1 for some exponent p*}

is a subgroup of G. Some call this a primary subgroup of G. Every finite abelian group is
isomorphic to the direct product of its primary subgroups:

G =Gy X Gpy X -+ x Gy,

where the p; are the primes dividing the order of G. This is called the primary decomposition
of G. If each Gy, is cyclic, the Chinese remainder theorem says that G is cyclic. We recall this
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as Zmn = Ly X L when m and n are coprime (using addition here). So, to show that our finite
subgroup G of F* is cyclic, it suffices to treat the case where G is a p-group for one prime p. Let
x be an element of G whose order p* is as large as possible. The order of every y in G is p/ for
some j < k. So for every y in G, we have

k—j

- <ypj)p =17 =1

Hence every y in G is a root of X P, By the degree bound on the number of roots, the order
of G is at most p*. Since p” is the order of z, it divides the order of G. Thus p¥ = |G|. This
means that = generates G. O

Corollary 0.9 If F' is a finite field (for example, F' = Z,, for any prime p), then F* is a
cyclic group.

This fact, applied to very large finite fields, is the basis for the famous encryption protocol known
as the Diffie-Hellman scheme.

Also recall that if G is a finite cyclic group of order n with = as a generator, then the other
generators of G are the powers z* where k is coprime with n. Hence the number of generators of
G is ¢(n), the number of integers k from 0 to n — 1 that are coprime with n. This function ¢ is
Euler’s ¢-function.

Another thing worth remembering about cyclic groups G is that every subgroup of G is also cyclic.
If G has order n with generator z, then the groups generated by z¢, where d | n, give all subgroups

of G.

Irreducibility

Definition 0.10 If f € F[X] is a nonconstant polynomial (that is, deg f > 1), we say that
f is reducible (or reducible over F) in F[X]| when f = gh for some g,h € F[X] with
both degg > 1 and degh > 1.

If, on the other hand, the only way to factor f = gh in F[X] is for one of g or h to be
constant (that is, degg = 0 or degh = 0), then f is irreducible in F[X]. Equivalently, f
is irreducible over F.
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Example 0.11 X5 — 1= (X —1)(X* + X3 + X? + X + 1) is reducible in Q[X].

Example 0.12 X2 + 1 is irreducible over Q, but
X?4+1=(X+4)(X —1i)

is reducible over C.

Every polynomial in F[X] of degree at least 1 can be written as a product of irreducible polyno-
mials, and the irreducible factors are unique up to nonzero scalar multiples. For example,

1 1
X2 41=(2X +2i) (QX— 2@'> = (X +4)(X —1i)
does not count as different factorizations of X2 + 1.

Constant polynomials (that is, degree 0) are not part of reducibility questions.

Here are some basic facts:

e Linear polynomials a X + b with a # 0 are irreducible.

e Quadratics aX? 4+ bX + c and cubics a X3+ bX? + cX + d are irreducible over F if and only
if they have no root in F'. Use the factor theorem and the fact that deg f = 2 or 3.

e If deg f > 4, then f may be reducible over F' and still have no root in F'

Example 0.13 X% — X2 -2 = (X2 +1)(X? - 2) is reducible over Q but has no root in Q.

o In C[X], the only irreducible polynomials are linear, by the fundamental theorem of algebra.

« In R[X], a polynomial is irreducible if and only if it is linear, or it has the form a X?+bX +c¢
with b? — 4ac < 0.

o In Z,[X], it is not obvious that irreducibles of arbitrary degree exist. But they do!

In Q[X], it can be hard to decide when a polynomial is irreducible, so we need a few tools.

For one, if f € Q[X], there is an integer ¢ such that c¢f € Z[X]. This self-evident process is called
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clearing denominators.
Example 0.14 If f =2/3X? +1/4X — 5 € Q[X], then 12f € Z[X].

Since rescaling has no effect on reducibility over Q (or over any field), we only need to worry
about polynomials in Z[X]. This brings Gauss’ lemma into play: if f € Z[X] and f = gh where
g,h € Q[X], then there is a scalar ¢ € Q such that cg € Z[X] and 1/ch € Z[X]. Then, of course,

f=1(cg) (1’1)

is a factorization of f in Z[X]. It follows from Gauss’ lemma that if f € Z[X] is irreducible over
Z, then f remains irreducible over Q.

The Rational Root Test

If f € Z|X], our first job might be to check whether f has any roots in Q, and thereby identify
linear factors.

Proposition 0.15 (Rational root test) If f = a, X" +---+a1 X +ap € Z[X] and r = ¢/d
is a rational root of f, where ¢ and d are coprime integers, then ¢ | ag and d | ay,.

Proof. We have

an<§)n+---+a1 (§>+a0:0.

Thus
anc” + ap_1"td+ -+ ared™ + apd” = 0.

Clearly ¢ | apd™, and since ¢ and d are coprime, we get ¢ | ag. Likewise, d | a,c™, and since ¢ and
d are coprime, we get d | a,. O

This reduces the search for rational roots from the infinite set Q to a finite process.

Example 0.16 We can check whether f = 2X3 + X2 — 1 has any rational roots. Any such
root ¢/d in lowest terms must satisfy ¢ | 1 and d | 2.
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The only possibilities are +1/2, +1. By substitution, none of these is a root. So f has no
rational root. Since f is cubic, it must be irreducible over Q.

Testing Irreducibility by Collapsing Modulo p

For each prime p, the familiar residue map

QL — Ly

n——n

sends n to its residue modulo p. This lifts to a ring homomorphism

¢ Z[X] — Zp[X]
an X"+ -+ X +ag— a, X" +---+ a1 X + ag.

This process is known as collapsing coeflicients modulo p.

Example 0.17 The polynomial 7X*+3X3 +14X2 —8X — 10 collapses modulo 5 to 7X* +
3X3 4+ 14X?% + —8X + —10, which simplifies to 2X* 4+ 3X3 +4X2 +2X + 0, and we usually
write this as 2X* +3X3 +4X2 + 2X.

Proposition 0.18 If f = a, X" +---+ap € Z[X] and p is a prime such that p { a,, and the
collapsed polynomial ¢(f) in Z,[X] is irreducible, then f is irreducible in Q[X].

Proof. Suppose f = gh with g,h € Q[X], degg > 1, and degh > 1, and seek a contradiction.

By Gauss’ lemma, we may assume ¢, h € Z[X]. Then

o(f) = p(gh) = p(g)e(h)

gives a factorization of ¢(f) in Z,[X]. The condition p { a,, shows that deg(f) = deg f. So

degg + degh = deg f = deg o(f) = degp(g) + degp(h).

But clearly deg(g) < degg and degp(h) < degh. Thus degp(g) = degg > 1 and degy(h) =

degh > 1, which contradicts the irreducibility of ¢(f) in Z,[X].

10
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Example 0.19 Take f = 3X* —6X3 +10X2 — 5X + 9 in Z[X]. Using p = 2, f collapses
to p(f) = X* + X + 1 1in Zy[X].

We now check that ¢(f) is irreducible in Zy[X]. Certainly 0 and 1 are not roots of ¢(f) in
Zs. So ¢(f) has no linear factors.

Could ¢(f) have quadratic factors? Suppose
X'+ X +1=(X?>+aX +b)(X?+cX +d)

with a,b,c,d € Zs.

Comparing coefficients gives

X' —= bd=1 (1)
X' — ad+bc=1 (2)
X? = ac+b+d=0 (3)
X} = a+c=0 (4)

Now (1) gives b =d = 1. Then (2) gives a + ¢ = 1, which contradicts (4).

Thus ¢(f) is irreducible in Zy[X], and therefore f is irreducible in Q[X].

Here is a famous irreducibility test.

Proposition 0.20 (Eisenstein’s criterion) If f = a, X" +a, 1 X" '+ --+a; X +ag €
Z[X] and p is a prime such that the following hold:

L. pfap.

2. p| a; for all other aj;.

3. p?{ ao.

then f is irreducible over Q.

Proof. Suppose, on the contrary, that f = gh where g, h € Q[X] with degg > 1 and degh > 1.

11
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By Gauss’ lemma, we can take g, h € Z[X]. Collapse this factorization modulo p to get

o(f) = p(g)p(h), in Z,[X].

where @, is the residue of a,, in Z,. We also have

n = deg f = degp(f) = deg ¢(g) + deg p(h),

and since deg p(g) < deg g and deg ¢(h) < deg h, we conclude deg p(g) = degg > 1 and deg p(h) =
degh > 1. Write g = b X* 4 --- + by where k = degg, and h = ¢, X’ + - -- + ¢y where £ = degh.
The unique factorization of ¢(f) = @, X™ in Z,[X] forces p(g) = bpX* and ¢(h) = & X*. In
particular, by = ¢y = 0 in Z,. This says p | by and p | co, which implies p? | byco = ag, contrary to
the assumption that p? { ag. O

Example 0.21 f =10X7 —6X3 +27X + 12 is irreducible in Q[X] by Eisenstein’s criterion
using the prime p = 3.

Here is an important example:

Example 0.22 For any prime p, the pth cyclotomic polynomial is the unique monic poly-
nomial ®,(X) in Z[X] such that

XP1=(X-1)XP 14+ XP24... £ X +1).

Is that second factor irreducible in Q[X]7 It does not immediately fit Eisenstein’s criterion,
but a substitution trick helps. Let

Oy(X)=XP L4 XP 24 X 41,

Take f(X) = ®,(X +1). Then

(X 41)p-1
J(X) = (X+1)—1
(X 41)p-1
=

12
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X QX X (X (2)X
N X

_xr g (PYyxr2y (Pxp3, (P)xra, ... p
X +<1>X +<2>X +<3>X T +<p_1).

The binomial coefficients (}) are all divisible by p. But the constant term (pf ) = p is not

divisible by p?. So by Eisenstein’s criterion, f(X) is irreducible in Q[X].

If we had ®,(X) = g(X)h(X) for some g, h € Q[X] of positive degree, then we would also
get

f(X)=0,(X +1)=g(X +1)h(X +1),
where g(X + 1) and h(X + 1) have the same degrees as g(X) and h(X). Since this is
impossible, it follows that ®,(X) is irreducible in Q[X].

Warning The above does not hold when p is not prime! For example, X% — 1 factors as
(X —1)(X +1)(X%2+1), and X% — 1 factors as (X — 1)(X + 1)(X%2+ X +1)(X? - X +1).

Irreducible Polynomials Make Fields

What are irreducible polynomials good for, anyway? Recall that f € F[X] is irreducible if and
only if the ideal (f) is maximal (that is, there are no ideals properly between (f) and F[X]), which
is equivalent to the quotient ring F[X]/(f) being a field. Without returning to that theory, here
is a practical way to get the inverse of every nonzero element in F'[X]/(f) when f is irreducible.

Let g+ (f) be a nonzero element in F[X]/(f). Then f{ ¢ in F[X], and since f is irreducible, we
get ged(f, g) = 1. By the Euclidean algorithm in F[X], there exist k, h € F[X] such that

1=gk+ fh.

Then
L+ (f) =g+ {MNE+))+ (F+ )+ S)

so k+(f)is (g+ ()"

13
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Example 0.23 By Eisenstein’s criterion, using p = 2, we see that f = X3 — 2 is irreducible
in Q[X]. Thus Q[X]/(f) is a field. We can find (X2 + X + (f))~! in this field.

We need k, h € Q[X] such that

(X2 4+ X)k+ (X —2)h=1=ged(X2+ X, X> - 2).

The Euclidean algorithm gives

X -1
X?+X) X3 —2
_X3 _X2
— X2
X2+ X
X -2
SO
X3 2=(X*+X)(X -1+ (X —2). (1)
Next,
X+3
X-2) X? +X
— X?+2X
3X
—3X +6
6
SO
X2+ X =(X-2)(X+3)+6. (2)
Equation (2) gives
6=(X>+X)—(X-2)(X+3). (3)
and (1) gives
X -2=(X?*-2)— (X?+ X)(X —1). (4)

14
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Plug (4) into (3):
6=(X>+X)-[(X°-2)— (X’ +X)(X -1)] (X +3)
=(X24+X)1+ (X -1)(X +3) — (X3 —2)(X +3)
7 2 2 _ 3 _ _
= (X*+ X)X +iX 2) 4 (X3 — 2)( (Xh+3)).

This tells us that
(X2 4+ X + (X2 +2X -2+ (f) =6+ (f).

Therefore,

(X X () = X2 3 X — 2+ (),

2. Algebraic Extensions

Henceforth, the letters F, F, K, L will stand ezclusively for fields. If F' is a subfield of K, we also
say that K is a field extension of F.

Example 0.24 C extends R which extends Q. Q[v2] = {a + bv2: a,b € Q} extends Q.

The Characteristic of a Field

If K is a field, there is the ring homomorphism

p:Z— K
jr—j-1 (This 1€ K)

The kernel ker ¢ is an ideal of Z. So there is an integer n such that ker p = (n) = {nk : k € Z}.
The generator n can vary only up to its sign.

Definition 0.25 The unique nonnegative generator n of ker ¢ is called the characteristic
of K.

If n =0, then ¢ is one-to-one, and thereby ¢(7Z) = Z. It makes good sense to identify Z with its
isomorphic copy ¢(Z). In this way, all fields K of characteristic 0 contain Z as a subring. Since

15
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K is a field, it also contains Q. Thus fields of characteristic 0 are extensions of Q.

If n > 0, the first isomorphism theorem gives Z/(n) = ¢(Z), which is an integral domain inside
K. So the ideal (n) is a prime ideal, which means that n is a prime. Habit forces us to rename n
as p. But then Z/(p) is the usual field Z,, of residues mod p. By making the obvious identification
of Z,, with ¢(Z), we see that fields of prime characteristic are those that extend Z,.

Remark 0.26 Many authors denote Z, by F, and also by GF(p), but we will stick with
Ly,

The Degree of An Extension

If K is a field extension of I, then K is also a vector space over the field . We know how to
add inside K, and if o in K is a “vector” and A in F is a “scalar”, then A« in K is our rescaled
vector.

Definition 0.27 If the dimension of K over F is finite, we say that K is a finite extension
of F, and dimp(K) is usually denoted by [K : F)|. It is common to call [K : F] the degree
of the extension K over F'.

Example 0.28 [C : R] = 2 since a basis for C as a vector space over R is {1,i}. Also,
[Q[v2] : Q] = 2 with {1,v/2} being a basis for Q[v/2] over Q.

Here is a quick and easy application of this notion of degree:

Proposition 0.29 If F is a finite field, then the number of elements in F is p™ where the
prime p is the characteristic of F' and n is a positive integer.

Proof. Since F is finite, it must extend Z,, for some prime p. The degree [F : Zy] has to be finite
as well. If ..., is a basis for I over Zj, then every element o of F' takes the form

a=a1Q1 + -+ ap0y

where the a; in Z, are uniquely determined by «. Each a; has p possibilities. Thus a has p"
possibilities. ]

16
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Algebraic Elements in an Extension

Definition 0.30 If K extends F' and a € K, we say that « is algebraic over F’ when there
is a nonzero polynomial f € F[X] such that f(«)=0.

Example 0.31 i is algebraic over Q because f = X? + 1 gives f(i) = 2+ 1 = 0, and
¢ = e2™/5 in C is algebraic over Q because f = X° — 1 gives f(¢)=0.

Every a € F is algebraic over F using f = X — « in F[X].

Definition 0.32 If there is no nonzero polynomial in F[X] for which « is a root, we say
that « is transcendental over F'.

For example, e,7 and > o0 1/(10™) are transcendental over Q. But alas, we must leave the
proofs for another day.

Proposition 0.33 If K is a finite extension of F'| then every a € K is algebraic over F.

Proof. If a € K, the powers 1,,a?,...,a" become linearly dependent over F once n > [K : F].
Then a nontrivial combination

ap- 1+ aa+---+a,a™ =0
where the a; € F' are not all zero. Thus « is a root of the nonzero polynomial ag + a1 X + --- +
ap X" € F[X]. O

Example 0.34 Every a € Q[v/2] is algebraic over Q because [Q[v/2] : Q] = 2 < oo.

If K extends F', each a € K gives rise to the substitution map:

0o F[X] — K
fX) — fla).

This is a ring homomorphism.

17
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Example 0.35 o = /2 in R gives Nk Q[X] — R, where, for instance:

1 5 1 5
33Xt - ZX3 12X D 3(V2)Y - (V23 +2(V2)2 - =
/3 X7+ 9H(\f) 7(f)+(\f) 9
2 5
12— V2 44—
7\[Jr 9
139 2
9 7

Example 0.36 With « = 7 in R and ¢, : Q[X]| — R, we get

or(1/2X3 —9X? +10) = 1/27° — 972 + 10.

The image im ¢, = o (F[X]) is the subring of K consisting of all expressions of the type >, ajal
where a; € F'. These are “polynomials in «.” This image is the smallest subring of K that contains
F and «. The usual notation for im ¢, is F|a] and is called the ring formed by adjoining « to
F.

Example 0.37 With o = /2 in R as an extension of Q we get
QV2] = {ap + a1V2+ -+ an(V2)" :n > 0 and a; € Q}

which simplifies to
{a4+bV2:a,be Q}, as expected.

The kernel ker ¢, is an ideal of F[X]. If « is transcendental over F', this means ker ¢, is the zero
ideal in F[X]. Then ¢, is one-to-one, and

FIX] =im ¢, = Fla.
Here F'[a] is just a copy of F[X]. For example, Q[r] = Q[X].
But if « is algebraic over F, then ker ¢, = (g) for a unique, monic, nonconstant g in F[X].
The first isomorphism theorem tells us that

F[X]/ker v, = im ¢q

where f(X)+ker g, — f(a). In other words, F[X]/(g) = Fla]. Since F[a] is an integral domain,
so is F[X]/(g), and thereby (g) is a nonzero prime ideal of F[X]. This forces g to be irreducible
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in F[X]. Then (g) is a maximal ideal in F[X], which causes F[X]/(g), and thereby F[a], to be a
field.

We can summarize what we just learned as follows.

Proposition 0.38 An element « in an extension K of F' is algebraic if and only if F[a] is
a field.

We also have the following useful fact.

Proposition 0.39 If o in an extension K of F'is algebraic over F', then there is a polynomial
g in F[X] which is unique with the following properties:

1. g is monic.
2. g(a) =0.

3. g is irreducible.

Proof. The monic generator g of ker ¢, has these properties. If f is another polynomial with
these properties, then f € ker ¢, = (g). Thus f = gh for some h € F[X]. Since f is irreducible
and g is not constant, h must be constant. Since both f and g are monic we get h = 1, and then

f=g. ]

Definition 0.40 The unique ¢ in F[X]| with Properties (1)—(3) is called the minimal
polynomial of a.

Also, if ¢ is the minimal polynomial of « and f € F[X] is any polynomial that has « as a root,
that is, f(a) =0, then g | f in F[X].

Example 0.41 Let ¢ = €2™/5 in C. Since ¢ is a root of X° — 1, we see that ¢ is algebraic
over Q. We have X° —1 = (X — 1)(X*+ X3+ X2 4+ X +1). Since ¢ # 1, our ( is a root
of X*+ X3 + X2+ X 4 1. This polynomial is monic, and we saw it was irreducible. So the
minimal polynomial of ¢ is X4 + X3 + X2 4+ X + 1.
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Example 0.42 If o = /241, is « algebraic over Q, and if so what is its minimal polynomial?

Well,

= (V2+i)? =2+2V2i - 1=1+2V2i
a? —1=2V2
(@ —1)%= -8
o' =20 +1=-8
at =222 +9=0.
So a is algebraic over Q because it is a root of g = X* — 2X2 + 9 in Q[X].

But is g irreducible? The only possible rational roots are +1, 43, £9, and none of these are
roots. So g has no linear factor. Could we have g = fh, where f, h are quadratics in Q[X]?
In that case, Gauss’ lemma lets us replace f, h by quadratics in Z[X], and since g is monic,
this would force f,h to be monic.

Thus we would get
X' —2X24+9=(X?+aX +b)(X?+cX +d)
where a,b,c,d € 7.

Then, by comparing coefficients:

a+c=0 (1)
b+d+ac= -2 (2)
bc+ad =0 (3)
bd =9 (4)

Now (1) implies a = —c¢, and then (3) implies a(b — d) = 0, so either a =c=0or b =d.
If a =¢=0, (2) becomes b+ d = —2, and using (4) we get the possibilities:

b=1,-1,3,-3,9,—9
d=9,-9,3,-3,1,—1
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which never give b+ d = —2.

So we get a = —c # 0 and b = d. Then (4) gives b = d = £3. Then (2) gives
+6 —a® = -2,

2

so a® = 8 or a® = —4, neither of which is possible for an integer a.

An alternative way to see that X% — 2X2 + 9 is irreducible over Q is to factor it in R[X] as
X*—2X? +9=(X?-2V2X + 3)(X% +2V2X +3).

These quadratics are irreducible in R[X] (because b> — 4ac < 0). By unique factorization in R[X]
and the fact 2v/2 ¢ Q, we cannot factor X* — 2X2 + 9 into quadratics in Q[X].

Adjoining Algebraic Elements

If K extends F' and o € K is algebraic over F', then o has a minimal polynomial g in F'[X] and
F[a] is a field extension of F', which is isomorphic to F[X]/(g).

Proposition 0.43 If K extends F' and a € K is algebraic over F' with minimal polynomial
g, then
[Fla] : F] = degg.

Thus every ( in Fa] is algebraic over F', as well.

Proof. Let n = degg. We verify that 1,a,a?,...,a" ! is a basis for F[a] as a vector space over

F. Every element in F|a] takes the form f(«) for some f(X) € F[X]. By Euclidean division in
F[X], we have polynomials ¢,r € F[X] such that

f=g9q9+r and degr < degg or r = 0.
Then substitute X = « to get
fla) = g(a)q(a) +r(a) = r(a).

Thus every element in F[a] takes the form r(«) where r € F[X] and degr < n or r = 0 (zero
polynomial). This tells us that 1,c,...,a" ! span F[a]. If these were linearly dependent over F,
this would yield a nonzero polynomial h € F[X] such that h(«) = 0 and degh < n — 1. But then
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g | hin F[X], which is impossible since degh < degg. O

Example 0.44 For ¢ = ¢*™/® with minimal polynomial ¢ = X4+ X3 + X2+ X + 1 in
Q[X], a basis for Q[¢] over Q consists of 1,¢,¢?,¢3. For instance, (* = -1 — ¢ — (% — ¢3.

Example 0.45 For a = /2 with minimal polynomial ¢ = X2 — 2 in Q[X], a basis for the
field Q[v/2] over Q is 1, /2.

The Tower Theorem

Proposition 0.46 (Tower theorem) If K is a finite extension of F' and L is a finite
extension of K, then L is a finite extension of F'. In fact,

[L:F)=|[L:K]K:F.

Proof. Let x1,...,x, be a basis of K over F and yi,...,yn be a basis of L over K. We show
that the set of all products x;y; forms a basis of L over F'.

The extension tower is shown in Figure 2.

FIGURE 2

If z € L, we have z = Zj ajy; for some a; € K. But each aj =), bjjx; for some b;; € F. So

z= Z (Z bisz) Yj = Z bijriysj,
i 2

J

where b;; € F. Thus the z;y; span L as a vector space over F'. To check linear independence,
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suppose E” bijziy; = 0 for some b;; € F. Then

> (Z bijxi> y; = 0.

J
Since the y; form a basis for L over K and ), b;jx; € K, we conclude that ), b;jz; = 0 for all j.
Since the x; form a basis for K over F' and b;; € F', we conclude b;; = 0 for all ¢ and all j. O

If L is a finite extension of F' and K is an intermediate field between L and F', that is, ' C K C L,
then the tower theorem forces both degrees [K : F| and [L : K| to divide [L : F|. This is a severe
restriction on the possible intermediate fields.

The tower theorem is extremely useful.

Example 0.47 Let L = Q[(][a] where a = v/2 and ¢ = e2mi/5

The minimal polynomial of o over Q is X® — 2, which is irreducible by Eisenstein with
p = 2. The minimal polynomial of ¢ over Q is X* 4+ X3 + X2 4+ X + 1, which we checked
was irreducible (since 5 is prime).

‘We have the tower
Q € Q[¢] € Q[¢]le] = L,

all inside C. We know that the degree [Q[¢] : Q] = deg(X* + X3 + X2 + X +1) = 4.
To get the degree [L : Q] by the tower theorem, we need [L : Q[C]]. So we need the minimal

polynomial g of o in Q[¢][X]. Since « is a root of X° — 2, the minimal polynomial g divides
X% —2in Q[¢][X]. But at this point we cannot be sure that g = X° — 2.

Does X° — 2 reduce in Q[¢][X]? Maybe! For one thing, the tower theorem tells us that

L:Q) = [L: QI [QL] : Q] < 20.
<5 =4

But Q[a] is a subfield of L too! So [Q[a] : Q], which is 5, divides [L : Q], by the tower
theorem. Likewise [Q[¢] : @], which is 4, divides [L : Q]. So [L : Q] is a number < 20 and
divisible by both 5 and 4. The only such number is 20.

We now see that [L : Q[¢]] must be 5. So the minimal polynomial of o over Q[(] remains

23



PMATH 348 FIELDS AND GALOIS THEORY WINTER 2015

X% —2.

Figure 3 summarizes the extensions and their degrees.

FIGURE 3

The integers denote the degrees of the extensions.

Incidentally, the roots of X — 2 are
a? aC’ a<27 acg? a<47

where o = v/2 and ¢ = €2™/%. All these roots are in L = Q[¢][a]. Any subfield of C that contains
the above roots also contains ¢ = ((a())/«a, and thereby contains L. So L is the smallest subfield
of C that contains all roots of X® — 2. As we shall come to learn, L is what is known as the
splitting field of X° — 2.

Algebraic Extensions of Algebraic Extensions

Definition 0.48 An extension K of F' is called algebraic over F' when every « in K is
algebraic over F'.

We saw in Proposition 0.33 that if K has finite degree over F', then K is an algebraic extension of
F'. In Proposition 0.43 we saw that if « is in an extension K of F' and « is algebraic over F', then
the extension F'[a] has finite degree over F'. Hence the whole extension F'[a] is algebraic over F,
that is, every 8 in F[a] is algebraic over F'.
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We will also need the following fact.

Proposition 0.49 If F C L C K is a tower of fields with L algebraic over F' and K
algebraic over L, then K is algebraic over F.

Proof. Let a € K. Since « is algebraic over L, there exists
f=X"+a, X" '+ +aX +ag € L[X]
such that f(a) = 0. Now inspect the following tall tower of field extensions:
F C Flag] C Flag][a1] € Flag][ai]laz] C --- C Flao][a1] ... [an—1] = E.

Note that £ C L. Fach extension in this tower has finite degree over its preceding extension
because each a;, being in L, is algebraic over F', and thereby algebraic over its preceding extension.
By the tower theorem, the final field £ in the tower has finite degree over F'. Clearly « is algebraic
over E (not just over the bigger field L). So the degree [E[c] : E] is finite too. By the tower
theorem applied to the tower

F C EC FElq]

we see that the degree [Ela] : F] is finite. Thus Fa] is an algebraic extension of F'. In particular,
« is algebraic over F. O

The Field of Algebraic Elements

We should also keep the following in mind.

Proposition 0.50 If K is a field extension of F', then the set
L ={a € K : a is algebraic over F'}

is a subfield of K and L extends F.

Proof. Let a, € K and assume both are algebraic over F'. Certainly S remains algebraic over
F[a]. Then we get a tower of fields:

F < Fla] € Fla][5]
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where the degree of each extension is finite. By the tower theorem the degree [F[a][f] : F] is
finite. Thus every element in F'[a][3] is algebraic over F'. But in F[a][8] we find a + 3, a3, and,
whenever a and § are nonzero, also ! and f~!. This proves that algebraic elements are closed
under the field operations, and thereby form a subfield of K, as claimed. Clearly, the subfield
L, consisting of all algebraic elements over F', is an extension of F' because everything in F' is
algebraic over F. O

The Algebraic Closure of QQ

As noted several times, if K is an extension of finite degree over F, then K is an algebraic
extension of F' (that is, every « in K is algebraic over F'). But the converse does not hold, as we
now shall see.

Of course C extends Q. Let A be the field of all complex numbers that are algebraic over Q.
In A we find v/2,4,e2™/" /2 + /3, but not = nor e nor countlessly many more less famous
transcendental numbers. Inside A we have the subfields Q[</2], one for each n. The minimal
polynomial of {/2 is X™ — 2, which is irreducible by Eisenstein’s criterion. So the degree [Q[{/2] :
Q] = n. Thus A contains subfields of arbitrarily high degree over Q. By the usual dimension
arguments, the degree of A over Q is infinite.

But, besides being algebraic over Q, A has another noteworthy property. Namely, there is no
algebraic extension K of A, except for A itself! To see this, suppose K were such an extension of
A and that K D A properly. Let a € K \ A, and let g € A[X] be the minimal polynomial of a.
Thus g is irreducible but not linear (since « ¢ A). The coefficients of g are in A and therefore in
C. By the fundamental theorem of algebra (which we take for granted), g has a root, say 3, in C.

This £ is algebraic over A, since the coefficients of g are in A. By Proposition 0.49, 3 is algebraic
over Q, because we have the tower of algebraic extensions

QC AC A

But then 5 € A which consists of all algebraic numbers over Q. Thus the irreducible g in A[X] of
degree > 1, has a root  in A. By the factor theorem, g has a linear factor in A[X], contradicting
the irreducibility of g.

Definition 0.51 An algebraic extension A of a field F', such that A admits no proper
algebraic extensions of A, is called an algebraic closure of F.

We have just used the fundamental theorem of algebra about C, to see that Q has an algebraic
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closure, namely A, the field of all algebraic numbers.

For those with a view towards research, here is a problem. An automorphism ¢ : A — A is a
homomorphism that is one-to-one and onto. The set Aut(A) of all automorphisms of A is a group
under composition. What can we say about this group? For instance, complex conjugation z + z
is in Aut(A). It is known that Aut(A) is an uncountable group. In the world of algebra research,
Aut(A) is a hot item.

Using the axiom of choice, it can be shown that every field F' has an algebraic closure. But we
will skip that item.

Another Way to Look at Extensions of Finite Degree
If K is a finite degree extension of F', take a basis a1, ..., a, of K as a vector space over F'. These
«; are all algebraic over F. Thus we get a tower of algebraic field extensions

F C Flon] € Floa][ag] € Flay]es][as] € - € Floa][ag] ... [an] = K. (*)

Conversely, suppose K extends F', that we have aq, ..., a, in K algebraic over F', and that K sits
at the top of the tower (*). Then the tower theorem tells us that K is a finite degree extension
of F.

To keep the notation simple, we consider an algebraic tower with just two steps:
F C Fla] € Fla][g] = K

where «, 8 are algebraic over F'. Now v € K if and only if v = > j a;j3? for some polynomial
[ =Y ,a;:X" in F[a][X]. Then each a; = Y, b;ja’ for some polynomial g; = >, b;;Y" in F[Y].

So
-5 () - S
J i Jyt

This tells us K consists of all polynomial expressions h(c«, 3) where h(X,Y) is a polynomial in
F[X,Y]. In other words, K is the image of the substitution homomorphism

¢:FIX,Y] — K
FXY) = fla, B).

Thus K is the smallest ring containing F' and the algebraic elements «, 5. We also write K =
F[a, 5]. More generally, every finite degree extension K of F' takes the form K = Flaq, ..., ay]
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with «a; algebraic over F.

Here is a problem we will encounter often. An algebraic extension K = F[ay,. .., a,] sits before
us, with some algebraic elements aq, ..., a, generating the extension, in the sense that every «
in K is a polynomial in the a1, ..., a, with coefficients in F'. What is the degree of K over F'?

Of course, we have the tower
F C Flay] C Flaq]lae] = Flan, ] C -+ C Flag][ag] ... [an] = Flaa, ..., a,] = K.

So all we need is the degree of each extension in the tower over the preceding extension. After
that we can use the tower theorem. We may well know the minimal polynomials gi,..., g, in
F[X] for a,...,ay, respectively. Then of course

[Flaa] : F] = degg.

But in trying to find [Flaq][az] : Flai]] we get stuck. Since ag is a root of g2 and g2 € F[X], we
see that g € F[ai][X] as well. So the minimal polynomial of ag in F[a;][X] is merely a divisor
of go in F[aq][X]. If we are lucky, the minimal polynomial of as in F[aq][X] could equal gy, but
we will not always be lucky.

Example 0.52 The smallest field containing all roots of (X2 —2)(X2—3)is K = Q[v/2,/3].
What is [K : Q]?

We suspect the answer is 4, but we should check. There is the tower
Q< Q[V2 C QV2|[V3] = K.

The minimal polynomials in Q[X] of /2 and /3 are X2 — 2 and X? — 3, respectively. So,
we can be sure that [Q(v/2) : Q] = 2.

The minimal polynomial g of v/3 in Q(v/2)[X] divides X2 — 3, so either g = X2 — 3 or g is
linear. Suppose it is linear. Then /3 € Q(v/2), so

V3=a+b/2

for some a,b € Q. We cannot have b = 0, since v/3 ¢ Q. Squaring gives

3 = a2 + 2% + 2abV/2.
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If a # 0, this would put v/2 € Q; if a = 0, it would give b?> = 3/2, which is impossible for
rational b. Thus v/3 ¢ Q(v/2), and g = X% — 3.

So g = X2 — 3, as a polynomial in Q(v/2)[X], and then [Q(v/2)(v/3) : Q(v/2)] = 2. By the
tower theorem [K : Q] = 4.

A basis for Q[v/2] over Q is 1,v/2, and a basis for K over Q[v/2] is 1,4/3. Then a basis
for K over Q is obtained by taking all products of first basis with the second basis to get

1,v/2,v/3,v6. So
QV2,V3] ={a+bvV2+ V3 +dV6:a,b,c,d € Q}.

Example 0.53 The roots of X? — 2 in C are /2, ¥/2e>™/3 {/2¢*™/3. To save writing let
o = V2, w = e2™/3. So the roots are a, aw, aw?. They are plotted in Figure 4.

aw

FIGURE 4

The smallest subfield of C that contains these roots is K = Q[a, aw, aw?]. What is [K : Q]?

Notice that w = ((aw))/a € K, so K = Q[o,w] as well. The smallest field containing the
original roots equals the smallest field containing « and w. This gives us a better chance to
find [K : Q]. We have the tower Q C Q[a] € Q[o,w] = K. The minimal polynomial of « in
Q[X] is X3 — 2, by Eisenstein’s criterion, so [Q[a] : Q] = 3.

The minimal polynomial of w in Q[X] is X? + X + 1, since w is a root of X3 — 1 =
(X —1)(X2+ X +1) and w # 1, and we saw that X2+ X + 1 is irreducible in Q[X]. Before
we can conclude by the tower theorem that [K : Q] = 6, we need to check that X2 + X + 1
stays the minimal polynomial of w in Q[v/2][X].
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If this were not so, the minimal polynomial of w in Q[+/2][X] would be X — w. This would
put w € Q[v/2]. However, Q[+v/2] C R, while w ¢ R. So X2 + X + 1 remains the minimal
polynomial of w in Q[v/2][X].

Example 0.54 If o = ¢™/* = 1/y/2 +i1/v/2 and K = Q[i,a], what is [K : Q]?

We have the tower

Q C Qli] € Qlilla] = K.
Clearly [Q[i] : Q] = 2 because X2 + 1 is the minimal polynomial of i in Q[X]. What is
[Qlilla] : Ql]]?

Well, a* = (e™/4)* = ¢™ = —1, 50 a is a root of X*+1 in Q[X]. Since X* +1 is irreducible
in Q[X], this is the minimal polynomial of « in Q[X]. However, in Q[:][X] we get

X441 = (X2 44)(X? — i),

a reduction. In fact, o® = ¢™/2 = 4. So a is a root of X2 — i in Q[i][X]. Now is X2 —i
irreducible in Q[:][X]? If not, this would mean that o € Q[i] (as argued in earlier examples).
But if we had a € Q[i], this would mean

1 +2' b
—+—==a+h
V2 V2

for some a,b € Q. Equating real parts gives 1/y/2 € Q, which is impossible. Thus the
degree [Q(i)(«) : Q(7)] = 2, and by the tower theorem [K : Q] = 4, not 8.

For an even quicker solution, look at the tower

QC Qo) CQ)() = K.

Then notice a? =i € Q(a). Thus K = Q()(i) = Q(«). Since the minimal polynomial of « is
X4 +1, we see that [K : Q] = 4.

Making Roots Out of Thin Air

So far we have considered « in a field K that are algebraic over a subfield F. Such a gave us
a monic irreducible polynomial ¢ in F[X] for which « is a root and we called g the minimal
polynomial of « over F.
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Now, what if we start with an irreducible polynomial ¢ in F[X]? Is there a field extension K
of F' that contains a root « of g7 The result that answers affirmatively is known as Kronecker’s
theorem. Except for a bit of creative imagination, we already know it.

Proposition 0.55 (Kronecker’s theorem) If f is a nonconstant polynomial in F[X],
then there exists a field extension K of F such that K contains a root of f.

Proof. First pick an irreducible factor g in F[X] of f. We will create an extension K that
contains a root of g, which of course will also be a root of f. Take K = F[X]/(g). Since g is
irreducible in F[X], the ideal (g) = {gh : h € F[X]} is maximal in F[X], and then K = F[X]/(g)
is a field. But how is K an extension of F, and where is the root « of g7 Take the canonical map

¢: F[X] — FIX]/(g) = K
h+— h+(g).

The image of ¢ is K. The field F' is a subring of F[X], namely, F' equals the set of constant
polynomials. Since F' is a field, the restriction of ¢ to F' is one-to-one. Thus F' = ¢(F), which is
a subfield of K. Next, put o = p(X), that is, the value of ¢ at the polynomial X. Clearly o € K.
Now g € ker p, and writing g = ag + a1 X +--- 4+ a, X", we get

0= »(9) = plao) + pla1)p(X) + - + plan)p(X)"
= p(ao) + plar)a + -+ p(an)a",

so « is a root in K of the polynomial
plao) + ¢(a) X + -+ +p(an) X",

which lies in ¢(F)[X]. At this point a leap of imagination is needed. Since F' = ¢(F’), we identify
F with ¢(F). So we declare a = ¢(a) for every a in F. (This last step could bother some. It can
be avoided at a cost of much more irritating verbiage. Better to just take the step.) With this
step, F' becomes a subfield of K and the polynomial p(ag) + ¢(a1)X + - -+ + p(a,)X™, for which
« is a root, becomes ag + a1 X + - -+ + a, X", which is our g. O
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An Application to Algebraic Geometry

Definition 0.56 For this discussion, an irreducible plane curve is a subset V of C? cut
out by a single irreducible polynomial f(z,y) € C[z,y]:

V ={(z,y) €C*: f(x,y) =0}.

To say that f(z,y) is irreducible in C|xz, y] means that the only way to factor f = gh in C[z,y] is
by having g or h be constant polynomials.

Example 0.57 The plane curve given by z? 4+ y? — 1 contains every point of the form
(z,y) = (cos z,sin z) with z € C.

It might not be so easy to confirm that a polynomial in two variables is irreducible. Our theory
gives us a few useful tools.

Just for psychological reasons we shall call the variables ¢t and x. The ring C[t, ] can be viewed
as the ring C[t][z] of polynomials in x whose coefficients are polynomials in t. Of course C[t] is a
subring of the fraction field C(¢) of rational functions in the indeterminate ¢.

A variant of Gauss’ lemma, applied to C[t] and C(¢) instead of Z and Q, says that if f(¢,x) € C[t][z]
and f is irreducible in C[t][z], then f is irreducible in C(¢)[x]. A variant of Eisenstein’s criterion
says that if f(t,z) = apa™ + -+ a1+ ap where the a; = a;(t) € C[t] and if p(t) is an irreducible
polynomial in C[¢] such that

L p(
2. p(t
2

~—

S

3

—~
~

~—
o
=
(oW

then f(¢,x) is irreducible in C(t)[z].

For a proof just replace Z by C[t] and Z[z] by C[t][x] in the original proof of Eisenstein’s criterion.
The same proof works because C[t] is a unique factorization domain, just like Z.
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Example 0.58 The plane curve given by z™ — t is irreducible for each positive integer n.
To see this, apply Eisenstein’s criterion using the irreducible polynomial p(t) = t in C[t]. We
have ¢ | 0 for the coefficients of "1, ..., 2, while ¢ { 1 for the coefficient of 2" and ¢ { —¢

for the constant term.

Proposition 0.59 If n,m are coprime positive integers, then the plane curve given by

n

™ — ™ is irreducible.

Proof. Let K be a field extension of C(t) that contains a root o of f(t,z) as a polynomial in
with coefficients in C(t), that is, o™ —t™ = f(t,a) = 0.

The minimal polynomial g in C(¢)[z] of « is a divisor of f in C(¢)[z]. Also g is irreducible in
C(t)[z]. In order to prove that f is irreducible in C(¢)[z] it is enough to show that degg = deg f
as polynomials in x.

As we know,
[C(t)]e] : C(t)] = degg.

Now inside the field C(t) there is the subfield C(u) where w = . This is just another field of
rational functions in the variable u. For example,

3 — Tt™ + 5(t™)?
I
12 + 5 (tm)?

e C(t™) = C(u).

So C(t) is an extension of C(u) = C(t™).

Notice that X™ — w is irreducible in C(u)[X], by Eisenstein’s criterion, and ¢ is a root of X — u,
that is, t"™ — t"™ = 0. So C(u)[t] is an extension of C(u) of degree m. But C(u)[t] is a field
containing t. So C(u)[t] contains C(t), and since C(u)[t] C C(t) for obvious reasons we see that

C(t) = C(u)[t] is a field extension of C(u) of degree m.

Likewise X™ — w is irreducible in C(u)[X], by Eisenstein’s criterion. The element « is a root of
X" — u because o —u = o™ —t™ = 0. So the field extension C(u)[a] has degree n over C(u).

The field towers and their extension degrees are shown in Figure 5.
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FIGURE 5

The tower theorem going up the left side says that
[C(t)[a] : C(u)] = mk <mn (since g | f in C(¢)[z]).

Going up the right side shows that n divides [C(¢)[a] : C(u)].

Since m,n are coprime, mn also divides [C(¢)[a] : C(u)]. Thus mn | mk and mk < mn, which
forces n = k. That is deg f = degg, as desired. O

This was all baby algebra. To do advanced algebra, we have to ramp up our thinking.
3. Splitting Fields
What is a Splitting Field, Really?

If f € F[X], we saw how to create a field K that contains a root of f. However, f can have
several roots, so we need a field K that contains all of them.

Definition 0.60 If K extends F' and f is a nonconstant polynomial in F'[X], we say that
f splits in K[X], or that f splits over K, when it can be written as a product of linear
factors:

f=a(X —ar)(X —az)-- (X — ay)
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where a € F' and ay,...,a, € K. Some roots may repeat.

Example 0.61 X3 + 1 splits in C[X] as
X341 = (X +1)(X —e™B) X —e ™3,

The three roots are plotted in Figure 6.

6771/3

i

e—m’/lﬁ

FIGURE 6

Of course, the a; in K are roots of f, and there can be no additional roots of f in K.

If F is a subfield of C and f € F[X], the fundamental theorem of algebra (which we still take
for granted!) guarantees that f splits over C. But this guarantee is not readily available for an
arbitrary field /. We need a proof.

Proposition 0.62 If f is a nonconstant polynomial in F'[X], then there is an extension F
of F such that f splits in E[X].

Proof. We use induction on deg f. If deg f = 1, then f is already split in F[X], so we can take
E = F. Suppose that for every field L and every polynomial g in L[ X] of degree < n, there is an
extension of L over which g splits. Now take f € F[X] with deg f = n. By Kronecker’s theorem
(Proposition 0.55), there is an extension L of F' containing a root a of f. Thus X — « divides f
in L[X], so

f=(X-a)g

for some g € L[X] with degg = n — 1 < n. By the inductive hypothesis applied to g, the field L
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has an extension E such that g splits in E[X]:
g=a(X —a)(X —a3)--- (X —ay)
for some a € L and as,as,...,qa, € E. Hence
f=aX —a1)(X —ag) - (X —ap)
where oy = o and all a; € E. Also, a € I because a is the leading coefficient of f. So f splits in

E[X], where E is an extension of F. O

Now comes a very important definition.

s N

Definition 0.63 If f is a nonconstant polynomial in F[X], an extension K of F' is called a
splitting field of f provided there exist a,...,a, in K and a € F such that the following
hold:

. f=a(X —a1)(X —az) -+ (X —ayp) in K[X].
2. K =Flag,a,...,aqn].

By Proposition 0.62, every nonconstant f € F[X] has an extension E of F' such that
f=a(X —a)(X —ag) (X —ay)
with o;j € E and a € F. To obtain a splitting field for f, just set
K = Flai,as,...,ap).

Thus K is as small as possible while still allowing f to split in K[X].

Example 0.64 A splitting field for X2 — 2 over Q is K = Qla, aw, aw?], where o = /2
and w = €2™/3. We already saw in Example 0.53 that [K : Q] = 6.

Example 0.65 When p is prime, a splitting field for X? — 1 over Q is

Q[CaCQ)"pril]; C = 627”'/p.
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Since all roots are powers of ¢, this is simply Q[¢]. Also,

[Q[¢]:Q=p—1

because the minimal polynomial of ¢ is XP~! 4+ ... + X + 1.

Needless to say, finding a splitting field for a given polynomial in F[X] can be a serious task.

Uniqueness of Splitting Fields

We now come to a subtle question: are two splitting fields for the same f € F[X] isomorphic?
They should be. To prove this, we need a way to extend isomorphisms between fields. The
following material can feel intimidating, but it will make us better people.

We need one preliminary tool. Suppose ¢ : F' — FE is an isomorphism of fields. Then ¢ lifts to
an isomorphism ¢ : F[X| — E[X] by transferring coefficients:

¢ : F[X] — E[X]
an X"+ ap 1 X" o+ ay X +ag — olan) X" + go(an_l)anl + -+ ¢(a1)X + p(ap).

We use the same letter ¢ for this extended map.
The following facts are straightforward:
o ¢: F[X]— E[X] is a ring isomorphism, and deg ¢(f) = deg f for all f € F[X].
e flgin F[X]if and only if ¢(f) | ¢(g) in E[X].
o fisirreducible in F[X] if and only if ¢(f) is irreducible in E[X].
o f splits in F[X] if and only if ¢(f) splits in E[X].
The polynomial ¢(f) is called the -transfer of f.

Here is a technical result.

Proposition 0.66 Suppose the following hold:
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—

. ¢ : F — FE is an isomorphism of fields.
. K extends F, and L extends F.

a € K has minimal polynomial g in F[X].

B~ W N

. B € L has minimal polynomial ¢(g) in E[X].

Then there exists an isomorphism v : F|a] — E[f] such that ¢|r = ¢ and ¥ («) = 8.

Before proving this, here is an important special case. Let K extend F, and let «, 8 € K be roots
of the same monic irreducible polynomial ¢ in F[X]. Then there is an isomorphism

¢ 2 Fla] = F[p]

with ¥(a) = a for all a € F and ¢(«) = 5. Indeed, in Proposition 0.66 take ¢ : F' — F' to be the
identity map, take K = L, and note that ¢(g) = g.

Elements such as «, § € K that have the same minimal polynomial in F[X] are called conjugates
over F. For example, +£1/2 in R are conjugate over Q, with minimal polynomial X2 — 2; v/7 and
/Te?™/5 are conjugate over Q, with minimal polynomial X® — 7; and =+i are conjugate over R,
with minimal polynomial X? + 1.

Proof of Proposition 0.66. Keep the following diagram in mind:

Fla] -2+ E[g]
T
P — F

where g is the minimal polynomial of o in F'[X] and ¢(g) is the minimal polynomial of £ in E[X].
Define two surjective homomorphisms:

o: FIX] — Fla]
fr—= fa),
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so kero = (g), and

7: F[X] — E[f]

[ o(f)(B).
The second map is the composition
p-transfer substitute 8
F[X] E[X] —— E[A].

Now compute ker 7. For f € F[X],

fekert <= o(f)(B) =0

7 : F[X]/{g) = Fla], f+1(g9) — fla),
f+{g) — o(f)(B).

Rl
|
s
~
<

12

&
=

Hence

and if ¢ € F,

So 1 extends ¢ and sends a to 5. O

The next theorem will be used repeatedly.

Proposition 0.67 (Isomorphism extension theorem) Suppose the following hold:
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—

. ¢ : F — FE is an isomorphism of fields.
f is a nonconstant polynomial in F'[X].
©(f) is its e-transfer in E[X].

K is a splitting field for f, so F' C K.
L is a splitting field for ¢(f), so E C L.

a € K has minimal polynomial ¢ in F[X].

N

B € L has minimal polynomial ¢(g) in E[X].

Then there is an isomorphism v : K — L such that ¢|p = ¢ and ¥ (a) = .

Before the proof, here is an important special case. Take ¢ = idp, so F' = FE, let K and L
be splitting fields of the same polynomial f € F[X], and take « = § = 0 € F, with minimal
polynomial X. Then there is an isomorphism 1) : K — L that restricts to the identity on F"

K51

[

F-4sF

So any two splitting fields of the same polynomial in F[X] are isomorphic by a map that fixes F'
pointwise.

Proof of Proposition 0.67. We start with a picture to keep track of things.

Kt r
R —2— o(R)

40



PMATH 348 FIELDS AND GALOIS THEORY WINTER 2015

Consider all field embeddings o : R — L such that R is an intermediate field between F'|a] and
K, o extends ¢, and o(a) = B. By Proposition 0.66, this family is nonempty: we already have
one map F[a] — E[B] C L. Suppose o : R — L is such a map and R C K. Since K is a splitting
field for f, there exists a root v of f with v € K\ R. Let h be the minimal polynomial of v in
R[X]. Then degh > 2 because v ¢ R. Because 0 : R — o(R) is an isomorphism, it induces a
transfer map

o: R[X] — o(R)[X].

Since h | f in R[X], we have o(h) | o(f) in o(R)[X]. Now o(f) = ¢(f), and ¢(f) splits in L[X].
Hence o(h) has a root € € L. Also, h is irreducible in R[X], so o(h) is irreducible in o(R)[X].
Apply Proposition 0.66 to the isomorphism o : R — o(R), the element 7, and the element . We
obtain an isomorphism

G : Ryl = o(R)[e]

with &|g = 0. In particular, 6(a) = o(a) = . So we can strictly enlarge R. Iterating, we get a
strictly increasing tower
F[C(]:ng_Rgg_“-nggK

with embeddings o; : R; — L extending ¢ and sending a to . Since [K : F] is finite, this process
terminates with R,, = K. Thus we obtain an embedding

Yv: K — L

that extends ¢ and satisfies ¥(«) = . It remains to prove surjectivity. The image ¥ (K) is a
subfield of L. Since f splits in K[X], its ¢-transfer ¢ (f) splits in ¢(K)[X]. But ¢|r = ¢, so
U(f) = @(f). Therefore p(f) splits over ¥(K). Also, ¥(F) = E, so ¢(K) is an extension of E.
Because L is the splitting field of ¢(f) over E, we must have

L C(K).

Since (K) C L by definition, we conclude ¢(K) = L. Hence v is an isomorphism. O

An important corollary of Proposition 0.67 is that it makes sense to speak of the splitting field of
a polynomial over F', up to F-isomorphism.

Proposition 0.68 Let K be the splitting field of a polynomial f in F[X]. Suppose
a, f € K have the same minimal polynomial g in F[X]. Then there exists an automorphism
¥ : K — K such that ¢ (a) = a for all a € F, and ¢(a) = S.

Proof. Apply Proposition 0.67 with £ = F, ¢ = idp, and L = K. Then ¢(f) = f, ¢(g9) = g,
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and ¢ is the minimal polynomial of both « and 8. The conclusion of Proposition 0.67 yields the
required automorphism of K. O

In other words, if @ and § are F-conjugates in a splitting field K, then some automorphism of K
fixing F' sends « to 5. This foreshadows the richness of what we will soon call the Galois group
of the splitting field.

The Normality Theorem

Here is terminology that we will use frequently.

Definition 0.69 Suppose E and L extend F, and let ¢ : E — L be a field homomorphism.

E—*51L
T
F—> F

If p(a) = a for every a € F, we say that ¢ fixes F'. Such a map is called an F-embedding,
or simply an F-map.

If, in addition, ¢ is onto L, we call it an F-isomorphism. If £ = L and ¢ is onto, we call
it an F-automorphism.

. J

Any F-map ¢ : E — L is automatically an F-linear transformation between the vector spaces £
and L over F.

Proposition 0.70 (Normality theorem) For a finite extension K of a field F, the
following are equivalent:

1. K is the splitting field of some f € F[X].

2. For every extension L of K and every F-map v : L — L, the restriction 9|k is an
F-automorphism of K.

3. For every a € K, its minimal polynomial in F'[X] splits in K[X].
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Proof. (1) implies (2). Suppose K is the splitting field of some f € F[X], let L extend K, and
let ¢ : L — L be an F-map.

L5

T 1

K 2R g

[

F-4sp

Take any root o € K of f. Writing f = Zj a;j X7 with a; € F, we get
fW(a)) =) ajv(a)
J

= Z ¥(aj)(a)!  (because 1 fixes F)

=1 Z ajaj (because 1) is a homomorphism)
J

= ¢(f(a)) = 0.

So 1 sends roots of f to roots of f, hence permutes the finite root set. Let aq, ..., a, be the roots
of fin K. Since K is the splitting field of f, every element of K can be written as a polynomial
expression in the a; with coefficients in F':

_ E N1 i
n= Qjy i@y - o'
)

Applying ¢ gives ' '
60) = 3 iy, Y(an)™ - lan) € K,

since v fixes F and permutes the roots. Hence ¢(K) C K. Because 1) permutes the roots and fixes
F, the field ¢ (K) contains F' and all roots of f. By minimality of the splitting field, K C ¢(K).
Therefore ¢(K) = K, so 9|k is an F-automorphism of K.

(2) implies (3). Suppose that for any extension L of K and any F-map 1 : L — L, the restriction

Y|k is an F-automorphism of K. We want to show that for every a € K, the minimal polynomial
of a over F splits in K[X].
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Take any a € K, and let g € F[X] be its minimal polynomial. We must show that g splits in
K[X].

Since [K : F] < oo, there exist aq,...,a, € K such that
K = Flag,...,ay).
Let g; € F[X] be the minimal polynomial of «, and define
f=9g91 g € FIX].

Let L be a splitting field of f over K; then K C L. We claim that L is also a splitting field of f
over I'. Indeed, if S denotes the roots of f in L that are not among the o, then

L=Kla,...,an,S] (because L is a splitting field of f over K)
= Flo,...,an)[a1,...,an, 5] (because K = Flay,...,qy))
= Floa,...,an, S| (because Flay,...,a,| already contains aq, ..., ap).

So L is generated over F' by roots of f, and thus is a splitting field of f over F'. Now let 5 € L
be any root of g. By Proposition 0.67, applied to the splitting field L of f over F' and the F-
conjugates o and f3, there exists an F-map 1 : L — L such that ¢(a)) = 5. By condition (2), ¥|x
is an F-automorphism of K. Since a € K, we get

B =1¢(a) e K.
Thus every root of g lies in K, so g splits in K[X].
(3) implies (1). Assume that for every a € K, the minimal polynomial of a over F splits in K[X].

Again write
K = Flag,...,ap)

for suitable o; € K, and let g; be the minimal polynomial of a;; over F. Set
f=a9192--gn € F[X].

By assumption, each g; splits in K[X], so f splits in K[X]. Since K is generated over F' by roots
of f, it follows that K is the splitting field of f over F'. O

Example 0.71 K = Q[v/2] is not the splitting field of X? — 2 over Q, because the other
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two roots,

923 and $/2e=2mi13,

are nonreal while K C R.

The normality theorem says more: since v/2 € K and its minimal polynomial X3 — 2 does
not split in K[X], there is no polynomial f € Q[X] for which K is the splitting field.

So some finite extensions are not splitting fields, regardless of the polynomial we choose.

Example 0.72 The splitting field of (X2 —2)(X? — 3) over Q is
K =Q[V?2,V3].
Since v/3 ¢ Q[v/2], the minimal polynomial of v/3 over Q[v/2] is still X2 — 3. Hence
QcQv2 cQlv2, V3|

is a tower with each step of degree 2, so [K : Q] = 4. By the normality theorem, the minimal
polynomial over Q of every element of K must split in K[X].

We can verify this with

a=V2+3.

Then
o =5+2V6 and (a® —5)? = 24,

SO
ot =102 +1=0.

Thus « is a root of X4 —10X?+1 in Q[X]. We can check that this polynomial is irreducible
in Q[X]. Its roots are

+v2 + /3,

which are all in K. Also,
QIV2+ V3] C K,

and
[Q[V2 + V3] : Q] = deg(X* — 10X2 + 1) = 4,

so K = Q[v2+ V3.

If K = Fla, ] for algebraic elements «, 3, can we always find v € K such that K = F[y]? Good
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question! Such a + is called a primitive element.

Finite Fields Are Splitting Fields

We are now in a position to say quite a bit about finite fields. Suppose F' is a finite field. Then
F contains Z, for some prime p. If
[F: Zy) =,

then F' has exactly p" elements. The multiplicative group F* has order p" — 1 and is abelian (in
fact, cyclic). By Lagrange’s theorem, every o € F™* satisfies

Hence every a € F satisfies

This says that every a € F is a root of the polynomial X?" — X € Z,[X]. The roots of X?" — X
make up the whole of F. Clearly, F is a splitting field of X?" — X over Z,, because F contains
all the roots of XP" — X and no proper subfield of F' contains all these roots. But any two
splitting fields of the same polynomial are isomorphic by the isomorphism extension theorem
(Proposition 0.67), so any two fields with p™ elements are isomorphic.

To address the existence of fields of size p”, let K be a splitting field of X?" — X over Ly, and let
F be the set of roots of XP" — X in K. Then F is a finite set with at most p” elements, and it
now turns out that F is a field.

To see this, take o, § € F. Using the Frobenius map (more commonly known as the freshman’s
dream), we have
(a£pB)P" =af" £ 87" =a=+p,
so o+ € F. Also,
(@B)" =" " = ap,
soaf € F. If a # 0, then
(@7 = (@) =a”,
so a~' € F, and hence F is a field. Since F is exactly the root set of XP" — X in K, we have
F=K.

At this point, one further issue remains: to conclude that |F| = p”, we must know that X?" — X
has no repeated roots. We will verify that soon enough. For now, pretending that we do know
that XP" — X has no repeated roots, we summarize what we have learned:
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Proposition 0.73 For every prime p and every integer n > 1, there is, up to isomorphism,
one and only one field of size p".

The standard notation for the field of size p™ is Fpn.

Irreducibles over 7Z,

Given n > 1, does there exist an irreducible polynomial in Z,[X]| of degree n? The answer is not
obvious! The existence of F,» answers this question.

The group F. is cyclic, as we know. Let o € Fn be a generator. Then
n__ n__
a, 02,03, a2 aP T =1

runs through all of Fyn, so
Fpn = Zy[a].

But
[Zplo) : Zyp] = [Fpn : Zp] = n,

so the minimal polynomial of a over Z, is an irreducible of degree n. Moreover, this minimal
polynomial divides XP" — X in Z,[X], because « is a root of X?" — X.

In fact, every irreducible polynomial in Z,[X] of degree n divides X" — X. To see this, take
an irreducible f € Z,[X] of degree n, and without loss of generality assume f is monic. By
Kronecker’s theorem, some extension contains a root a of f; take K = Zy[a]. Then of course

(K :Zy) =degf=mn

since f, being irreducible and monic, is the minimal polynomial of « in Z,[X]. Hence K is a field
with p" elements, and therefore K = [Fpn.

Hence every element of K, in particular «, satisfies XP" = X. Since f is the minimal polynomial

of «, it follows that
fIXP —X, inZy[X].

The upshot is that to find all irreducibles of degree n over Z,, we only need to factor X" - X,
although in practice this opens up a new can of worms.

However, we can still say more about its factors. First, if d | n in Z, then X P _ X divides X?" — X
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in Z,[X]. Indeed, write n = dk with £ > 1. Then
pr=1=p" 1= )" —1=(p" - 1)¢
for some positive integer £. Hence
XP' g = (xr o = (XY )h
for some h € Z,[X], and multiplying by X gives
XP" — X =(XP" — X)h, inZy[X].

Since every irreducible of degree d divides X e , we conclude that if d | n, then every irreducible
of degree d appears among the factors of X?" — X.

As it turns out, if f is irreducible in Z,[X] and f | XP" — X, then deg f must divide n. To see

this, let d = deg f, and let F» be the splitting field of X P" _ X. Since f divides this polynomial,
f splits in Fpn[X], so f has a root a € Fpn. Then

Ly < Zp[a] C Fpn,

and

By the tower theorem,

We summarize what we have learned:

Proposition 0.74 The degree d of every irreducible factor of X" — X divides n, and for
each divisor d of n, every irreducible polynomial of degree d over Z, divides Xr" — X.

The Subfields Of F

p"

While we are at it, we may as well determine the subfields of Fyn.

If E is a subfield of Fpn, then E has size p? for some d < n, and d = [E : Z,)]. From

Zy C E CFyn,
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the tower theorem gives
d ‘ [Fpn ZZp] =n.

So only sizes p? with d | n are possible. If E and L are two subfields of Fpn of size p%, then both
are exactly the root set of X P _ X. Hence for each divisor d of n, there is at most one subfield
of size p.

Does such a subfield always exist when d | n? Most certainly. If d | n, then X7 — X divides
XP" — X in Z,[X]. Since Fpn is the splitting field (indeed the full root set) of XP" — X, the
polynomial X P X splits in Fy»[X]. As we will prove later, X P _ X has no repeated roots. For
now we use this fact. Let

E={aeFp :apd:a}.

Then |E| = p?. Also, E is a field. If , 8 € E, then by the freshman’s dream,
(a+ B =a + " =a+p,

so o+ 8 € E. Similarly,
(aB)”" = aB,
and for a # 0,

Thus E is a subfield of Fj» with size p?.

When d | n, there is another way to get the unique subfield E of size p? inside Fpn, and this
method gives us more information about the subfield. First note that the group Fy. is cyclic of
order p" — 1.

Remark 0.75 For a cyclic group G of order m, every subgroup is cyclic of order ¢ with

¢ | m, and for each divisor £ there is exactly one subgroup of that order. If x generates G,

then the unique subgroup of order ¢ is generated by z"/*.

Pick a generator « of Fy.. If d | n, then p?—1]p"—1,s0
8 = @"=-1/('=1)

generates the unique subgroup H C F7,. of order p? — 1. Throwing in 0, we see that £ = H U {0}
is the unique subfield of size p?. Indeed, every v € H satisfies fypd_l =1, so every vy € F satisfies
Vpd = . Hence F is precisely the field of roots of X - X.

Furthermore, E = Z,[f], and the minimal polynomial of 8 over Z, has degree [E : Z,] = d. So
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determining that minimal polynomial gives us a solid grasp on E.

Control of the Degree of a Splitting Field

Proposition 0.76 If K is the splitting field of a polynomial f € F[X], then [K : F] divides
n!, where n = deg f. Furthermore, if f is irreducible, then n divides [K : F].

Proof. The second assertion is easier, so we begin there, using a familiar argument. Assume f
is irreducible of degree n, and let @ € K be a root of f. Then

FCFlo]CK.

By the tower theorem, [Fla] : F] divides [K : F|. Since f is irreducible (up to scaling to make it
monic), f is the minimal polynomial of «;, so

[Fla] : F] =n.
Hence n | [K : F|. Now we prove the first assertion by induction on n = deg f. If n = 1, then
K =F,so [K : F] =1 divides 1!. Assume the statement is true for every splitting field of every

polynomial of degree < n over any base field. Let f € F[X] have degree n, and let K be its
splitting field. If f is irreducible, choose a root o € K. Then

f=X-a)yg

with g € K[X] and degg=n—1 < n.

The intermediate field used in the induction is shown in Figure 7.

Fla]

FIGURE 7

Because f is irreducible, [F[a] : F] = n. Also, K is the splitting field of g over F[a]; after all, K
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contains « along with the other roots of f, which are nothing but the roots of g. By the induction
hypothesis,
[K: Fla]] | (n—1)

Therefore, by the tower theorem,
[K:F]=[K:Fla]][Fla]: F]=[K : Fla]]n

divides n!. If f is reducible, write f = gh with degg = m, degh = k, and 1 < m,k < n. Let
Qai, ..., 0, be the roots of g in K, and (i, ..., Bk the roots of A in K. Then

K:F[O‘b"'aamaﬁl?"'aﬁk‘]:F[ala"',am][ﬁla"',ﬁk]'

Set
E = Flaq,...,0mn).

Then F is the splitting field of g over F', and K is the splitting field of h over E.

Figure 8 records this second extension tower.

FIGURE 8

By induction,
[E: F]|m! and [K : E]| kL

Hence
[K:F]=[K:E|[E:F|

n! n
mlk! <m> €z

so m!k! divides n!. Therefore [K : F| divides n!. O

divides m!k!. Since m + k = n,

This result is useful but coarse, since n! has a lot of divisors even when n is not that big. So
there remains a lot of wiggle room for what [K : F] can be. Perhaps the most useful information
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coming out of Proposition 0.76 is when n = 3 with f irreducible. In that case, Proposition 0.76
tells us that if K is the splitting field of f in F[X], then

3[[K:F] and [K:F]|6,

so the degree of the splitting field of an irreducible cubic is either 3 or 6.

Example 0.77 For our old friend f = X3 — 2 in Q[X], the splitting field is
@[\3@, 627ri/3]’

which has degree 6 over Q.

Exercise 0.78 Find an irreducible cubic in Q[X] whose splitting field has degree 3.

So the natural question is: given an irreducible cubic in F[X], how can we tell whether its splitting
field has degree 3 or 67 We will find out soon...

What about irreducible cubics over Z,? In that setting, the splitting field degree of an irreducible
cubic is always 3. We can put our knowledge of finite fields to work.

Recall that Fpa extends Z, with

[Fs : Zp) = 3,

and F s is the set of all roots of X?" — X. If f is an irreducible cubic in Zp|X], then f | X7 — X,
so f splits over ;5. Let a € Fp3 be a root of f. Then we get the tower

Zp C Zplo] C Fpa.
Since f is the minimal polynomial of « (up to scaling),
[Zpla] : Zp) = deg f = 3.

Thus Zy|a] = F,s, and because f splits over I, this field is the splitting field of f.

p3s
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Quadratic Extensions

Definition 0.79 If [K : F] = 2, we call K a quadratic extension of F.

Here is a useful observation about quadratic extensions, which, curiously enough, fails in fields of
characteristic 2.

Proposition 0.80 Assume char(F') # 2. An extension K of F is quadratic if and only if
K is the splitting field of an irreducible polynomial of the form X? — d in F[X].

Proof. From a splitting field to a quadratic extension. First suppose K is the splitting field of
X2 — d over F, where X2 — d is irreducible. Let a € K be a root, so o = d; that is, a = V/d
for some choice of square root in K. The other root is —«, and since char(F) # 2, these roots
are distinct. Thus X? — d splits over F[a], so K = F[a]. Because X2 — d is irreducible, it is the
minimal polynomial of «, and therefore

(K : F] = [Fla] : F] =2.

From a quadratic extension to a splitting field. Now suppose [K : F| = 2. Pick a« € K \ F. Then
the minimal polynomial of o over F' has degree 2, say

g9(X)=X?+bX +cc F[X].
Since char(F') # 2, define
b2

B:a—}-g and dzz—c.

Then, completing the square (!), we get

b\> [
ﬁQ—d:(a+2> —<4—c>:a2+ba—f—c:0.

So B is a root of X? —d. Also 8 ¢ F because a ¢ F, so X? — d is irreducible over F. Hence

which forces K = F[f]. Since the other root is —3, the polynomial X2 — d splits over K, and K
is its splitting field. O
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If F' has characteristic 2, Proposition 0.80 has no hope. For instance, if F' is finite, then the

Frobenius map = — 2?2 is an automorphism of F. So every d € F is a perfect square, say d = a?,

for some a € F'. Then the freshman’s dream gives
X2 —d=X?-d*>= (X —a)
so all polynomials of the form X? — d are reducible when F is a finite field of characteristic 2.

On the other hand, if F is infinite, irreducible polynomials of the form X? — d can exist.

Example 0.81 In F = Z(t), the polynomial X2 — t is irreducible. If o is a root in some
extension K of F, then
(X —a)?=X2-0o?=X?—1t,

so X2 —t splits over F[a] with a repeated root.

Thus, in characteristic 2, a quadratic extension need not be the splitting field of a polynomial
of the form X? — d. Still, every quadratic extension is the splitting field of some polynomial
X2 +bX 4 c over F. We leave this as an exercise.

4. Separability

The Issue of Repeated Roots

We need to settle when a polynomial f € F[z] can have repeated roots in its splitting field K.

If f = g7"--- g, with distinct irreducibles g; € F[z], then the splitting field of f is the same as the
splitting field of h = g1 - - - gx. Repeating a factor adds no new roots. Also, different g; contribute
different roots in K, because the g; are pairwise coprime. In particular, from

ged(gi, g5) = 1 in Flz],

we still get
ged(gs,95) = 1 in Kz].

So the real matter of concern is this: an irreducible g € F[x] can still have repeated roots in an
extension of F.
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Example 0.82 Take
F =7Zs(1),

the field of rational functions in an indeterminate ¢ over Zy. Consider 22 —t € Flx].

This polynomial is irreducible in F[z], because it has no root in F. If

)

q(t)

with p(t),q(t) € Z[t], then p(t)? = tq(t)?. But deg(p(t)?) is even, while deg(tq(t)?) is odd,
a contradiction.

Let K be the splitting field of 2 — ¢, and let o € K be a root. Then a? = t, so in K|[z],
2 —t=22-a’=(z—a)
Hence « is a repeated root of an irreducible polynomial.

We might ask “so what?” Let’s talk about what. This severely limits the possibilities for
the F-automorphisms of K. Since K = F[a], let ¢ : K — K be an F-automorphism. Then

so ¢(a) is a root of 22 —t. But that polynomial has only one root, namely . Thus ¢(a) = a.

Now every 8 € K has the form
B=ay+aa+---+a,a”, a;€F,
and therefore

©(B) = plao) + plar)p(a) + -+ - + plan)p(a)”
=ayp+aa+--+aa”

=5,

because ¢ fixes F' and a. So ¢ = idg. Apart from the identity map, there are no other
F-automorphisms of K.
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Derivatives

The main tool for detecting repeated roots is the derivative.

Definition 0.83 If
f=ay+a X +aX?+ - +a, X",

then the derivative of f is

f'=a1 +2a2X +3a3X? +--- +na, X" ! € F[X].

\ J

If f is constant, then f’ = 0. But in characteristic p, f’ can vanish even for nonconstant polyno-

mials.

Example 0.84
(X°P 4 2XP —4) =5pXP~ L L opXP~l =0

in characteristic p.

For f,g € F[z], the usual rules hold:

(f+g)=f+4,
(f9) =fg + fg.

We omit the utterly dreary verifications.

Definition 0.85 If f € F[z] has a root « in an extension K, we say that « is a repeated
root when (X — «)? divides f in K[X].

Proposition 0.86 A nonzero polynomial f € F[z] has a repeated root in some extension
of F if and only if f and f’ are not coprime in F[z].

Proof. Whenever K is an extension containing a root « of f, we can write

f=(x—a)g, forsomege K[zx]. (0.1)
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Differentiating and using the product rule for derivatives gives

ff=@-a)d +g. (0.2)

Not coprime implies a repeated root. Suppose first that f and f’ are not coprime in F[z]. Then
ged(f, f') is nonconstant. Let K be a splitting field of ged(f, f'), and choose a root « of ged(f, ).
Then « is a root of both f and f’. By (0.2), a is a root of g, and then (0.1) shows (x — a)? | f in
K|z]. So a is a repeated root.

A repeated root implies not coprime. Suppose « is a repeated root of f in some extension K of F.
Then (z — «)? | f in K[x]. By (0.1), we get * — | g in K[z]. Then (0.2) gives z — | f/ in K[z].
If f and f’ were coprime in F[z], Bézout’s identity would give a,b € F[x] such that af +bf’ = 1.
The same identity would hold in K[z], which is impossible because z — a divides both terms on
the left. Hence f and f are not coprime in F|[x]. O

The beauty of Proposition 0.86 is that we can predict the appearance of repeated roots in some
extension of F' by just looking within F/[x].

Example 0.87 Does
f=a+423 + 822 + 8x + 4

have a repeated root in C?

Its derivative is
[ = 4a® +122% + 162 + 8.

A Euclidean algorithm computation gives
ged(f, f) = 2% + 2z + 2.

So f does have repeated roots in C. In fact those repeated roots are the roots of ged(f, f/),
namely —1 + 4, by the quadratic formula.

By Proposition 0.86, if f and f’ are coprime in F[z], then f has no repeated roots in any extension
of F.

As we might recall, in the proof of existence of finite fields of all possible sizes p™, we took K to
be the splitting field of X?" — X over Zy, and then discovered that its roots fill all of K.
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What was left to check was that X?" — X has exactly p™ distinct roots. We calculate
(XP" = X) =p"XP" 7L —1=—1, inZ,[x].

Evidently, XP" — X is coprime with —1. So X" — X does have p" roots, which are precisely the
elements of K.

Irreducibles Without Repeated Roots

Definition 0.88 An irreducible polynomial f € F[z] is called separable if it has no
repeated root in any extension of F. Equivalently, f is separable if and only if f and f’ are
coprime.

If f is irreducible and f’ # 0, then f and f’ are coprime. Indeed, any common divisor h satisfies
degh < deg f' < deg f,

so h must be constant. If instead f’ = 0, then deg f > 2 (a nonzero linear polynomial cannot
have zero derivative). In that case,

ged(f, f') = ged(£,0) = f,

so f is not separable. In some field extension (e.g., in the splitting field of f), we will encounter
a repeated root of f.

We can summarize what we have learned as follows.

Proposition 0.89 An irreducible f € F[z] is separable if and only if f’ # 0.

A useful consequence emerges:

Proposition 0.90 If F' has characteristic 0, then every irreducible polynomial in F[x] is
separable.

Proof. If f is irreducible, then deg f > 1, so f’ # 0 in characteristic 0. Apply Proposition 0.89.
O
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The term “separable” is apt: if an irreducible polynomial f has degree n, then in its splitting field
K we can write

f=alx—ar)(z—a9) - (z— ayp)
with all o; distinct. So no two roots are on top of each other: they are “separated.”
In light of Proposition 0.90, the issue of separability comes down to fields of prime characteristic p.
In such fields, we can have irreducibles with zero derivative, and those are precisely the inseparable

irreducibles.

Polynomials with Zero Derivative in Characteristic p

Proposition 0.91 Let F have prime characteristic p. For f € F[x], we have f' = 0 if and
only if
f(x) = g(z")

for some g € F[x].

Before the proof, notice that the condition f(x) = g(2”) means precisely that only powers z7
appearing in the expansion of f are those with p | j.

Example 0.92

2 42 4 20 4 5P 47 = (2P)P + (aP)T + 2(aP) + B(aP) + T(aP)O.

Proof of Proposition 0.91. If f(z) = g(«P), then f' = 0. Suppose
9(x) = anz™ 4 an_12" " -+ ayz + ag,

then
f(z) = apaP™ + 12?7V 4 2P + ag,

SO
f(x) =pn a1 + p(n — 1)an,1:rp(”_1)_1 + - FpagzPt =0.
If f' =0, then f(x) = g(«P). Write

f:Zajxj.
J
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Then
0=f'= Zjaj:nj_l,
J

so ja; = 0 for every j. If j # 0 (mod p), then j # 0 in F', and hence a; = 0. Therefore only
powers 2/ with p | j appear, so f(z) = g(zP) for some g € F|x]. O

We have seen that in characteristic 0, every irreducible f € F[z] is separable. Such f splits in its
splitting field with no repeated roots. In other words, the number of roots of f in its splitting
field equals deg f.

Question 0.93 In characteristic p, can every irreducible polynomial in F'[z] be separable?

Recall that the Frobenius map is

c:F—F

a— aP.
It is always a homomorphism and always injective, but not always surjective.
For example, for o : Zy(t) — Zy(t) one cannot have t = o(h), because that would imply
(&
—\b(t)

for polynomials a(t),b(t) € Zy[t], hence

The left side is a polynomial of degree pdegb(t) + 1 = 1 (mod p), while the right side is a
polynomial of degree pdega(t) =0 (mod p), which is impossible. So ¢ is not onto for Z,(t).

But sometimes, the Frobenius map is surjective, especially if I is finite. In that case, the pigeon-
hole principle forces o to be a bijection, so ¢ is an automorphism of F.

Next up is the main result of this section.

Proposition 0.94 Let F' have characteristic p. Every irreducible polynomial in F[z] is
separable if and only if the Frobenius map o : F' — F is onto.
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Proof. Forward implication. Assume first that o is not onto. Choose b € F'\ o(F). Then 2P — b
has no root in F'. Let K be the splitting field of P — b, and let § € K be a root. Since 6P = b,

P —b=2aP — 0P = (z —0)P

in K|z], so 0 is a repeated root. Let g € F[x] be the minimal polynomial of §. Because g | 2P — b
in Flz], in K[z] we have
g=(z-0)"

for some k with 2 < k < p. Expanding gives
g=2aF —khzF 14 ... .

Since coefficients lie in F', we have k6 € F. If k # p, then k is invertible in Z,, so 6 € F,
contradiction. Hence k = p, and therefore g = 2P — b is irreducible in F'[z] but not separable. So
if the Frobenius map is not onto, not every irreducible is separable.

Reverse implication. Now assume the Frobenius map is onto. Let f € F[z] satisfy f' = 0. By
Proposition 0.91,

f(@) = g(2P) = ana™ + ap_ 127"V + .o 4 a2 + ap.
Since the Frobenius map is onto, each a; = bf for some b; € F'. Then
fx) = tRaP + b aP7) o WP ) = (b + bpo1a™ T 4 by b))’

since the Frobenius map is a homomorphism of F[x] (this is the freshman’s dream). Obviously f
is reducible, because it is a perfect p-th power. In particular, if f is irreducible, then f’ # 0. By
Proposition 0.89, f is separable. Hence every irreducible in F'[z] is separable. O

An important corollary follows:

Proposition 0.95 If F' is finite, then every irreducible polynomial in F[z] is separable.

Proof. For finite F', the Frobenius map is onto. Apply Proposition 0.94. O

Fields over which every irreducible polynomial is separable are called perfect fields in the lit-
erature. This includes all fields of characteristic 0 and all finite fields. In our opinion, such
terminology lacks imagination. After all, perfection is in the eye of the beholder. Why not call
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splitting fields perfect? Some might feel that Zo(t) should be called perfect. But we will go along
with the crowd.

We might ask if there are perfect fields other than finite fields and fields of characteristic 0. This
is a more specialized question, but the answer is yes.

For example, let I be the algebraic closure of Z,. Without constructing F', we take it to be an
algebraic extension of Z, whose only algebraic extension is F' itself. Then F' is an infinite field of
characteristic p which is perfect, because the Frobenius map on F' is onto. Indeed, take § € F.
The splitting field K of the polynomial 2 — 8 in F[x] is an algebraic extension of F. Since F' is
algebraically closed, K = F. So aP — 3 splits over F'. In particular, there is some o € F' such that
aP — f=0. That is, 8 = of = o(a).

More easily, the only irreducible polynomials in F'[z] are linear, and linear polynomials are always
separable. So F' is perfect. &

Separability for Arbitrary Polynomials

In defining separability for a general polynomial f € F[z], we have two options:

Option 1. We can say that f € F[x] is separable when f has no repeated root in its splitting field.
This is the same as saying that f is coprime with its derivative f’ in F[z].

Option 2. We can say that f is separable when each of the irreducible factors g of f in Fx] is
separable. This means that if ¢ is irreducible and ¢ | f in F[x], then g has no repeated root
in its splitting field (which is part of the splitting field of f). That is, ¢ # 0.

Some authors use Option (1). Some authors use Option (2). But the concepts are not the same.
For instance,
(2% +1)°(2® ~2)° € Q[a]

is separable under Option (2), but not under Option (1).

If
f=9192" gk

with distinct irreducibles g;, then the two notions agree. Often such polynomials are called
square-free. For a square-free f = gy - - - gx € F[z] with splitting field K, let n be the number of
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roots of f in K, and let n; be the number of roots of g; in K. Clearly,
n=mni+ng+---+ng (0.3)

and

deg f = deg gy +deggo + --- + deggy.
Now Option (1) is equivalent to n = deg f, while Option (2) is equivalent to n; = degg; for all
j. But (0.3) reveals that Option (1) holds if and only if Option (2) holds. So for square-free
polynomials, the two notions of separability coincide.

We also notice that if
f=g0" g € Fla]
with irreducible factors g; repeated e; times, then the splitting field K of f is the same as the
splitting field of the square-free
h = g1 Gk,

where the irreducible factors of f are taken only once.
Since (as far as making splitting fields is concerned) only square-free polynomials are needed, the
choice of Option (1) or Option (2) is not actually that important. But we are mathematicians,

and we must make a choice. We shall adopt Option (2) and declare f to be separable if every one
of its irreducible factors in F'[z] is separable.

One practical advantage of using Option (2) is immediate: if F' has characteristic 0 or if F' is
finite, then all polynomials in F'[z] are separable in this sense.

Here is a little easy item that will come in handy later:

Proposition 0.96 If f € F[z] is separable with splitting field K, and F is an intermediate
field with FF C F C K, then f remains separable as a polynomial in Ez].

Proof. Let h € E|x] be irreducible with h | f in Efz]. We must show h has no repeated root in
K. There has to be an irreducible g € F[z] such that g | f in F[x] and h | g in E[z]; hence h | g
in K[x] as well. If (x — )2 | h in K[z] for some § € K, then (z — 0)? | g in K[z], contradicting
separability of f over F. Therefore h has no repeated root, and f is separable over E. O
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5. The Galois Group of a Field Extension

The Galois group is easy to define, and harder to understand.

Definition 0.97 If K extends F, the set of all F-automorphisms ¢ : K — K (that is, maps
such that ¢(a) = a for all a € F') is a group under composition. We shall call this group the
Galois group of the extension and denote it by Gal(K/F'). Some books write Aut(K/F).

Example 0.98
Gal(R/Q) = (1),

the trivial group.

To see this, let ¢ : R — R be a Q-automorphism, so that for each r» € Q, we have ¢(r) = r.
First, ¢ preserves squares: if z > 0, then z = y? for some nonzero y € R, so

Thus ¢ also preserves positivity on R: if z > 0, then ¢(x) > 0. Now, if z < 0, then —z > 0,
so ¢(—x) > 0, and thus ¢(z) < 0. We conclude that ¢ preserves order on R. Now, let z € R.
For any rational ¢ < x, order preservation means that ¢ = ¢(q) < ¢(x). Similarly, for any
rational ¢ > z, we have ¢(x) < ¢(q) = ¢q. So ¢(z) lies between all rational numbers less than
x and all rational numbers greater than x. By the density of Q in R, this forces ¢(x) = x.
Since z was arbitrary, ¢ is the identity map on R, and thus Gal(R/Q) is the trivial group.

Exercise 0.99 Show that Gal(C/R) is the two element group consisting of the identity
map z — z and the conjugation map z — Z.
Example 0.100 If K = Q[v/2], what is Gal(K/Q)?
If p: K — K is a Q-automorphism, then the identity (v/2)% = 2 gives
(p(V2)" = o((V2)°) = p(2) = 2.
So go(\3/§) is one of the three roots of X3 — 2. One of those roots is %, but the other two

roots are

e2mi/3 and $/2e2mi/3,
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which are not real numbers. Since K C R, we see that these other two roots are not in K.
Thus

p(V2) = V2.
Then every « in K looks like
a=a+bvV2+c¢(V2)? abceqQ.
So

p(a) = p(a) + @(b)p(V2) + (c)p(V2)?
=a+bV2+c(V2)?

:a7

since ¢ fixes Q and (¥/2) = /2. We have just learned that Gal(K /Q) is the trivial group.

Example 0.101 If w = €2™/5_ its minimal polynomial is
g X) =X+ X3+ X?+ X + 1.
The splitting field of g over Q is K = Q[w].
We now find Gal(K/Q). If ¢ : K — K is a Q-automorphism, the equation
W+’ Fw+1=0

leads to
0= pw)" + p(w)’ + (W) + p(w) + 1.
Thus ¢(w) is one of the four roots of g, which are

w, w?, w3, and wt.

Figure 9 shows their positions among the fifth roots of unity.
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w
w2
:
1
w3
W
FIGURE 9

For each j = 1,2, 3,4 does there exist a Q-automorphism ¢ : K — K such that
p(w) = w’?

Yes, by the isomorphism extension theorem, because w and w’ are conjugates and K is a
splitting field.

So far we have learned that Gal(K /Q) has order 4. Furthermore, Gal(K /Q) is cyclic. Indeed,
let ¢ be given by
0w wl
Then
O we w? e (W) =wl,

O w wt s (W) =W = Wi = WB

i wde (W =Wl =W =w.

So Gal(K/Q) is a cyclic group of order 4.

The few examples so far have all been abelian groups. But rest assured that nonabelian Galois
groups are out there.

Galois Groups Preserve Roots

If ¢ € Gal(K/F) (that is, ¢ : K — K is an F-automorphism) and f € F[X] has a root « in K,
then ¢(a) must be a root of f too. We have seen this before, but here it is again.
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Write
f=a, X" +a, 1 X" '+ +a1X +ag, a;€F

Then
£(e(@) = Y ayp()

= Zcp(aj)go(a)j since ¢ fixes F
J

= g a;o’ since ¢ is an automorphism
J

(f(a))
(0) = 0.

12
P
Galois Groups and Generators

Galois groups are determined by what they do to generators of the field extension. Suppose
K = Flag,ag,...,a,] and ¢ : K — K is an F-automorphism of K. Every « in K takes the form

o= Z ai1,...,inaill N a'Zr‘an (04)

i17'~~7in

with a;,.. 4, € F' and i; > 0. Then

o) = 3 plan,.a)e(e) - plon) = 3 ai,iplar) - olon)™,

since ¢ fixes F. By looking at this, we see that ¢ is fully determined on K by its finitely
many values p(aq),...,¢(ay). In other words, if p,1 € Gal(K/F) and ¢(a;) = ¢(« ) for all
j=1,...,n, then ¢ = on all of K. As long as we know in advance that ¢ is an automorphism
of K, we can refer to ¢ as the automorphism that sends each a; to (o).

The preceding observations provide an important insight into the Galois group of a splitting field.
Let K be the splitting field of some polynomial f in F[X]. Then K = Flax, ..., ay,], where the «;
are the distinct roots in K of f. For now we do not insist that deg f = n; perhaps f has repeated

roots. Let
A={ay,...,an}

be the set of roots of f.
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There is the important group S(A) consisting of all permutations of A, more commonly known
as the symmetric group. The order of S(A) is nl.

Since every ¢ € Gal(K/F') sends each root o to another «;, and since ¢ is one-to-one and A is
finite, the restriction ¢|a becomes a permutation of A, that is, ¢|a € S(A). The restriction to A
makes a group homomorphism:

O : Gal(K/F) — S(A)

©— Y|A.

This & is an injection because each ¢ is determined by what ¢ does to the generators aq, ..., an,
of K.

To see this last important claim more formally, let ¢ € ker ®. Then | is the identity permutation
on A. In other words, ¢(o;) = a; for all j. Then, by looking back at (0.4), we see that ¢(a) = «
for all @ in K.

So the Galois group of the splitting field of each f in F[X] embeds, via the restriction map, into a
subgroup of the group of permutations S(A) of the set of roots A of f. In the case of a splitting
field, this tells us that the order of Gal(K/F) is finite and divides n!, where n is the number of
roots of f inside its splitting field.

Example 0.102 To illustrate the preceding items, let us calculate the Galois group of the
splitting field of X3 — 2 over Q.

The roots of this polynomial are
a, aw, and aw?,
where o = /2 and w = €?™/3. The splitting field is
K = Qla, aw, aw?],
which by inspection is the same as Qo w].

The three roots are plotted in Figure 10.
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aw

FIGURE 10

By looking at the tower
Q C3 Qla] Sz Qla]lw] = K,
with degrees as indicated based on past calculations, we see that [K : Q] =6. If p: K — K
is a Q-automorphism, the equations o® = 2 and w? + w + 1 = 0 give
p(a)’ = p(a’) = p(2) =2,
P(w)? + p(w) + @(1) = p(w’ +w +1) = ¢(0) = 0.
Thus ¢(«) is one of

o, aw, and aw?,

and ¢(w) is one of

w and w2,

Thus, if ¢ € Gal(K/Q), then ¢ can be described by one of the following six possible actions
on a and w:

1. a— o, w— w;
a = aw, W w;
a = aw?, w e w;

a— o, w— w

a - aw, W w

S Ltk @

2

a— oaw?, w e w?.

At this point we cannot conclude that these six actions on «,w give Gal(K/Q), because for
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each action we need to know there exists a ¢ € Gal(K/Q) that gives that action. In some
other examples this might not even be true. But for our X3 — 2 it is true.

We verify that there exists ¢ € Gal(K/Q) such that

o(a) = aw and o(w) = w?,
which is Possibility (5). Since a and aw are Q-conjugates, there is a Q-isomorphism

¢ : Qla] = Qlaw]

such that ¢(o) = aw. This follows from the isomorphism extension theorem. Now K
remains the splitting field of X3 — 2 over both Q[a] and Q[aw]. The minimal polynomial of
w over Qo] is still

g=X*+X+1.

The ¢-transform of g in Q[aw][X] remains g, and g is the minimal polynomial of w? over

Qlaw].
By the isomorphism extension theorem, there is an automorphism 1 : K — K such that

Ylg =¢  and  P(w) =’

Check this closely. This ¢ in Gal(K/Q) is the one we want, that is,
Y(a) = aw and P(w) = w?

In a similar way, we can confirm that for every one of the six possible ways that a Q-
automorphism of K can act on «,w, there does exist an automorphism to carry out that
action. Of course, Possibility (1) is trivial to see.

We just learned that the order of Gal(K/Q) is 6. The fact that 6 is also the degree [K : Q)
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is no coincidence, as we shall discover.

Let A = {a, aw,aw?} be the set of roots of X® — 2. Remember that S(A), the group of
permutations of three things, has order 6. Thus the restriction map

O : Gal(K/Q) — S(A)

is onto. So in this example the Galois group is isomorphic to the nonabelian group S3 of
permutations on three letters.

For instance, the Q-automorphism ¢ : K — K given by Possibility (5) implements the
following permutation of A:

a = ow,
aw — (aw)w? = aw® = a,
aw? = (aw)(w?)? = aw® = aw?w? = aw?.

This is the 2-cycle that interchanges o with aw.

The Irreducible Case

Here is an extra observation about the Galois group for the splitting field of an irreducible poly-
nomial. Suppose f € F[X] is irreducible. Let K be the splitting field of f, and let A be the finite
set of roots of f in K. We have the restriction map

¢ Gal(K/F) — S(A)

©— Y|A.

This is a one-to-one group homomorphism.

Pick two roots a, 8 € A. Since f is irreducible, o and g are F-conjugates with minimal polyno-
mial f, after making f monic if necessary. By the isomorphism extension theorem, there is an
automorphism ¢ : K — K such that ¢|p = id on F and ¢(«) = 5. Therefore, for any two roots
in A, there is a ¢ € Gal(K/F') that maps one to the other.

Thus Gal(K /F) acts transitively on the set A of roots of f. In the jargon of group theory, we say
that Gal(K/F) embeds into a transitive subgroup of S(A). If A has n roots, then S(A) is the
familiar symmetric group S, of permutations on n letters. So Galois groups of splitting fields of
irreducible polynomials are transitive subgroups of 5.
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An Upper Bound On the Order of the Galois Group

Now it is time to get to the core theorems of Galois theory, painful as they may be.

We first establish an upper bound on the order of Gal(K /F'), using the absolute value notation
|Gal(K'/F)|

for the order of the Galois group.

Proposition 0.103 If the degree of K over F' is finite, then

Gal(K/F)| < [K : F].

Proof. It is easier for our proof by induction to show something a bit more general. We will
prove that if L is any extension of F', then the number of F-maps ¢ : K — L is at most [K : F].

Since [K : F] < oo, we may write
K = Flay,...,an)

for some a; € K that are algebraic over .. We carry out an induction on the number n of «;
used to generate K.

If n =0, then K = F and there is exactly one F-map K — L. Suppose
E = Flai,...,on1] and K = Elay,)].

By the induction hypothesis, the number of F-maps ¢ : E — L is at most [E : F|. Every F-map
¥ : K — L is an extension of some F-map ¢ : E — L. Given such a ¢ : E — L, how many
extensions ¢ : K — L could there possibly be? We have K = E[ay,]. If g in E[X] is the minimal
polynomial of a,, let ¢(g) be its p-transform in L[X].

Now «,, is a root of g. Thus ¢(«,,) is a root of ¢(g). Indeed, write
g=ar X"+ + a1 X +ag

in E[X]. Then

N

©(9) (¥ (am)) = wlar)ip(an)
= Y(ar)(om)

B
+ +
+
=
g
<
Q
g
+
=
S
S
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= (aral + -+ aran + ag)

(%
$(0) = 0.

Also,
deg¢(g) = degg = [Efow] : E] = [K : E].

So the number of options for ¢ (a,,) is at most [K : E]. This means that each F-map ¢ : E — L
has at most [K : E] extensions ¢ : K — L. Since there are at most [E : F/| such maps ¢, the total
number of F-maps K — L is at most

[K:E|[E:F)=[K:F|

as required. O

The Fixed Field of a Galois Group

Definition 0.104 If H is a group of automorphisms of a field K, the set
Fix(H) ={a € K: p(a) =a forall p € H}

is a subfield of K, known as the fixed field of H.

Every element of F' is fixed by every F-automorphism of K, so
F C Fix(Gal(K/F)).

This inclusion can at times be proper.

Example 0.105 For K = Q[V/2], we saw in Example 0.100 that Gal(K/Q) is the trivial
group. The trivial group fixes all of K, so

Fix(Gal(K/Q)) = K # Q.

Example 0.106 Take our old friend
K = Qlo,w], a= 2, and w = e>™/3,

This K is the splitting field of X3 — 2, whose roots are a, aw, aw?. We saw that [K : Q] = 6
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by looking at the tower
Q C Qo] C Qle][w] = K.

We also saw in Example 0.102 that Gal(K /Q) is a group of order 6 determined by the six
actions on o and w described earlier.

A basis for K over Q is given by

2 2
1, a, o, w, aw, a“w,

as can be seen from the above tower. Now suppose
B € Fix(Gal(K/Q)).
Thus ¢(B) = B for all Q-automorphisms of K. Write

B =a1+ asa + a3 + agw + asaw + a6a2w, a; € Q.

Take ¢ in Gal(K/Q) given by

ola) =« and ow) =w? = -1 —w,

recalling that w? +w + 1 = 0. Then ¢(B) = B gives

a1 + asa + a3a2 + aqw + asow + a6a2w

= a1 + aga + aza® + ag(—1 — w) + asa(—1 — w) + aga’(—1 — w)

= (a1 — aq) + (a2 — as)a + (a3 — ag)0® — agw — asaw — agaw.

Compare coefficients to see that ay = a5 = ag = 0. Then
B =a1 + asx + asa’.
In Gal(K/Q) there is also a ¢ such that ¢(a) = aw. Then ¢(8) = 3 gives

a1 + asa + aza® = aj + asaw + ag(aw)2

= a1 + asow + a3a2(—1 - w)

=a; — a3a2 + asw — a3a2w.

Compare coefficients again to see that ao = a3 = 0. Thus f =a; € Q.
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We have just shown that
Fix(Gal(K/Q)) = Q.

The Characterization of Galois Extensions

A fantastic but hard theorem is imminent...

Proposition 0.107 For a finite degree extension K of F, the following statements are
equivalent:

1. K is the splitting field of a separable polynomial in F[X].
2. |Gal(K/F)| = [K : F].
3. Fix(Gal(K/F)) =F.

4. For every « in K, its minimal polynomial in F[X] is separable and splits in K[X].

Proof. (1) implies (2). We prove this by induction on the degree [K : F]. If [K : F| = 1, then
undoubtedly K = F', which leads to

Gal(F/F)| =1=[F: F].

Now suppose K is the splitting field of a separable polynomial f in F[X] and [K : F] = n. If all
irreducible factors of f in F[X] were linear, then f would already split in F[X], and K = F. So
we can take g to be an irreducible factor of f in F[X] with degg =k > 2.

Pick a root « of ¢ in K and put
L = Fla].

Since g is irreducible,
[L:F]=degg=k.

Since
n=[K:F|=[K:L][L:F|=[K:Llk,

we have [K : L] =n/k < n.

The field K remains the splitting field of f viewed as a polynomial in L[X]. Also f remains

7



PMATH 348 FIELDS AND GALOIS THEORY WINTER 2015

separable as a polynomial in L[X]. By the inductive hypothesis applied to the extension K /L,
|Gal(K/L)| = [K : L.

Here Gal(K /L) is the group of automorphisms of K that fix L. Clearly Gal(K /L) is a subgroup
of Gal(K/F'). Recall that the index of a subgroup H of a group G is the number of left cosets
of H. Let j be the index of Gal(K /L) in Gal(K/F). Lagrange’s theorem tells us that

Gal(K/F)| = [Gal(K /L)
The tower theorem, along with the inductive hypothesis, tells us that
[K:F]=[K:L|[L:F]=|Gal(K/L)|[L: F].
To see that [K : F] = |Gal(K/F)|, we need j = [L : F]. Remember that
[L: F|=[Fla]: F] = degg = k.

So we need j = k. This is where the separability of g comes in. Let aq, aq, ..., ax be the distinct
roots of ¢ inside K. There are k of them. For each «;, the isomorphism extension theorem
provides an automorphism ¢; : K — K such that

il =1id and vila) = a.
These ¢; are in Gal(K /F'). Since the a; are distinct, we see that
i) # po(a)

when i # £. Then
oy pia) # a.
So cpzlgoi is an F-automorphism of K that does not fix F|a] = L. For ¢ # ¢ we just saw that

vy 'ei ¢ Gal(K/L).
This means that the cosets
wiGal(K /L) and wrGal(K /L)
are distinct. Consequently j > k. Now, if we had j > k, then we would get

Gal(K /F)| = |Gal(K /L)|j = %j >n=[K:F]
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But this contradicts Proposition 0.103, which told us that
|Gal(K/F)| < [K : F).
So j =k.

(2) implies (3). Let
L = Fix(Gal(K/F)).

By the definition of L, an automorphism ¢ : K — K fixes F' if and only if it fixes L. So

Gal(K /L) = Gal(K/F).

Then
[K : F] = |Gal(K/F)| by the assumption in (2)
= |Gal(K/L)|
<[K: L] by Proposition 0.103
<[K : F] since F C L C K.

Hence [K : F] = [K : L]. The tower theorem forces L = F.

(3) implies (4). For o in K, we will present its minimal polynomial g in F[X] in split form and
without repeated roots in K[X].

The orbit of a under Gal(K/F) is the set
{o(a) : p € Gal(K/F)}.
Every one of these p(«) is a root of g. Let

Q= ‘p1<a)7 @2(04), ) and Son(a)

be an enumeration of the orbit of a without repetition. Put

h=(X = p1(a)(X — p2(a)) - (X — on(a)).

This polynomial is split in K[X] and has no repeated roots. For each ¢ in Gal(K/F'), we calculate
the transformed polynomial

p(h) = (X — pp1(@)(X — pp2(a)) - (X — ppn(a)),
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and ¢ permutes the orbit

{e1(a), ..., onl(a)}.

So ¢(h) = h. Thus the coefficients of h, when we expand it out, are fixed by every ¢ € Gal(K/F).
The coefficients of h are therefore in Fix(Gal(K /F)), which we assumed was F. Thus h € F[X].
Clearly h(a) = h(p1(a)) = 0. So the minimal polynomial g divides h in F[X]. But also each
@j(a) is a root of g. Thus all the distinct factors (X —¢;(«)) appear in the splitting of ¢ in K[X].
That is, h | g in K[X]. It follows that g = h, so g splits in K[X] with no repeated roots.

(4) implies (1). At least this one is easy. Since [K : F| is finite, we have
K =Flag,...,ap)

for some «; in K that are algebraic over F. Let g; be the minimal polynomial of o; in F[X].
Each g; is separable and splits over K, by assumption (4). Let

=092 gn

This polynomial is clearly separable. Clearly f splits over K. Since K is already generated by
roots of f, it follows that K is the splitting field of f. O

Definition 0.108 Any finite extension K of F' that satisfies one of the conditions in Propo-
sition 0.107, and therefore all of them, is called a Galois extension.

For example, all splitting fields of all polynomials in Q[X] are Galois extensions. Also every
finite field F' of characteristic p is a Galois extension of Z,, because F' is the splitting field of the
separable polynomial X?" — X. Do not forget that all irreducibles over Z,, are separable. In other
words, Zj, is perfect.

Proposition 0.109 If K is a finite Galois extension of F' and F is an intermediate field
(that is, FF C E C K), then the following hold:

1. K remains a Galois extension of FE.

2. Gal(K/FE) is a subgroup of Gal(K/F).
3. |Gal(K/E)| = [K : E].

4. Fix(Gal(K/E)) = E.

78



PMATH 348 FIELDS AND GALOIS THEORY WINTER 2015

Proof. Let f be a separable polynomial in F[X] for which K is the splitting field. Since f € E[X]
and splits in K[X], if ai,...,a, are its roots in K, then
K = Flai,...,an] C Elag,...,an] C K.

Hence K = E[ay,...,ay], so K remains the splitting field of f over E. Also f remains separable
in E[X]. Therefore K /E is Galois. Applying Proposition 0.107 to K/E, we obtain

|Gal(K/E)| = [K : E] and Fix(Gal(K/E)) = E.
The subgroup statement is immediate from the definitions. O
We have just seen that separable polynomials make Galois extensions. Next, we will look at an
entirely different and more abstract way to make a Galois extension. The approach is due to Emil

Artin (1898-1962), who in the early twentieth century developed the approach to Galois theory
that is used these days.

Another hard result is coming up.

Proposition 0.110 (Artin’s theorem) Suppose K is a field and H is a finite group of
automorphisms of K. If
F =Fix(H),

then the following hold:

1. [K : F] = |H]|, the order of H.
2. K is a Galois extension of F.

3. Gal(K/F) = H.

Proof. This takes some effort. & Buckle up!

Let n = |H|. The hardest part is to show that [K : F| < n. Suppose not, meaning that we have
elements f1,..., Bp+1 in K that are linearly independent over F'. The homogeneous system

e(B1)z1 + o(B2)r2 + - - + 0(But1)Tnt1 = 0, (0.5)

taken over all ¢ in H, has n equations and n 4+ 1 unknowns. Thus there is a nonzero solution
(w1,...,2p41) € K" Let V be the null space of the system in (0.5). We know dimV > 1.
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Notice that if (z1,...,2,41) € V and ¢ € H, then (¢(x1),...,¥(xnt+1)) € V. To see this, apply
1 to each equation in (0.5) to get

Yow(Br)v(x1) + -+ Yo (Bur1)(Tny1) = ¥(0) =0

for all ¢ in H. But as ¢ varies over all of H, so does ¢ o ¢ vary over all of H. Thus
(¥(x1),...,¥(xnt1)) solves the system whenever (z1,...,2,41) does.

Of all the nonzero solutions in V', pick one with as few nonzero entries as possible. For simplicity,
suppose this solution has the form

(.%'1,.1‘27...,£L'T,O,O,...,0),
where 1 <7 <n+ 1 and each z; # 0 for 1 < j < r. Divide by z, to obtain a solution
(r1,22,...,Tr-1,1,0,...,0).

We know r > 1. But if r = 1, then the equation in (0.5) with ¢ = id would give 8; - 1 = 0,
contrary to the independence of the 3; over F'. So in fact r > 2.

Furthermore, some of these x; are not in F. For if all z; € F, the equation in (0.5) with ¢ = id
would give
Brwy + Boxo + -+ 4 Bro1xp1 + B = 0,

contrary to the independence of the 3; over F'.

To keep notation simple, say x1 ¢ F' = Fix(H). This means that there is a ¢ € H such that
W(x1) # x1. As we saw,

(lﬁ(xl),’lﬁ(l'g), R ,1/)(.737«_1), 1,0,... ,0) eV
Subtract (z1,x9,...,2y-1,1,0,...,0), which is also in V, to get
(@b(SEl) — X1y ,1/1(3%,1) —x,-1,0,0,... ,O) eV

The first entry is nonzero, and the entry corresponding to the previous 1is 1 — 1 = 0. We have
created a nontrivial solution of the system with fewer than the minimal number of nonzero entries,
which is preposterous! Since this is impossible, we get that

[K: F]<n=|H|.
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Clearly H is a subgroup of Gal(K/F'). Thus

n=|H| <|Gal(K/F)|
< [K: F) by Proposition 0.103
<n by the part just completed.

Now we see that |H| = |Gal(K /F)|, and since H is a subgroup of Gal(K/F) we get
H = Gal(K/F).

Also |Gal(K/F)| = [K : F]. According to Proposition 0.107, K is a Galois extension of F'. O

Now the other half of the Galois correspondence pops out.

Proposition 0.111 If K is a Galois extension of F' and H is any subgroup of Gal(K /F),
then
Gal(K /Fix(H)) = H.

Proof. This follows from Artin’s theorem. Let
E =Fix(H).
By Proposition 0.110, applied to the group H of automorphisms of K,
[K : E] = |H| and Gal(K/FE)=H.

The conclusion follows. O

The Fundamental Theorem of Galois Theory

We have a finite degree Galois extension K of F. Let .# be the family of all subfields of K that
contain F', the intermediate fields. Let ¢ be the family of all subgroups of Gal(K/F).

We have two mappings:

Gal(K/—): F — A
E s Gal(K/E),
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and
Fix: % — %
H — Fix(H).

Proposition 0.109 told us
Fix(Gal(K/E)) =FE

for all E € .%. Proposition 0.111 told us

Gal(K /Fix(H)) = H

for all H € 7.

Proposition 0.112 (Fundamental theorem of Galois theory) The above mappings
are one-to-one and onto and are the inverses of one another.

This result is very important, which explains the name. It is the cornerstone of Galois theory. It
is the key to unlocking the mysteries of field extensions and their symmetries.

The one-to-one correspondence between the family .7 of subgroups of Gal(X/F') and the family
Z of intermediate fields comes with a number of features to keep in mind:

1. If H)N € 5 and H C N, then Fix(H) D Fix(N).
9. If B,L € Z and E C L, then Gal(K/E) D Gal(K /L).

So the Galois correspondence reverses inclusions.

3. If E € %, then |Gal(K/FE)| = [K : E]. This is in Proposition 0.109.
4. If H € J, then |H| = [K : Fix(H)]. This is in Proposition 0.110.

The Normality Connection

If K is a Galois extension of F' and ¢ € Gal(K/F) and E € .#, then obviously p(E) € .# too.

What is the connection between Gal(K/E) and Gal(K /p(E))? Well, for each o € Gal(K /F) we
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see that o € Gal(K /p(F)) if and only if o fixes ¢(E), if and only if for all a € E,

if and only if for all @ € E,

o lop(a) = a,

Loy fixes E, if and only if

if and only if ¢~
¢ lop € Gal(K/E).
We have just discovered that
oA Gal(K /() = Gal(K /).

Alternatively,
Gal(K /¢(E)) = pGal(K/E)p™". (0.6)

This leads to another interesting connection in the Galois correspondence:

Proposition 0.113 If K is a Galois extension of F' and E is an intermediate field, the
subgroup Gal(K/E) is normal in Gal(K/F) if and only if

p(E)=FE

for all ¢ € Gal(K /F).

Proof. By (0.6), for each ¢ € Gal(K/F) we have
pGal(K/E)p™" = Gal(K /o(E)).
Therefore Gal(K/E) is normal in Gal(K/F) if and only if
Gal(K/p(F)) = Gal(K/E)
for all p € Gal(K/F), which, by the Galois correspondence, is equivalent to
p(E)=E

for all p € Gal(K/F'). O
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Now suppose F is an intermediate field between F' and its Galois extension K, and that
p(E)=E
for all p € Gal(K/F). In that case we get a group homomorphism

I': Gal(K/F) — Gal(E/F)

P (P‘E7

given by the restriction map:

K-—*3yK

ESO\EE

F_4yp

This I' is onto. Because K is Galois over F, choose f € F[X] for which K is the splitting field.
It remains the splitting field of f over E: adjoining the roots of f to £ C K still gives all of K.
If 0 € Gal(E/F), then the o-transfer of f is again f, since every coefficient of f lies in F' and o
fixes F. The isomorphism extension theorem therefore extends ¢ : £ — F to an F-automorphism
¢ : K — K. Thus every element of Gal(E/F) lies in the image of I'.

What is ker I'? We have ¢ € kerI' if and only if ¢|p = id, if and only if ¢ fixes F, if and only if

v € Gal(K/E). So
kerI' = Gal(K /E).

In summary:

Proposition 0.114 If F is an intermediate field between I’ and its Galois extension K,
and ¢(E) = E for all ¢ € Gal(K/F), then the restriction map

I': Gal(K/F) — Gal(E/F)

is a surjective group homomorphism whose kernel is Gal(K/E). By the first isomorphism
theorem for groups,

Gal(E/F) = Gal(K /F)/Gal(K /E).
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We now explore what it means to say that p(E) = E for all ¢ € Gal(K/F).

If E is itself a Galois extension of F', then E is a splitting field of some polynomial in F[X]. Thus
E satisfies the normality theorem. In particular, p(E) = E for all F-automorphisms ¢ : K — K,
that is, for all ¢ € Gal(K/F).

Conversely, suppose ¢(E) = FE for all ¢ € Gal(K/F). We prove that E is a Galois extension of
F. By Proposition 0.114, we have

Gal(E/F)| = |Gal(K /F)/Gal(K/E)|.

Then
|Gal(E/F)| = m by Lagrange’s theorem
= {g g by the nature of the Galois correspondence
=[E:F] by the tower theorem.

We have just obtained Proposition 0.107(2), which characterizes Galois extensions. We can sum-
marize the result as follows.

Proposition 0.115 For an intermediate field E between F' and its Galois extension K,
the following are equivalent:

1. Gal(K/FE) is a normal subgroup of Gal(K/F).
2. ¢(E) = E for all ¢ € Gal(K/F).

3. F is itself a Galois extension of F.

When this occurs,
Gal(E/F) 2 Gal(K/F)/Gal(K/E).

Remark 0.116 If we are in characteristic 0, separability is no longer an issue, and Galois
extensions are those that are splitting fields.

So in characteristic 0, Galois extensions coincide with those that satisfy the normality theo-
rem. These are commonly known as normal extensions. In characteristic 0, where Galois
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theory was born, normal and Galois extensions are one and the same. We have just learned
that if £ is an intermediate field between F' and its normal extension K, such F is itself a
normal extension of F' if and only if Gal(K/E) is a normal subgroup of Gal(K/F).

This leads to a chicken-and-egg type question. What came first: normal extensions or
normal subgroups? Since the study of roots of polynomials led to the concept of a group, it
is safe to say that normal extensions gave birth to the term normal subgroup. But for what
it is worth, Galois himself never used the word “normal”. Later scholars, perhaps in France
or Germany, may be guilty of thrusting this overused word upon us.

\ J

Practice With the Isomorphism Extension Theorem

The isomorphism extension theorem can be complicated to apply. Here is what it says:

Let ¢ : F — FE be a field isomorphism, let K be the splitting field of some f € F[X], let L be
the splitting field of ¢(f) € E[X], let @ € K have minimal polynomial g € F[X], and let 8 € L
have minimal polynomial ¢(g) € E[X]. Then there exists an isomorphism 1 : K — L such that

Ylp = ¢ and P(a) = 6.

Here, K is the splitting field of f, L is the splitting field of ¢(f), and the minimal polynomial of
B is ¢(g), where g is the minimal polynomial of a.

We now use this result to obtain Q-automorphisms for the splitting field K of 2% — 2.

We have K = Qlo,w], where a = V2 and w = e@™)/3. We want to prove that there exists
¥ € Gal(K/Q) such that
P(a) = aw and  P(w) =W’

Since @ and aw are roots of the same irreducible polynomial 3 — 2 in Q[z], we know there is an
isomorphism

¢ : Qo] = Qlaw]
such that ¢|g is the identity map on Q and ¢(a) = aw. Applying the isomorphism extension
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theorem, take F' = Q[a] and E = Q[aw]. Then K is the splitting field of f = 22 + 2 + 1 over
F = Qla].

Note that ¢(f) = f. Therefore, the splitting field of ¢(f) over E = Q[aw] is also K, and

L= Q[aw] [w] = Q[awaw] = Q[avw] = K.

The polynomial g € F[X] = Q[a][X] to use is 2% + = + 1 (the same as f in this case). Notice
that p(g) = ¢g in E[X] = Qaw][X]. For the theorem’s temporary elements, take a = w, which is
a root of g in K, and take b = w?, which is a root of g in L = K. The isomorphism extension
theorem applies to give us an automorphism

b K> K=1L
such that
Ylo =¢  and  P(w) =w’
Hence ¥(a) = ¢(a) = aw, and ¥ (w) = w?. This ¢ € Gal(K/Q) is exactly the automorphism we

wanted.

A big theorem coming later on will tell us that |Gal(K/Q)| = [K : Q] = 6 for this example. Once
we know that, the above fussing with the isomorphism extension theorem will be unnecessary.
After all, we know that every Q-automorphism of Q[«o,w| must act in one of the following six
ways on the generators o and w:

l.a—aw—w
o ow,w W
a— aw? w— w

a— a,w— w?

a = aw,w — w?

AR AN R

2

a— aw?,w i w?

Once we learn that Gal(Q[o,w]/Q) must contain six automorphisms, it will be obvious that each
of the six possibilities above is realized as a Q-automorphism of Q[a, w].

Would it not be nice to have an isomorphism extension theorem that simultaneously lets us lift
the identity map on Q to an automorphism of Q[a,w] such that @ — aw and w + w?? That
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would be so very nice, but alas, no such theorem is available.

6. Putting the Galois Correspondence to Work

Galois Correspondence in the Setting of Finite Fields

Suppose K is a finite field of characteristic p and that [K : Zy] = n. Thus the size of K is p".
Also K is the splitting field of f = XP" — X. In fact K is the set of all roots of f. Furthermore,
f is separable, since f’ = —1 which is coprime with f. This ensures that neither f nor any of its
irreducible factors in Z,[X] have repeated roots in K.

Thus K is a Galois extension of Z,. Consequently n = [K : Z,| = |Gal(K /Zy)|. We could also
show this by noting that Gal(K/Z,) is cyclic of order n with the Frobenius map ¢ : K — K as
its generator, where o(a) = o?.

Our prior knowledge of cyclic groups tells us that for every divisor d of n the subgroup H = <J"/ dy
generated by the automorphism ¢”/% has order d, and all subgroups of Gal(K/ Zy) are accounted
for by the above process. So the subgroup lattice of Gal(K /Z,) matches up exactly with the

lattice of divisors of n.

The divisor lattice for n = 40 is shown in Figure 11.

FIGURE 11

Each divisor d of 40 represents a subgroup of Gal(K /Z,) of order d.

The Galois correspondence (that is, the fundamental theorem of Galois theory) tells us that
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Gal(K/—) and Fix implement inclusion-reversing bijections between the family of subfields of K
(which all contain Z, automatically) and the family of subgroups of Gal(K /Z,). The subfields of
K correspond exactly to the divisors of n = [K : Zjp] (exercise!). For every divisor d of n, there is
precisely one subfield E of order p?. This confirms the Galois correspondence.

If H is a subgroup of Gal(K/Z,) and |H| = d, where d | n, then Fix(H) is a subfield of K such
that [K : Fix(H)] = d. Equivalently,

[Fix(H) : Z,] = =,
so the size of Fix(H) is p/¢, that is, Fix(H) = Fpna.

For n = 40 and d | 40, let H; be the unique subgroup of Gal(K/Zp) of order d. Its subgroup
lattice is shown in Figure 12.

| Hy = Gal(K/Z,) |

FIGURE 12

The corresponding subfield lattice appears in Figure 13.

| Fix(H1) = Fpuo |

| Fix(Hs) = Fps | | Fix(Hs) = Fpeo |
| Fix(Hio) = Fps | | Fix(Hy) = Fpuo |
| Fix(Hao) = Fp2 | | Fix(Hs) = Fys |

| Fix(Hao) = Fp = Z, |

FIGURE 13
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The Fundamental Theorem of Algebra

Proposition 0.117 (Fundamental theorem of algebra) C is algebraically closed.

Proof. Suppose not, for a contradiction. Thus there is a proper algebraic extension L of C. Since
C is algebraic over R, L is also algebraic over R, by Proposition 0.49. Pick # € L\ C and let
g € R[X] be its minimal polynomial over R. This g does not split in C[X]: if

g=X—=01)- - (X —bn)
with every 6; € C, then the root 6 € L would equal one of the 6;, contrary to our choice of 6.

So let K be the splitting field of g as a polynomial in C[X] (even though g € R[X]). We have
R C C C K. Observe that K is also the splitting field of (X2 + 1)g as a polynomial in R[X]. To
see this, let 61, ..., 0, be the roots of g in K. Then 4i,01,...,6, are the roots of (X2 +1)g in K,
and

K =Clby,...,0,) = R[£i,01,...,0,].

Thus K is a Galois extension of R. This means that
|Gal(K/R)|=[K :R]=[K:C][C:R]=[K :C]-2.

(Note: The tower of extensions is K O C O R with [K : C|] > 2 and [C : R] = 2.) Thus 2
divides the order of Gal(K/R). Write |Gal(K /R)| = 2/m where m is odd and j > 1. By Sylow’s
theorem, Gal(K /R) has a subgroup H of order 2/. Put E = Fix(H). By the nature of the Galois
correspondence, [K : E] = 2/ and [K : R] = 2/m. The tower theorem gives [E : R] = m, an odd
integer. If o € E, the degree [R(a) : R] divides m, and so [R(«) : R] is also odd. The minimal
polynomial h of a in R[X] has odd degree. From basic calculus, h has a root in R. Since h is
irreducible in R[X], it follows that A is linear, and thus a € R.

We have just shown that £ = R, and so m = 1. Thus |Gal(K/R)| = 2/. Since C ¢ K, we
can also see that 7 > 2. Since Gal(K/C) is a subgroup of Gal(K/R), Lagrange’s theorem gives
|Gal(K /C)| = 2" for some 7. In fact, since K is a Galois extension of C we get |Gal(K/C)| = [K :
C]>2.Sor>1.

Every finite 2-group has a subgroup of each possible order dividing its own, so Gal(K /C) has a
subgroup H of order 2"'. Then [K : Fix(H)] = 2"~!, by Artin’s theorem. The tower theorem
gives [Fix(H) : C] = 2. Now pick 5 € Fix(H) \ C. The minimal polynomial of such 3 is quadratic
and irreducible in C[X]. This is a contradiction because every quadratic 22 + bz + ¢ in C[X] splits
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The Primitive Element Theorem

This lovely result tells us that if char(F') = 0 (for example, when F' = Q), then every finite degree
extension F of F' takes the form E = F[y] for a single v in E. Such an element ~ is called a
primitive element, and such an extension is called a simple extension.

To get there, it helps to have the concept of the normal closure. Suppose F is a finite degree
extension of F'. Say E = Flay,...,a,] for some generators ;. Let g; be the minimal polynomial
of aj in F[X], let g = g1 -- - gn € F[X], and let K be a splitting field of g as a polynomial in E[X].
This latter item ensures that F* C E C K. But K is also a splitting field for g as a polynomial in
F[X]. To see this, let A be the set of roots of g inside K other than the a1, ..., a,. Then:

K = Elag,...,an, Al by the way K is defined
= Flaj,...,ay][aq, ... ap, Al by what E is
= Flag,...,an, Al by throwing away redundant «;.

We have built a splitting field K of a special polynomial ¢ in F[X] with the property that
FCECK.

Suppose now that L is another splitting field of some other f in F[X] and such that F C E C L.
By the normality theorem (Proposition 0.70), the minimal polynomial in F[X] of every a in L
splits in L[X]. In particular, the minimal polynomials g; of the «; split in L[X]. Thus g splits in
L[X]. So inside L, there exists a splitting field, say M, for g. But ay,..., a, are roots of g inside
L because F = Flag,...,an] € L. These roots are therefore inside M over which g still splits.
So we get

FCECMCL.

The relevant fields and inclusions are collected in Figure 14.
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FIiGURE 14
where L is the splitting field of f over F', M is a splitting field of g over F', and K is the original

splitting field of g over E. Now M remains a splitting field for g over E, and K was defined as
a splitting field for g over E. By the isomorphism extension theorem (Proposition 0.67), there is
an F-isomorphism ¢ : K — M.

Thus our K is a splitting field for a polynomial in F[X] such that FF C E C K, and such that
K embeds by an E-map into any other splitting field L over F' that happens to contain E. This
special K is called the normal closure of the extension E over F'.

The above discussion shows that any two normal closures for £ over F' are E-isomorphic. It also
shows that if L is a splitting field of some f in F[X] and FF C F C L C K, then L = K: the
inclusion gives [L : E] < [K : E], while an E-embedding of K into L gives the reverse inequality.
Thus normal closures are minimal splitting fields over F' that contain F.

We observe that if the minimal polynomial in F[X] of every a in E is separable (for example,
when char(F') = 0), then the normal closure K of E over F is a Galois extension of F. This is
because the minimal polynomials g; in F[X] of the generators c; of E over F are separable, and
thereby g = g1 - - - g5, is separable. So K being the splitting field of this g is a Galois extension of
F.

The benefits of the Galois correspondence apply to these normal closures!

Proposition 0.118 If F is an extension of finite degree over F' and the minimal polynomial
in F[X] of every « in E is separable (for example, when char(F') = 0), then the number of
intermediate fields between F' and E is finite.

Proof. The normal closure K of E over F' is a Galois extension of F' and ' C E C K. By the
Galois correspondence, the number of fields between F and K equals the number of subgroups
of Gal(K/F). That number is finite since |Gal(K/F)| = [K : F] < co. The intermediate fields
between F' and E form a subcollection, so there are only finitely many of them as well. O
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Here comes a fairly interesting result.

Theorem 0.119 (Primitive element theorem) A finite degree extension F of F' is of
the form E = F[y] for a single v in F if and only if there are only finitely many fields
between F' and E.

In particular, if F' has characteristic 0, then every finite degree extension E of F' takes the form
E = F[y] for a single 7 in E.

Proof. First suppose E = F[y], and let mp € F[X] be the minimal polynomial of v over F'. For
every intermediate field L, let my, € L[X] be the minimal polynomial of v over L. Since E = L[y],
we have

[E: L] =degmy,

and my, is a monic divisor of mp in E[X]. A fixed polynomial has only finitely many monic
divisors in the polynomial ring over a field, so only finitely many polynomials mj can occur.
Moreover, my, determines L. Indeed, let Ly be the field generated over F' by the coefficients of
mpr. Then Ly C L, while mp(y) = 0 gives

[E: Lol <degmyp =[E: L].

The tower theorem gives [E : Lo| = [E : L|[L : Lo|, so [L : Ly] = 1 and L = Ly. Hence there are
only finitely many intermediate fields.

For the converse, if F' is a finite field, then its extension E of finite degree is also a finite field. In
this case, any generator 7 of the cyclic group E* gives E = F[v]. So now assume that F' is infinite.
Suppose only a finite number of fields sit between F' and E. Since E has finite degree over F', the
field E is generated by finitely many elements of E. For now, write E = F|«, 3] using only two
elements of E. As 6 runs through the infinite field F, the subfields F[a + 6] must repeat. Thus
Fla+ 0,5] = Fla + 625] for some 61,60y € F' with 01 # 0.

Hence a+ 615 € Fla+ 028]. Since a + 625 € Fla+ 6020], their difference (61 —02)5 € Fla+ 620].
Since 01 — 02 € F and 01 — 63 # 0, we see that 8 € Fla + 020], and then o = (a + 638) — 025 €
Fla + 028]. Thus E = Fla,] = Fla + 628]. The element v we want is « + 635. Now if
E = Flay, ag, as] with 3 generators, use the part just done to write

FE = F[Ozl, 042][043]
= F[v][as) for some v; in E
= th 043]
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= F[v] for some v in E.

Likewise, we can reduce the number of generators to one when E has n generators. The particular
statement about characteristic 0 is quite valuable. It follows from Proposition 0.118 and the proof
we just completed. O

In some books we may find that the primitive element theorem is covered before the Galois
correspondence, and then used to help prove it. This approach would bypass the need for Artin’s
theorem (Proposition 0.110). But why would we want to bypass a lovely result like Artin’s
theorem?

The Symmetric Function Theorem

Let K = L(t1,ta,...,t,) be the field of rational functions in the indeterminates t1,...,t,, with
coefficients in some field L. (The field L will not matter in this discussion.) The group S, of
permutations on n letters becomes a group of automorphisms of K as follows:

If o € Syand f = f(ti,ta,...,tn) € K, let of = f(to(1);t6()s---1ta(n)). In other words, o
permutes the variables in f in accordance with how o permutes the letters 1,2,...,n.

Example 0.120 If n =4 and o is the cycle (124), then o : f(t1,te,t3,t4) — f(t2,ta,t3,t1).

For instance,
t2to + t3ts — titats  t3tg + t3t — totyts
tity + Stitatsty tot1 + Statytsty '

It should be clear that S, is a group of automorphisms of K. We also know that S, is a fi-
nite group of order n!. Let F' = Fix(S,). This is a subfield of K, and Artin’s theorem tells
us that K is a Galois extension of F. A rational function f(¢1,te,...,t,) € F if and only
if f(te(1)rto@)s---stom)) = f(t1,...,ts) for all permutations of 1,2,...,n. Such functions are
called symmetric. They constitute the fixed field F.

Here are some important examples of symmetric functions:

e 5o = 1, the constant function.
e 51 =11 +to+---+t,, that is, the sum of all variables.

© S2 =) 1<icj<n titj, that is, the sum of all product pairs.
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o S§3 = Zl§i<j<k§n titjty, that is, the sum of all triple products.

tita... T tite ...t tita ...t
e sp—1 = the sum of all products of n—1 distinct t; = L 275 LR ! 275 n+-~~+%.
1 2 n

e s, = the product of all t; = t1t3...1,.

S0 = 1
n
si=tittat - ttn=) t
j=1

So = Z tit; = the sum of all product pairs
1<i<j<n

§3 = Z t;tjtr, = the sum of all triple products
1<i<j<k<n

Sp—1 = the sum of all products of n — 1 distinct ¢,
tity ...ty +t1t2...tn +”.+t1t2...tn

t1 to tn
sp = the product of all ¢;

= tity. . .tn.

For example, with n = 4 we get
So = t1to + t1t3 + 1ty + tots + toty + t3ly and S3 = t1tots + t1toty + t1tsty + totsty.

The preceding functions are called the elementary symmetric functions. Here is a symmetric
function that is not elementary:
1413+ 13+ 3
titatsty '

The elementary symmetric functions generate a subfield of F', namely E = L(sg, S1, 52, ..., Sn)-
Then we have the tower

E= L(So,sl, cee ,Sn) - F= FiX(Sn) - K= L(tl, cee ,tn).
(Here, sp = 1 could be omitted since 1 € L already.)

It might be interesting to observe that the number of summands in sj is (Z), that is, the kth
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binomial coefficient. In building a term t; t;, .. .t;, to contribute to the sum sj, we need to choose
k of the variables tq, ..., t,.

Getting back to Artin’s theorem we see that
S, = Gal(K/F) and so [K : F] =|Gal(K/F)| =nl.

Our goal is to prove that the inclusion E C F' in the tower in Figure 15 is in fact an equality:

[K=L(ts,... ,tn)

[E:L(Sl,...,sn)]

FIGURE 15

To see that E = F, it is enough to show that [F' : E] = 1. The tower theorem shows that
[F': E] =1if and only if [K : E] = nl.

Since [K : E] > n! from the tower theorem, all we need to check is that [K : E] < nl. To
that end, here is a little result about splitting fields in general. This is already obvious from
Proposition 0.76, but we will include a short direct proof.

Proposition 0.121 If K is the splitting field of a polynomial f € F[z], and n = deg f,
then [K : F] <nl.

Proof. We prove this by induction on n. For n =1, we have K = F and [K : F] =1 < 1. Now
let f € Fx] have degree n, and suppose the result holds for polynomials of degree n — 1. Pick a
root o of f in K, put E = Fla], and write f = (x — a)g for some g € E[x]. The field K is also
the splitting field of g over E. Indeed, if aq, ..., ay are the roots of g, then

K = Fla,ag,...,a;) = Fld][ag, ..., ] = Elag, ..., o).

(Here separability is not an issue, so k need not be n.) Since deg g = n—1, the inductive hypothesis
yields [K : E] < (n — 1)!. Then the tower theorem gives

[K:F|=[K:E|[E:F]<(n—1)-n=nl
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(Note: [E : F] < n because [E : F| is the degree of the minimal polynomial of o, and that minimal
polynomial has to divide f because « is a root of f.) O

Getting back to the tower above, we will see that [K : E] < n! by finding a polynomial f in E[x]
with deg f = n and having K as its splitting field. Then Proposition 0.121 will do it.

Here is that polynomial in Elz]:
f=@—-t)(x—t)(x—t3) - (x—ty) (0.7)

Obviously deg f = n. On the surface f seems to be in KJz|, but after a little reflection we see
that

k—l-"'—i-(—l)n_lsn_ll‘—l-(—1)n8n

f=a"—s12" ' 4 502" 2 — 532" 3 4 £ (—1)kskx”_
which is definitely in E[z]. For instance,
(z —t1)(z — to)(x — t3) = 2 — (t1 + to + t3)2® + (tite + tits + totz)z — titots.
One way to see that this formula holds is to note that the (n—k)th term of f comes from choosing

n—k factors of x, one from each of n—k brackets, and choosing the factors —¢; from the remaining
k brackets.

Equation (0.7) shows that f splits in K[z]. Finally, K is the splitting field of f because the
roots of f are ty,to,...,t,, so the field E[ty,...,t,] generated by those roots, which sits inside
K = L(ty,...,t,), must contain those roots and therefore contain K. Hence Elty,...,t,] = K.

Proposition 0.121 activates to yield

L(sp, 51,82, ..., 5n) = Fix(S,) = the field of symmetric rational functions in n variables.

This famous result, which comes from Artin’s theorem, is known as the symmetric function
theorem. Here it is in concise form.

Proposition 0.122 (Symmetric function theorem) FEvery symmetric rational function
in n variables can be written as a rational function of the elementary symmetric functions.

Now, given a symmetric function, there are algorithms for expressing it in terms of the elementary
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functions, but here is an example done ad hoc:

Example 0.123 Take 7 = 7 + t3 + t3 in Fix(S3). Notice that
(t1 +t2 +t3)% =15 + 15 + 15 + 2(tit2 + tits + tats).

So s2 =1 + 2s9 and then
r =53 — 2s9.

Here is an easier one:

Example 0.124 Take r = 1/t; + 1/t + 1/t3 + 1/t4 in Fix(Sy). Then

- lotsty + titsty + titaty + titats 53
a t1tatsty sS4’

Here is one that is not too bad:
Example 0.125 r = (t; — t2)? in Fix(S3). Then

r=12 413 — 2ty = () + to)? — dt1ty = 57 — 45,

which turns out to be the discriminant of the quadratic polynomial

(z —t1)(z — tg) = 2% — (t1 + to)x + t1ty = 2° — 512 + s0.

Here is one more:

Example 0.126 Take r = tt3 + t7t3 + t3t3. Notice that

53 = (t1tg + tits + tots)?
= 1213 + 1313 + 132 4 23 totsy + 2115t + 2t tot]
=7r+ 2t1t2t3(7f1 +to + tg)

=1+ 25183.

So r = s3 — 2s;53.
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Galois Groups of Quadratics and Cubics

Here we need to divide by 2, so we assume that char(F) # 2.

An irreducible f = 22 + bz + ¢ in F|[x] is always separable because f' = 2z +b # 0. If K is
the splitting field of f we get f = (x — a1)(x — ag) where aj, g are the distinct roots of f and
K = Flai,az]. We can see that

b=—(a1 + ag) and c=qlos.

Then
(o1 — a2)2 = (a1 + a2)2 —daqas = b — 4e.

This familiar quantity is called the discriminant of f, which is clearly a square in K.
Let Vb2 — 4c¢ stand for a1 — a9 in K. Then

—b—i—\/b2—4c_ ozl—i-ag—l—(al—ag)
2 N 2

:al

and
—b—Vb? —4dc a1+ az— (a1 —az)
2 B 2
We have rediscovered the familiar quadratic formula for the roots. Then, with § = v/b? — 4c in
K, we see that K = F[0], where the minimal polynomial of § is X2 — (b? — 4¢). Thus [K : F] = 2,
and by the Galois correspondence |Gal(K/F)| = 2. In addition to id, the other element in
Gal(K/F) is determined by the transposition a; <> aq.

= Qo.

There is not much else to say about quadratics. For something more interesting, we turn to
irreducible cubics. We now assume that char(F') # 2,3, and the most important case is Q.

Suppose f = o3 + ax? + bz + c is an irreducible, separable cubic in F[x]. Let K be its splitting
field containing the three distinct roots ai, ag, ag of f. In K[x], we have

f=@—a)(z—a)(z—a3) = 3 — (a1 +ag + a3)x2 + (1 + a1as + asas)r — ajasas,

SO
a=—(a1+as+ as), b= ajas + ajas + asas, and c= —aian03,

which are, up to sign, the elementary symmetric functions si,ss,s3 evaluated at the roots
a, g, 3.
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Since a3 = —a—aj —ag we see that K = Faq, o] = Flag][az]. Then [Fla;] : F| = 3 because f is
irreducible. We have f = (r—a1)g for some quadratic g in Flo;][z]. Actually, g = (x—a2)(z—a3)
in Klz].

If ag € Flog], so is ag = —a — a1 — ag € Floy], and then K = Flag] and [K : F] = 3. On
the other hand, if ag ¢ Flay], then g is an irreducible quadratic in Faq][z], in which case
[K : Flag]] = [Flai][az] : Flai]] = 2, and then [K : F] = 6, by the tower theorem. Since K is a
Galois extension,

|Gal(K/F)| = [K : F] =3 or 6.

We also saw that if A = {a1,a2,a3} and S(A) is the group of permutations of A, then the
restriction

I Gal(K/F) — S(A)
o — pla

is an injective group homomorphism, whose image in S(A) is either a subgroup of order 3 or 6.
But S(A) is just a poorly disguised version of the symmetric group S3 of permutations on the
three letters {1, 2, 3}.

The elements of S3, in cycle notation, are
id, (12), (13), (23), (123), (132).

The only subgroup of S5 of order 3 is Az = {id, (123), (132)}, which is the alternating group of
even permutations, and also a cyclic group of order 3. The only subgroup of S5 of order 6 is S3
itself. Thus we get the following:

Proposition 0.127 The Galois group of an irreducible cubic is either Az or Ss.

Note that if f is a polynomial, we often refer to the Galois group of its splitting field simply as
the Galois group of f.

Example 0.128 The Galois group of 2 — 2, whose splitting field is K = Q[\S/i, et/ 3], is
S3 (up to isomorphism). We checked this back in Example 0.102, and it also follows from
the Galois correspondence since [K : Q] = 6, so |Gal(K/Q)| = 6.
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Exercise 0.129 The splitting field K of f = 23 — 32 + 1 has degree 3 over Q, so the Galois
group of f is As.

In Exercise 0.129, how do we tell whether the Galois group is As or S37 For that we need the
discriminant of the cubic f, which is the element

D = (Otl — 012)2(CM1 — a3)2(a2 — a3)2.

(An analogous definition can be made for all polynomials, but we will stick with our irreducible
cubic.) For any o € Gal(K/F'), a quick inspection reveals that o(D) = D, because o permutes the
roots aq, ag, ag and D is a symmetric function of those roots. Thus we get D € Fix(Gal(K/F)) =
F.

Next, let d = (a1 — o) (a1 —ag)(az —a3) in K. Clearly d? = D, and if 0 € Gal(K /F), we can see
that o(d) = d when o is even and o(d) = —d when o is odd. (Note that since the a1, ag, a3 are
distinct, d # 0, and since char(F') # 2, we have d # —d.) So if Gal(K /F) restricts to As inside
S(A), we get o(d) = d for all 0 € Gal(K/F). Then d € Fix(Gal(K/F)) = F. But if Gal(K/F)
restricts to S5 = S(A), then d ¢ Fix(Gal(K/F)) = F.

After recalling that d?> = D, we get the following cute result:

Proposition 0.130 If char(F') # 2, the Galois group of a separable irreducible cubic in
Flzx] is

e A3 when the discriminant D has a square root in F.

e S5 when the discriminant D has no square root in F'.

Although Proposition 0.130 is rather nice, there remains the nagging question of how to calculate
D = (a1 — a2)?(a1 — a3)?(as — a3)? when the roots aq, as, a3 of f = 23 + ax? + bx + ¢ might not
be known.

For instance, in the case of a quadratic 22 +bx+c we have no trouble writing down the discriminant
b? — 4c without any reference to the roots of 2 + bx + c. But in the case of the cubic f = 23 +
ax?® + bz + ¢, there is a nasty formula for D in terms of the coefficients a, b, ¢, which almost nobody
remembers. To get a more manageable formula, we use a little trick called the Tschirnhausen
transformation.

Here we need char(F) # 3. If f(z) = 23 + az? + bz + ¢, let g(x) = f(z — a/3), which is the
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Tschirnhausen transform. Then

2
o= (o) 0o 3) 1 (o-3) o
2 3 2a2 3 b
= 23 — 322 (3 +3x<(g>—g7+(m —%x—l—%%—bx—%—i—c
=2’ +pr+q

where p, ¢ are suitable coefficients in F. But the coefficient of 22 is gone!

If a1, a9, ag are the roots of f in its splitting field K, then the roots of g are

a a a
ﬁ1=a1+§7 522042-1-5, and 53=0¢3+§-

Clearly Flai, a9, as] = F[B1, P2, 83] = K. So f and its Tschirnhausen transform g have the same
splitting field. Furthermore, the discriminants

(a1 — a9)*(1 — as)* (a2 —a3)®  and (81— B2)*(B1 — Bs)*(B2 — B3)°

are equal. For these reasons it is both harmless — and preferable — to work with irreducible,
separable cubics of type g = x> + px + ¢, where the z? term is gone.

We now compute D for such g. We also have g = (z — 51)(x — B2)(x — B3), so

g () =32 +p=(z—B1)(x— B2) + (x — B1)(x — B3) + (x — Ba)(z — B3)

Plug in z = S, B2, B3, in turn, to get

31 +p = (B — B2)(B1— B3) (0.8)
365 +p=(B2— B1)(B2 — B3) 0.9
365 +p=(Bs— B1)(Bs — Ba). (0.10)

Multiply (0.8), (0.9), and (0.10) to see that

D =—(367 +p)(363 +p)(365 +p)

By multiplying this out, we get

D = — (27838363 + 9p(5363 + 5263 + B363) + 3°(8% + 3 + BY) + ).
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We also see that

g ="~ (B1+ Ba+ B3)x* + (B1B2 + B1Bs + B2B3)x — B1B2Ps

and so

B1+ P2 + 3 =0, B152 + 183 + 233 = p, and (15233 = —q.

Using the standard symmetric identities with ¢1, ¢, t5 replaced by B1, B2, B3, we get

B B3 + BiBs + B3B3 = (B1B2 + B1Bs + B233)” — 2(B1 + B2 + B3)(B1B2B3) =p° — 20+ (—q) = p°,

and
B+ B3 + B3 = (B1 + B2 + B3)* — 2(B1B2 + B153 + B233) = 02 — 2p = —2p.

So D up above becomes
D = —(27¢° + 9p(p®) + 3p*(—2p) + p°) = —4p° — 27¢*.

This formula for the discriminant of 23 + pz + ¢ is worth memorizing (at least for exam purposes).

Example 0.131 For g = 23 — 3z + 1 in Q[x], we have
D = —4(-3)3 - 27(1)? = 81
which is a perfect square in Q.

So by Proposition 0.130, the Galois group for g is A3 and the degree of the splitting field
over Q is 3.
Example 0.132 For g = 2> — 42 + 2, we get
D = —4(—4)3 - 27(2)% = 148
which is not a perfect square in Q. Thus, by Proposition 0.130, the Galois group for this is

Ss.

Example 0.133 If g = 2% + ¢ is irreducible in Q[z], then ¢ # 0 and D = —27¢?, which is
not a square in Q. Thus, by Proposition 0.130, the Galois group is S3.
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The Galois Group of X" — 1

The polynomial X™ —1 in Q[z] has roots 1,(,, (2, ..., ¢ ! where ¢, = e2™i/m  The set T}, of these

rsn
roots is a cyclic group generated by ¢,. The other generators of T}, are (¥, where ged(k,n) = 1.

These generators are known as primitive nth roots of unity.

Let A,, be the set of primitive nth roots of unity. Clearly, the splitting field of X" —1is K = Q[(]
where ( is any element of A,,. We want Gal(K /Q), and for that we need the minimal polynomial
of such a ¢ in A,,.

If d | n, then X% — 1| X" — 1, and so the group Ty of dth roots of 1 is a subgroup of T},. Inside
T4, we have Ay, the set of primitive dth roots of unity that generate Ty. We can think of A4 as
the set of elements in T,, whose order is d.

Clearly T, = Ud\n A4, and this union is disjoint. Then, in K[X], we split X" — 1 as

xt—1=Jl&x-0=I]|[I]&-0|- (0.11)

CET, dn \CEAq

The polynomial

P4(X) = H (X —=¢)

€Ay

is called the dth cyclotomic polynomial. (0.11) becomes

X" —1=]]®uX).
dln

By rewriting this as
X" —1=|[] 2a(X) | ®u(X),

din
d<n

we obtain a recursive method for calculating the nth cyclotomic polynomial from earlier ones.

We might also recall that if n = p is prime, then all ¢ in 7}, are primitive pth roots, except ¢ = 1.
In this case, the factorization

XP—1=(X-1)(XP 1+ . 4+X+41)
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tells us that ®,(X) = XP~ 1+ ...+ X + 1.

We can calculate the first few ®,, recursively.

P =X-1

Py=X+1

Py =X+ X +1

®y= (X —i)(X+i)=X2+1 because the primitive 4th roots are =i
s =X+ X3+ X2+ X +1

To get ®g, we can use

X0 —1=0,0,0305 = (X —1)(X +1)(X?+ X +1)ds(X),

SO
X6 -1
g = = X2 - X +1.
ST X)X+ D)(X2+ X F1)
Here the primitive 6th roots are w = €2™/6 = ¢7/3 and © = e~ ™/3 = WP, Figure 16 shows all six

roots and highlights the notation just used.

w? w
w
wt
W=
FIGURE 16

Then
Pr=X4 . X 41,

and g o N
X° -1 X° -1 X° -1
D10y, (X - D)X +1)(X2+1) X4-1

g
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One more! 0 0 0
X9-1 X9-1 X9-1
Dg = = = =X+ X3+ 1.
T80, (X _D(XPrX+1) X531 AT

It gets messier as we go up.
The degree of ®,(X) is |A,| = p(n), where p(n) is Euler’s totient function at n: the number
of integers k from 1 to n that are coprime with n, or equivalently, the number of units in the ring

Zy. (Here ¢ is not an automorphism.)

Our goal is to see that @, (X) € Z[X] and is irreducible in Q[X]. To begin with:

Proposition 0.134 ¢, (X) € Z[X].

Proof. We use induction on n. Clear for n = 1. Suppose ®4(X) € Z[X] for all d < n. We then

have X" —1 = g(X)®,(X) where g(X) = [] gjn ®a(X). By the inductive assumption g(X) € Z[X],
d<n
and g(X) is clearly monic. Now X" —1,¢(X) € Q[X] and g(X) | X" — 1 in K[X]. By an old

exercise (see assignment 1) we see that g(X) | X™ — 1 in Q[X]. Thus ®,(X) € Q[X]. In order to
get @, (X) € Z[X], we can use Gauss’ lemma. There is a ¢ € Q such that cg,1/c®,, € Z[X] and
X" —1=(cg)(1/cP,). But g, P, are monic. So the lead coefficients of cg and 1/¢®,, are ¢ and
1/e, respectively, which must lie in Z. Thus ¢ = £1, and so ®,, € Z[X]. O

To get that ®,, is irreducible in Q[X] is more serious business.

Proposition 0.135 &, is irreducible in Q[X].

Proof. We will prove that ®,, is the minimal polynomial g of ¢, = e2™/". Since ®,,(6y) =0, we
see that g | ®,, in Q[X]. If we can show that g = ®,,, we will be done, since g is irreducible. We
claim that if ¢ is a root of g and p is a prime with p { n, then (? is also a root of g.

This will help because the roots of ®,, are (¥ where ¢, = e2mi/m and ged(k,n) = 1. Each such k
takes the form k = pipy ... p,, where the p; are primes and p; { n. Our (, is a root of g, because
g is its minimal polynomial. From this claim, it will follow that ¢! is a root of g, and then (5'"?
is a root of g, and then ¢(5*P?"* is a root of g, and so on until ¢* is a root of g. Thus all roots of
®,, will be roots of g. This will reveal that deg ®,, < degg, and since g | ®,, in Q[X] it will follow
that g = ®,,.
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So we need to prove the claim.

For [ = Zj a; X7 in Z[X] and our prime p, let f = Zj a; X’ be its polynomial in Z,[X]. Here a;
is the residue of a; in Z,. Since

X"—1=%,q and g¢=]]®s€z[X]
dn
d<n
we have X" — 1 = ®,¢. The derivative (X" —1) = aX""1 # 0 in Z,[X] because p { n. In fact the
equation 71X (nX" 1) — (X™ — 1) = 1 reveals that nX""1, X™ — 1 are coprime in Z,[X]. Thus
X™ — 1 has no repeated factors in Z,[X]. Since ®,, | X™ — 1, it follows that ®,, has no repeated
factor in Z,[X].

We also had g | @, in Q[X]. Write ®,, = gh with h € Q[X]. Because ®,, is monic and integral,
Gauss’ lemma gives g, h € Z[X]. Now take a root ¢ of g. Thus ( is a root of ®,,, so it is a primitive
nth root of unity; because p t n, the same is true of (P. Therefore 0 = ®,,(¢?) = g(¢P)h((P).

Suppose g(¢?) # 0 and look for a contradiction. In that case h((P) = 0. If f is given by
f(X) = h(XP), we see that ( is a root of f. Since g is the minimal polynomial of ¢, we have

f = gk for some k € Q[X].

Since f, g are monic and in Z[X], Gauss’ lemma teaches us that k € Z[X]. Then we get f = gk
in Z,[X]. But f(X) = h(XP?) leads to

F(X) = h(XP) = (h(X))?
by Fermat’s theorem in Z, and the Frobenius map on Z,[X]. Thus h? = gk in Z,[X].
Now, any irreducible factor of g in Z,[X] is also a factor of h in Z,[X]. But from ®, = gh in

Z[X] we get ®,, = gh in Z,[X]. Now we see that ®,, has to have a repeated irreducible factor in
Zp|X], contrary to what we had shown. O

With the knowledge that ®,, = che A, (X — () is the minimal polynomial of ¢, = e2mi/n  several
useful consequences follow. The set A, of primitive nth roots of unity consists precisely of the
conjugates of ¢, = 2™/". The splitting field of X" — 1 is Q[¢], where ¢ is any primitive nth root
of unity. Also,

Gal(Q[C]/Q)| = [Q[¢] = Q] = (n),

which is the number of elements in the multiplicative group Z;, of units in the ring Z,.
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This now anticipates what Gal(Q[¢]/Q) will look like.

Proposition 0.136 If K is the splitting field of X™ — 1 over Q, then Gal(K/Q) = Z.

Proof. The roots of X" —1 form the cyclic group T}, of order n, which is generated by ¢,, = e27/™

or any one of its conjugates ¢ in A, (i.e., the roots of ®,,). If 0 € Gal(K/Q), then o(T},) = T),
because roots of X™ —1 go to roots of X™ — 1. Let Aut(7},) be the group of group-automorphisms
of T;,. We get the restriction homomorphism

I': Gal(K/Q) — Aut(T,)

If o € ker(I"), then |7, = id on T},. Since K = QI[(] for some ¢ in T, (actually ¢ € A;,), it follows
that 0 =id on K. Thus I is injective. Now it is well known that for any cyclic group of order n,
such as T),, there is an isomorphism

v Aw(T,) 2 Z;,

n:

(0.12)

Then ¢ o I" : Gal(K/Q) — Z7 is an injective group homomorphism. But |Gal(K/Q)| = ¢(n) =
|Z7|. Thus 9 oI is a group isomorphism. O

To remind ourselves of (0.12): the group automorphisms 7 of T}, are in one-to-one correspondence
with the integers k such that 1 < k < n and ged(k,n) = 1. These k are the unique representatives
of their residues k in Z7. The resulting correspondence 7 <+ k is the isomorphism in (0.12).

We should note that Gal(K/Q) is an abelian group.

In the case n is some prime p, our Gal(K/Q) is isomorphic to the cyclic group Z, of nonzero
elements in the field Z,.

Example 0.137 In the case n = 15, Zj; = {1,2,4,7,8,11, 13,14} is an 8-clement abelian
group under multiplication modulo 15. The possible abelian groups of order 8 = 23 are, up
to isomorphism,

Cg, C4 X 02, and CQ X C’Q X CQ

where Cj is the cyclic group of order j. Looking at Zj; we see that 2 has order 4 and there
are no elements of order 8. So Z]; = Cy x Cy. By determining the number of subgroups of
Z35, we could (if we so desired) work out how many subfields are in K.
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Let us look at — nay, prove — Proposition 0.136 again.

Alternate proof of Proposition 0.136. For each integer k coprime with n, let k be its residue
in Z,. Since gcd(k,n) = 1 we get k € Z, the group of units modulo n. Recall K = Q[¢] where
¢ = €2m/™ So let o, be the automorphism of K determined by the action

o ¢ CF. (0.13)

Automorphisms map elements to their conjugates. So every o € Gal(K/Q) acts on ( according
to (0.13) for some k coprime with n. By the isomorphism extension theorem, for every such k,
there is a o} € Gal(K/Q) that acts according to (0.13). Notice

k=1inZ! if and only if k =1 (mod n)
if and only if ¢* = ¢!
if and only if o = o7,
where the last equivalence uses the fact that ¢ has order n. This establishes the well-defined
bijection
I':7Z;, — Gal(K/Q)
/;3 — Ok.

Then we observe that

o0 01(¢) = or(¢") = (M) = M = ow(Q)

Thus o1, 0 07 = oy;. So

T(kl) = T(Kl) = o = ooy = D(R)D(D)

Our T is the desired isomorphism. O

A Little Look Back at Cubics

Here is another way to see that if f is an irreducible, separable cubic in F[X], then the Galois
group of its splitting field is either A3 or Ss.

Let K be the splitting field of f. Since f is irreducible, we have 3 | [K : F]. Indeed, pick a root
a of fin K and look at the tower in Figure 17:
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FIGURE 17

We also know that [K : F] < 3! = 6. So the only possible values for [K : F] are 3 or 6. By the
Galois correspondence, the only possible values of |Gal(K /F')| are 3 or 6.

If A = {a, a9, a3} is the set of three distinct roots of f, then the restriction homomorphism
7 : Gal(K/F) — S(A) = the group of permutations of A

is injective. Indeed, if o € ker 7 then o fixes A. Since K = F[A], o fixes K. So 0 =id on K. So
Gal(K/F) is embedded by 7 as a subgroup of S(A), and this subgroup has order 3 or 6.

But S(A) = S3 is the group of permutations on 3 letters. The “letters” here are aq, ag, az (we
could just call them 1, 2,3 if we wanted to). If Gal(K/F) has order 3, then

Gal(K/F) = Ay = {id, (123), (132)}
the alternating group. If Gal(K/F') has order 6, then

Gal(K /F) = S5 = the full group of permutations on 3 letters.

7. Radical Extensions and Solvability

Throughout this last chapter, we make the assumption that our fields have characteristic 0. Later
on, much can be adapted to characteristic p. Working in characteristic 0 lets us focus on the
essential themes without worrying about separability.

Our goal is to prove the result that made Galois such a revered mathematician. Even with the

Galois correspondence at our disposal, a great deal of difficult material remains. Stay buckled up,
for we are about to embark on a long and winding road.
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Radical Extensions

Definition 0.138 A tower of fields
F=FRChHCKhC --CF=K

is called a radical tower when each Fji1 = Fjla;| where a?j € Fj for some positive n;.
So each Fjy1 in the tower comes from adjoining to Fj a root of 2™ — a; for some a; in Fjy;

in other words,
Fj 1 = Fj[ ~y/a;] for some a; in Fj.

The field K that sits atop the tower is called a radical extension of F'.

Exercise 0.139 Find an extension K of F of finite degree that is not a radical extension.
(This is more of a bonus problem than an exercise.)

We can see that the elements of a radical extension are built up from F' by repeated application
of the operations

+7_7'7V'7 n‘%/i7 n%/77”" "@F

In other words, they are built from the radicals {/ as well as the basic field operations.
For example, if f = 2% + bx + ¢ in Q[z], the roots (—b £ Vb2 — 4c)/2 lie at the top of the radical

tower
@g@[\/ b2—4C],

which has just one inclusion.

As another example, let f = 2% + px + ¢ be an irreducible cubic in Q[z]. Put

2 3 2 3

3 q /4 p 3 q /4 p

= —_— —_ _— d = _— — —_ _—
U \/ 2—1— 4—1-27 an v \/ 5 4+27,

choosing the cube roots coherently so that wv = —p/3. The famous Cardano formula (which

time prevents us from proving) gives the three roots
u—+ v, wu + w?v, and w?u + wo,

where w = 27/3,

111



PMATH 348 FIELDS AND GALOIS THEORY WINTER 2015

There is no need to remember such an unwieldy formula, but it does reveal that the roots of f sit
in the radical extension K given by the tower

QCQV-3]=Fy
2 3
q b
C F, — 4+ —=| = F
< Ig 4+27 1
- . =
3/ q q b
CF —= — = I
S \/ 2+ 4—1-27 2

Definition 0.140 A polynomial f in F[z] is solvable by radicals if the roots of f lie in
a radical extension. Equivalently, the splitting field of f is a subfield of a radical extension.

We just saw that quadratics and cubics are solvable by radicals, and so are quartics, even though
time prevents us from showing this as well.

The problem of solving quintics (degree 5) by radicals was a centuries-old puzzle until Niels Henrik
Abel found a quintic that was not solvable by radicals. But it was Evariste Galois who gave the
complete answer as to when a polynomial can or cannot be solved by radicals. The problem has
a fascinating history which deserves to be read at some time.

Warning Just because f is solvable by radicals, it does not mean that the splitting field of
f is itself a radical extension — only that the splitting field sits inside a radical extension.

We now turn to the proof of Galois’ theorem.

Cyclic Extensions

Definition 0.141 A finite Galois extension K of F' is called a cyclic extension when
Gal(K /F) is cyclic.
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Example 0.142 Let p be a prime and let K be the splitting field of P — 1 over Q. We
know that K = Q[(,] where ¢, = €2™/P. Moreover, Gal(K/Q) = Zy, the cyclic group of
units in the field Z,,.

We now present an important circumstance that leads to cyclic extensions.

Proposition 0.143 Let n be a positive integer, and let F' be a field of characteristic 0
over which 2™ — 1 splits. Let K = F[a] for some « such that o™ € F (that is, K is a radical
extension of F' whose radical tower has one inclusion). Then the following hold:

1. K = F[a] is the splitting field of 2™ — a™ over F', and is thereby a Galois extension of
F.

2. There is an integer d such that d | n, a? € F and 2¢ — a? is the minimal polynomial
of o over F.

3. The degree [Fla] : F| =d.
4. The Galois group Gal(K/F) is cyclic of order d.

Proof. If @« =0, then K = F and all four claims hold with d = 1. We therefore assume « # 0.

L since

For (1), the polynomial 2™ — 1, which splits in F[z], is coprime with its derivative nz"~
F' has characteristic 0. So 2™ — 1 has n roots in F, and they form a cyclic group. A generator
¢ of this group is typically called a primitive nth root of unity. The distinct roots of 2™ — 1 are

1,¢,¢%,...,¢" 1 all in F. Thus the distinct roots of 2" — a™ are
a,al,al?, ... ,al™ ) all in Flal.
Hence F[a] is the splitting field of 2™ — o over F.

For (2), let d be the least positive integer such that a? € F. We first check that d | n. Write n =
dq+r where 0 < r < d. Then " = (a?)9a” € F, and because a? # 0, we get a” = a"/(a?)? € F.
The minimality of d forces r = 0.

Now let g € F[z] be the minimal polynomial of . Since « is a root of 2™ — a™, we get g | 2" — a™
in F[z]. So the roots of g consist of some a(?’s. Its constant term is therefore of the form +a*¢!,
where k = deg g and [ is some integer. This constant term lies in F, so o € F because ¢! € F.

Since « is also a root of 2% — a?, we have g | 2 — o and hence k < d. The minimality of d gives
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d<k,sok=dand g=z%— o
For (3), the degree of the minimal polynomial now gives [F[a] : F| = d.

For (4), since F[a] is a Galois extension of F' we get

Gal(F[a]/F)| = [Fla] : F] = deg(z? — a%) = d.

The roots of % — a® are

A={a,ow,...,au? !}

where w = (/¢ is a primitive dth root of 1, and w € F. If o € Gal(F[a]/F) we know o(a) € A.
The map

Gal(Fla]/F) — A

o o)

is also injective, because F-maps that agree on the generator o must agree on Fla]. Since
Gal(Fla]/F) and A both have d elements, our correspondence o — o(«) is bijective. So the
actions 0 : @ + aw’ for j = 0,...,d — 1 capture all automorphisms in Gal(F[a]/F). Define
o € Gal(F[a]/F) by 0 : a — aw. Note o(w) = w since w € F. Thus,

o o
o3(a) = o(aw?) = aww? = aw

a
o) = aw? = a.

We have our generator o for the cyclic group Gal(F'[a]/F). O

The Composite of Two Subfields

Definition 0.144 If E and L are subfields of K, their composite, denoted by EL, is the
smallest subfield of K which contains both £ and L.
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Example 0.145 Let £ = Q[v2] C C and L = Q[v/2,w] C C, where w = ¢>™/3, Then
EL =Q[v2,V2,u].

More generally, if we have FF C E C K and F C L = Floy,...,a,) € K with «; algebraic over
F, then EL = E|ay,...,ay,]. The inclusions are shown in Figure 18.

e

[EL =Eloy,...,an] |

[L:F[al,...,an]]

N

FIGURE 18

Here is a little result that we will need:

Proposition 0.146 If FC F C Kand F C L C K, and L is a Galois extension of F', then
EL is a Galois extension of E and Gal(EL/FE) is isomorphic to a subgroup of Gal(L/F).

Proof. The extension degrees needed in the proof are recorded in Figure 19.

e

(EL=E[oy,..., 0]
Galois
d

[L:F[ah...,an]]

dln Galois
d

FIGURE 19
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Being Galois, L is the splitting field over F' of some polynomial f € F[X]. Say a1, ..., ay, are the
roots of f. Since f € F[X] C E[X], we can see that FL = E[ay, ..., ay] is the splitting field of f
over E. So E'L is Galois over F.

Also, since L is Galois over F', the normality theorem applies to L. That is, any automorphism
o : EL — EL which fixes F' is such that o(L) = L. Define

I': Gal(EL/E) — Gal(L/F)

or— ol|L.

Note that o fixes F' because o fixes E. This I is obviously a group homomorphism. Also if
o € kerT', then 0|, =id on L. But 0 =id on E too. So ¢ =id on EL = E[ay,...,a). Thus T
embeds Gal(EL/FE) into Gal(L/F). O

Radical Galois Extensions

The steps in the next result require some diligent but unavoidable bookkeeping.

Proposition 0.147 If F has characteristic 0, F = Fp C F4y C Fhb C --- C Fp, = K is a
radical tower, and L is the normal closure of K over F', then L also sits at the top of a
radical tower.

Proof. Being in characteristic 0, we have v in K such that K = F[y]. Let g be the minimal
polynomial of v in F[X]. Then let L be the splitting field of g as a polynomial in K[X]. So
FCKCL. Let y=21,7,...,7 be the roots of g in L.

L:K[fylvny?---aFYn]v =7
= F[’y][71772757n]
= F[717’727"'7’7n]>

which makes L the splitting field of g over F' too. This L is the normal closure of the extension
K of F. Being the splitting field of g over F, our L is a Galois extension of F'. Now we need to
build a radical tower running from F' to L. For each j =2,...,n there is a 0; € Gal(L/F') such
that o;(y) = ~;. This is because L is the splitting field of the irreducible g € F[X]| with roots
Y1yY2s - - > Yn- S0 Gal(L/F') acts transitively on the roots. With these o, build the following very
big tower all inside L:

F=FCFCFC.---CF,=K=F[y]=F[m]
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C Flmloz(Fy) € Flmloz(F1) € Flmloa(F) €

C Flnloa(Fy) = Fimloa(F[]) = FnlFe] = Fln, ]
= Fly1,72]lo3(Fo) € Flv1,v2]o3(F1) C Fly1,v2]os(F)

C - C Fly,yelos(Fy) = Flyi,v2los(F[y])

= Fly,72,73] € - C

(Y15 77]'—1]03'(}72'—1) C Fly, .-, vj-1]o(F)
- C Flv, . e1lon(Fy)

=Flv,...,m] =L.

N 1N
Do

This is radical. Indeed, for each i = 1,...,k there exists an «; € F; and n; > 1 such that
F; = F;_1|a;] and o) € F;_;. Looking at the general inclusion in the big tower, we see that

oj(Fy) = 0j(Fimi|ai]) = 0j(Fi—1)[oj(e)],

SO
Fly,. . yi-loi(Fy) = Fln, - vi-1]o5(Fie1) o (i)
Moreover,
oj(i)" = oj(a;?) € 0j(Fi—1) € Fly,- -, vj-1]oj(Fi-1).
Our big tower is radical. O

Next, we throw roots of unity into the soup.

Proposition 0.148 Suppose F has characteristic 0 and the following hold:

1. F=FyC F; C..-C F);, = K is a radical tower and that K is Galois over F.
a; € Fyand n; > 1fori=1,...,k and F; = Fj_1[o] with o € F;_;.
n=mninyg...nNg.

L is the splitting field of X™ — 1 over K.

Rl o B

¢ in L is a primitive nth root of 1.

Then the tower

has these properties:
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1. It is a radical tower.

. L is a Galois extension of F' and is thus a Galois extension of every F;[(].
F;[¢] is Galois over F;_;[¢] and Gal(F;[¢]/Fi—1[¢]) is cyclic.

. Fy[¢] is Galois over F' and Gal(Fp[¢]/F) is abelian.

IO CEN

Proof. For (1), since (" =1 € F, the inclusion F' C F[(] = Fp[(] is radical. For i =1,...,k we
have F; = F;_1[oy] and o) € Fj_1. So Fj[¢] = Fi—1[(][es] and " € F;_; C F;_1[¢]. Thus our
tower is radical.

For (2), to see that L is Galois over F', note that K is the splitting field of some f € F[X]. Thus L
is the splitting field of (X" —1)f in F[X]. To make this explicit, observe that L = K[(] = F[A, (]
where A is the set of roots of f. The other roots of X™ — 1 are powers of (, and are therefore
already in F[A,(].

For (3), observe that each extension F;[(] over F;_1[(] fits the conditions of Proposition 0.143,
because

Fi[¢] = Fi—1[ay][¢] = Fi-1[C][au],

with o € Fj_; C F;_1[(], and X™ — 1 splits over F;_1[¢] since n; | n and X™ — 1 splits there.
Hence Proposition 0.143 gives that F;[(] is Galois over F;_1[¢] and Gal(F;[¢]/Fi—1[¢]) is cyclic.

For (4), note that the roots 1,(,...,¢" ! lie in F[(], so F[(] is the splitting field of X™ — 1 over
F. Thus F[(] is Galois over F. To see that Gal(F'[¢]/F) is abelian, in characteristic 0 we use the
compositum diagram in Figure 20.

[FI¢I = FQ[(]]

FIGURE 20

where ( is a primitive root of X™ —1. Since F'[(] is the composite of F' and Q[(], Proposition 0.146
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shows that Gal(F'[¢]/F) is isomorphic to a subgroup of Gal(Q[¢]/Q). Since Gal(Q[¢]/Q) = Z) is
abelian, it follows that Gal(F[(]/F) is abelian. O

Combining Propositions 0.147 and 0.148, we obtain the following result.

Proposition 0.149 If F has characteristic 0 and ' = Fy C F; C --- C F}, = K is a radical
tower with K on top, then there is a better radical tower F = Fy C F1 C--- C E, =1L
such that the following hold:

1. K is a subfield of L.

2. L is Galois over F, and thus Galois over each Ej.
3. Each E; is Galois over E;_1.

4. Each Gal(E;/FEj_1) is abelian.

Here is one half of Galois’ great theorem.

Proposition 0.150 If F' has characteristic 0 and f € F[X] is solvable by radicals, then
its Galois group is a solvable group.

The proof is a simple matter of putting the Galois correspondence to work in conjunction with
Proposition 0.149. But first, it is a good idea to get familiar with solvable groups.

Solvable Groups

Definition 0.151 A group G is called solvable provided there is a descending chain of
subgroups

G=GyD>G  DG2D DG, =(1)

such that G; is normal in G;_; and G;_1/G; is abelian.

- J

The term “solvable” will be justified after we prove Galois’ theorem. There is an abundant theory
of solvable groups out there.
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Example 0.152 S5 is solvable because
S3 D A3 D <1>

and S3/As is cyclic of order 2, and Az/(1) = As is abelian.

Example 0.153 Every abelian group is solvable.

Example 0.154 S, is solvable. Indeed, let V' = {id, (12)(34), (13)(24), (14)(23)}. We have
the chain
Si4D Ay DV D (id)

where A, is normal in Sy because it has index 2, and V is normal in A4. Actually, V is
normal in Sy. This is because any conjugate of a ¢ in S;, has the same cycle structure as o.
Moreover, V' consists of id plus all products of pairs of disjoint transpositions.

The quotients are abelian: S4/A4 has order 24/12 = 2, A4/V has order 12/4 = 3, and
V/(id) = V is abelian of order 4. Actually, V is the Klein 4-group. (“V” is German for
“vier”, meaning “four”.)

Example 0.155 If p is prime and G has order p" (that is, G is a p-group), then G is
solvable. We have no time for a proof.

Example 0.156 Every group of odd order is solvable. This is the famous (and hard)
Feit—Thompson theorem.

Example 0.157 Ajs is not solvable. In fact, As, of order 60, is the smallest group which
is not solvable. Indeed, we know (hopefully) that As is simple; that is, As has no normal
subgroups except (1) and As. If we had a chain

A5 DG1 DGy DD (1)

where Gj11 was normal in G; with abelian quotients, then G would have to be normal in
As. So G7 would be (1). But A5/(1) = Aj is not abelian.

We will need two useful facts about solvable groups.
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Proposition 0.158 Every subgroup and every homomorphic image of a solvable group is
solvable.

Proof. Let G = Go D G1 D G2 D --- D G, = (1) be such that G, is normal in G; and
Gj/Gj+1 is abelian. Let H be a subgroup of G. This gives the descending chain

H:GoﬁHQGlﬂHQGQOHQ'“QGnﬂH=<1>

We need to check that Gj11 N H is normal in G; N H and that (G; N H)/(Gj41 N H) is abelian.
IfzeGjp1NHand y € G;NH, then yxy~' € H obviously, and yxy~! € Gjy1 because Gjiq is
normal in G;. Now we check that (G; N H)/(Gj+1 N H) is abelian. Take the homomorphism

p:GiNH — Gj/Gj+1
x—r 2Gj41.

Note that x € kery if and only if z € G;41 and = € H, if and only if x € Gj;1 N H. Thus
ker ¢ = Gj41 N H. By the first isomorphism theorem for groups we get an embedding

¢:(GiNH)/(GjraNH) — G;/Gjq1.

Thus (G; N H)/(Gj+1 N H), being isomorphic to a subgroup of G;/Gj41, is abelian. In case any
of the inclusions in the chain degenerate to an equality we can just drop one of the repeated
groups. Thus subgroups of solvable groups are solvable. Next suppose ¢ : G — H is a surjective
homomorphism. Apply ¢ to the chain G =Gy 2 G 2 G2 2 --- 2 G, = (1) and get

H = ¢(G) = p(Go) 2 p(G1) 2 p(G2) 2 -+ 2 0(Gn) = ¢((1)) = (1).

Now we need ¢(Gj11) to be normal in ¢(G;) and ¢(G})/¢(Gjt1) to be abelian. Take z € Gj11
and y € G;. Then

e(y)e(@)e(y) " = plyxy™).

Since Gj41 is normal in G, we get that yzy™ € Gjy1. Thus o(y)e(z)p(y) ™t € ©(Gjt1),
meaning that the latter is normal in ¢(G;). To see that ¢(G;)/¢(Gj+1) is abelian, look at the
group homomorphism

Y Gy — o(Gy)/p(Gjt1)
z— p(2)p(Gj+1)
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which is clearly surjective. By the first isomorphism theorem, there is the isomorphism

1 Gj/kery = o(G;)/9(Gj1)
given by zker ) — p(2)p(Gj41). But z € Gj11 = ¢(x) € p(Gjy1) = ¢(x)p(Gj41) is the
identity in ¢(G;)/¢(Gj+1) = z € kertp. So Gj41 C kere). This ensures that the map
0: Gj/Gj—i-l — Gj/kerq/}
xGjp — vkery

is well-defined, and surjective, and a homomorphism. Thus 106 : G;/Gjt1 — ¢(G;)/p(Gj+1)
is a surjective group homomorphism. Since G;/Gj41 is abelian, so is its image p(G;)/¢(Gjs1)-
Thus H is solvable. O

Example 0.159 We know Aj is not solvable. Thus its containing group Sj is also not
solvable.

We now turn to the proof of Proposition 0.150.

Proof of Proposition 0.150. We have that f € F[z] is solvable by radicals. This means there
is a radical tower
F=FEyCFE C---CE,=1L

such that L contains the splitting field K of f. By Proposition 0.149, we may choose the tower
so that L is Galois over F, each E; is Galois over E;_1, and Gal(E;/E;j_1) is abelian. If any
inclusion in the tower was an equality, we can drop redundant fields and get all inclusions to be
proper. Apply the Galois correspondence to this tower to get a descending chain of groups:

Gal(L/F) = Gal(L/Ep) 2 Gal(L/E1) D Gal(L/E3) D -+ D Gal(L/E,) = Gal(L/L) = (id).

The relevant portion of the radical tower is shown in Figure 21.

Galois

E;1
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FIGURE 21

The Galois correspondence tells us that Gal(L/Ej) is a normal subgroup of Gal(L/E;_1) and
Gal(L/E;—1)/Gal(L/Ej) = Gal(E;/Ej_1)

which is an abelian group. We just learned that Gal(L/F) is a solvable group. But we wanted
Gal(K/F) to be solvable, where K is the splitting field of f also. The short tower in Figure 22
handles this last step.

FIGURE 22

we have Gal(L/K) normal in Gal(L/F') and
Gal(K/F) = Gal(L/F)/Gal(L/K).
Thus Gal(K/F) is a homomorphic image of the solvable group Gal(L/F). By Proposition 0.158,

Gal(K /F) is solvable. O

By now it should be clear how solvable groups got their name. According to this half of Galois’
great theorem (Proposition 0.150), any polynomial f whose Galois group is not a solvable group
will never be solvable by radicals. For instance, if we get some f in Q[z] with splitting field K
such that Gal(K/Q) = S5, such an f will not be solvable by radicals.

So let’s get such an f.

Proposition 0.160 Let f € Q[z] be irreducible of prime degree p and with splitting field
K inside C. If all but two of the roots of f are real numbers, then Gal(K/Q) = S,,.
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Proof. We know that, for an irreducible polynomial, its degree divides the degree of its splitting
field. Let a be a root of f inside K. Since f is irreducible, the minimal polynomial of « is f.
Looking at the tower Q C Qo] C K, we see that deg f = [Q[a] : Q] divides [K : Q]. Thus
p | [K : Q], and since K is a Galois extension we have [K : Q] = |Gal(K/Q)|. So p divides the
order of Gal(K/Q). By Cauchy’s theorem, Gal(/K/Q) has an element o of order p. If A is the set
of roots of f in K, we have the restriction map

m: Gal(K/Q) — S(A)

T+—T|A

This group homomorphism is injective because 7|o = id on A forces 7 = id on K = Q[A]. Identify
Gal(K/Q) with its image G under 7. So Gal(K/Q) = G is a subgroup of S(A), and S(A) = S,
the group of permutations on the set of roots A, which has p roots exactly. As noted, G has an
element o of order p. The conjugation map

§:C—C

2z

restricts to an automorphism of K, because of the normality theorem. Thus 6 permutes the set
A of roots of f. But A has precisely two nonreal roots. If a4 ib with b 7 0 is one of these nonreal
roots then 0(a + ib) = a —ib # a+ib and a —ib ¢ R. So 0(a + ib) is the other nonreal root. This
means that 6|a transposes two of the roots in A and fixes the other real roots in A. So G is a
subgroup of S(A) = S, containing both an element of order p, which has to be a p-cycle, and
a transposition, that is, a 2-cycle. Because p is prime, a p-cycle together with any transposition
generates S,. Thus our G = S(A). O

Example 0.161 Here is an irreducible polynomial of degree 5 in Q[z] whose Galois group
is S5, so this polynomial cannot be solved by radicals.

According to Proposition 0.160, an irreducible polynomial of degree 5 with the root pattern
in Figure 23 will do the job:
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three real roots
and one nonreal
conjugate pair

FIGURE 23

How about f(z) = 2° — 1023 — 1352 + 57

By Eisenstein’s criterion, f is irreducible. Then
f'(x) = 5t — 302% — 135 = 5(z* — 622 — 27) = 5(2® — 9)(2* + 3),

which reveals that f increases from —oo to —3, decreases from —3 to 3, and increases from
3 to +o0o. Also,

f(=3) = (=3)° —10(—3)% — 135(—3) + 5 = —243 + 270 + 405 + 5 > 0

while
f(3)=3%—10(3)% — 135(3) + 5 = 243 — 270 — 405 + 5 < 0.

The monotonicity and these two values show that f has exactly three real roots, leaving
one nonreal conjugate pair. Thus Proposition 0.160 gives the Galois group S5, and f is not
solvable by radicals. Of course, f was engineered to have a desirable derivative. The +5
was thrown in for Eisenstein.

The General Polynomial of Degree n

Recall the field K = L(t1,...,t,) of rational functions in the variables ¢1,...,t,. This is a Galois
extension of F' = L(s1,...,5,) where the s; are the elementary symmetric functions, which
generate all symmetric functions. The extension K over F is Galois and S, is its Galois group.

Here S, acts on K by permuting the t;. The field K is the splitting field of

f=(X —t)(X —ta) (X —t,) = X" — 51 X" 1 4 55 X"2 — ... 4 (=1)"s,, € F[X].
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This f is called the general polynomial of degree n. Why the name? Well, suppose h =
X" + a1 X" 1 4 -+ ag is any polynomial in L[X].

After we factor h in some splitting field, we get
h=(X—-a1)(X —ag) (X —ap).

Then we get h from f by substituting t; = «;, and then s;(t1,...,t,) becomes s;j(aq,...,ap) =
:I:aj.

Anyhow, since n > 5 implies that S,, is not a solvable group, we see that the general polynomial
is not solvable by radicals. This is known as Abel’s theorem. There is no way to write the ¢;
in terms of the s; using the operations of +, —, -, =+, and ¢/ for various k, unlike the case n = 2,

; _31—1—\/5%—452 31—\/3%—432
1 — .
2

2

The second half of Galois’ great theorem is the converse of the first half. Of course, it will exploit

where

and ty =

the Galois correspondence! But first we need a few more results about both solvable groups and
cyclic field extensions.

s N

Proposition 0.162 If A is a finite abelian group, then there is a descending chain of
subgroups
A=Ay DA DA D---DA=(1)

such that A;_1/A; has prime order and is thereby cyclic.

Proof. Let A; be a maximal proper subgroup of A. Then A/A; has prime order. For if not,
there would be a subgroup C of A/A; such that (1) C C C A/A;. The inverse image in A, under
the usual projection A — A/A;, would then be a subgroup of A properly between A; and A,
contrary to the maximality of A;. By induction, we then pick up a descending chain

AlDAQDAgD"'D<1>

such that A;_;/A; has prime order. This, together with the inclusion A D Aj, gives the desired
descending chain starting at A. O

Proposition 0.163 If H is a normal subgroup of a finite group G and G/H is abelian,
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then there is a descending chain of subgroups
GD>G1D---DG,=H

such that G; is normal in G;_; and G;_1/G; has prime order and is thereby cyclic.

Proof. Inside the finite abelian group G/H, pick a descending chain of subgroups
G/H=AD>A DA D---DA,=(1)=H/H.

such that each A;_1/A; has prime order. Let ¢ : G — G/H be the usual projection. With
G; = ¢~ 1(A;), we get the descending chain

G=GyDGE 1 DODGyD---DG, =H.

Now we need to check that G; is normal in G;—1 and G;_1/G; = A;_1/A;, which we know have
prime order. The last isomorphism follows from the third isomorphism theorem, but here is the
proof of the isomorphism directly. Since ¢ is onto G/H we get that

o(G;) = 90(90_1(141‘)) = A, for all s.
So we get the surjective homomorphism

@:Gi1 — Ai_1/A;
x = p(z)A;.

The element x lies in ker ¢ if and only if ¢(x) € A;, if and only if z € ¢~ 1(4;) = G;. That is,
ker ¢ = G;. By the first isomorphism theorem,

Gifl/Gi = Aifl/Ai, as desired.

Note the above argument also showed that G; was normal in G;_1, because GG; = ker ¢ and all
kernels are normal. O

Proposition 0.164 If G is a finite solvable group, then there is a descending chain

G:HODHlDHQD"'DHk:<1>
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such that each H; is normal in H;_; and H;_1/H; has prime order and is thereby cyclic.

Proof. We do have a chain
G=GyD>G DG2D---DG,=(1)

such that each G; is normal in G;_1, and G;_1/G; is abelian. Now apply Proposition 0.163 to
each normal subgroup G; inside G;_1 to pick up the desired refinement of the given chain. O

Independence of Characters

We now turn to a couple of key (but hard) results in field theory.

Definition 0.165 If G is any group and E is any field, a character is a group homomor-
phism ¢ : G — E*, where E* is the group of units of £ under multiplication.

As an aside, if G is finite, then every = in G satisfies 2" = 1 for some n. Therefore

pla)" = p(a™) = p(1) = 1

in E, so ¢(@G) is a subgroup of the group of all roots of unity in E. For our purposes, however, G
will be L* for some infinite field L.

Given a list of characters ¢1,..., v, : G = E* and some scalars a1, ...,a, in E, we can form an
FE-linear combination as a function G — E:

ZCLjQOjZG—)E
J

u— Zajcpj(u).

J

Proposition 0.166 If ¢1,..., ¢, : G — E* is any number of distinct characters on G and
a; in E are such that 3 a;p; = 0 (the zero function on G), then all a; = 0.

Proof. Suppose to the contrary that a nonzero combination of the ¢; makes the zero function
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on G. Take such a nonzero combination of minimal length. Thus we have
a1p1 +asps + -+ app, = 0. (0.14)

Since n is as small as possible to satisfy (0.14), all a; # 0 in E. If n = 1, we have a1¢1(u) = 0 for
all w € G. So a; = a1 -1 =a1p1(1) = 0, which is false. (Here “1” has 3 different interpretations,
but there should not be any confusion.) So n > 2. Next pick v € G such that ¢1(v) # @a(v). For
all u € G we have

a1p1(vu) + aspa(vu) + -+ - + appn(vu) =0,

which, by the nature of characters, becomes
@191 (0)@1(8) + arpa(V)pa(u) + -+ + Gnpn(V)pn() =0, forallueG.  (0.15)
Multiply (0.14) by ¢1(v) to get
a101 (V)1 (u) + azp1(v)a(u) + - + a1 (v)en(u) =0, for all u € G.
Subtract this from (0.15) to get
a3(2(0) — 1 (0))2(0) + -+ an(pn(v) — 1(0))pn(w) = 0, for all u € G.
Since @a(v) —¢1(v) # 0, this is a nonzero dependency relation among the ¢; which is shorter than

the shortest possible one. We conclude that the characters are linearly independent over E. [

Next comes a strange result, known as Hilbert’s Theorem 90. The connection to Galois’
theorem will fall into place later.

Definition 0.167 If K is a Galois extension of F' and v € K, the norm of v is defined as

N(v) = H o(v) € K.

c€Gal(K/F)

For any 7 € Gal(K /F) we have

N(v) = To(v) = o1 (v).
o€Gal(K/F) c€Gal(K/F)

These equations are true because, as o runs over Gal(K/F'), so do 7o and oT.
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The first equation, along with the fact 7 is an automorphism, reveals that 7(N(v)) = N(v). Thus
N(v) € Fix(Gal(K/F)) = F.

The second equation reveals that N(7(v)) = N(v) for all 7 € Gal(K/F). Multiplying the factors
in the definition gives N(uv) = N(u)N(v) and N(u/v) = N(u)/N(v) for u,v € K with v # 0.
Thus, for any v # 0 in K and any 7 € Gal(K/F) we get

Hilbert’s Theorem 90 tells us that if Gal(K/F) is cyclic, then all elements in K of norm 1 take
the above form. The theorem uses the independence of characters.

Proposition 0.168 (Hilbert’s Theorem 90) Suppose K is Galois over F' with cyclic
Galois group generated by 7. If v € K and N(v) = 1, then v = w/(7(w)) for some w € K.

Proof. Let n = |Gal(K/F)|. Thus id,7,72,...,7%" ! give the full Galois group. These are
also characters from the group K* to K*, so they are K-linearly independent. So the K-linear
combination

id + v + o7 (V)72 + o (V)T () T3 + - Fur(V)T2 (W) TR () T £ 0 (0.16)
as a function K* — K. Pick u € K* such that
u + o7 (u) + vr(v)73 (W) + ot (V)T (V)T (W) + - F o)A (V) . T2 ()T (w) # 0 (0.17)

and call this element w. We want v = w/(7(w)). So calculate

Multiplying by v, we get
vr(w) = v7(u) + v (V)T (u) + v (V)T (V) T3 (W) + - -+ oT (V)T (V) ... T (W)

The expression for v7(w) is exactly the sum in (0.17), because the first term wu is shifted to the
end and appears there as N (v)u = u. Hence v7(w) = w, so v = w/(7(w)). O
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Hilbert’s Theorem 90 has a way of appearing in algebra and number theory. For us it appears in
the following corollary of Proposition 0.143.

Proposition 0.169 Suppose F has characteristic 0, X¢ — 1 splits in F[X], and K is a
Galois extension of F' for which the Galois group Gal(K /F) is cyclic of order d. Then there
is an o € K such that K = F[a], o? € F, and X% — o is the minimal polynomial of o over
F. Thus the tower F' C K = F[a] is radical.

Proof. Let w be a primitive dth root of unity in F. Thus 1,w,w?,...,w ! are distinct in F.
Since 1/w € F, we have

) )

o€Gal(K/F)

If 7 generates Gal(K /F'), Hilbert’s Theorem 90 provides an o € K such that
= ——, and thus 7(a) = aw.

Then

a
d _ _
) = aw® = a.

If g is the minimal polynomial of «, the 7/ () = aw’ must be roots of g, and for j =0,...,d —1,
they are distinct. Hence, [Fa] : F] = degg > d = |Gal(K/F)| = [K : F]. But Flo] C K.
Together from the preceding inequality it follows that degg = d and K = F[a]. In addition,

(%) = 7(a)? = (aw)? = adw? = o,

which shows that o € Fix(Gal(K/F)) = F. So X¢ — a? € F[X]. Since a is a root of X — ¢
and g is the minimal polynomial of o we see that g | X? — o in F[X]. Then the fact degg = d
forces g = X% — af. All the details are done. O
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This finally brings us to the second half of Galois’ great theorem, and to the end of our course.

Proposition 0.170 If F has characteristic 0, f € F[X] has splitting field K, and Gal(K /F)
is a solvable group, then f is solvable by radicals.

Proof. Let n = [K : F] = |Gal(K/F)|. Then let L be the splitting field of X™ — 1 over K. If ¢
is a primitive nth root of unity, we see that L = K[(], and with E = F[(] we have the following
inclusions:

| L=K[(]=EK |

Clearly K(] is the composite of E and K. By Proposition 0.146, L is Galois over FE and Gal(L/E)
is isomorphic to a subgroup of Gal(K/F'). Since the latter group is solvable, so is Gal(L/E).
According to Proposition 0.163 there is a descending chain of subgroups

Gal(L/E):HODHlDHQD"'DHk:<1>

such that H; is normal in H;_y and H;_1/H; is cyclic. Apply the Galois correspondence to the
Galois extension L over F to get a tower

E =Fix(Gal(L/E)) = Fix(Hy) C Fix(H;) C Fix(H2) C --- C Fix(Hy) = Fix(1) = L.
This is a radical tower. Why? Well for each ¢ we have the following situation:

)

Galois

FIX(H,)

Galois

FiX(Hi_l)
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The reason L is a Galois extension of Fix(H;) and of Fix(H;_1) is that L is Galois over E down
at the bottom. Now look back at Proposition 0.115, with “K = L”, “F = Fix(H;—1)”, and
“E = Fix(H;)"”. Proposition 0.115 tells us that Fix(H;) is Galois over Fix(H;_1) if and only if
Gal(L/Fix(H;)) is a normal subgroup of Gal(L/Fix(H;—1)). But the Galois correspondence tells
us that H; = Gal(L/Fix(H;)) and H,—; = Gal(L/Fix(H;_1)), and we are given that H; is normal
in H;_;. Hence Fix(H;) is Galois over Fix(H;_1). In addition, Proposition 0.115 tells us that

Gal(F1x(HZ)/F1X(HZ_1)) = Hi—l/Hi’

which is given to be cyclic. To summarize, Fix(H;) is a Galois extension of Fix(H;_1) with cyclic
Galois group. In order to get that the tower

FiX(Hz;l) C FIX(HZ)

is radical, all we need to do is make sure Proposition 0.169 applies. The order of the Galois group
of the above extension is the order of H;_1/H;, call it d. Clearly d divides |H;_1|. Also, |H;_1|
divides |Gal(L/E)| because H;_; is a subgroup of Gal(L/E). But Proposition 0.146 tells us that
Gal(L/FE) is isomorphic to a subgroup of the original Gal(K/F'), whose order was n. So the order
d of the Galois group of Fix(H;) over Fix(H;_1) divides n. But these fields all contain E = F[(]
and X" — 1 splits over E. Since d | n, so does X4 — 1 split over E, and thus X% — 1 splits over
FiX(Hi_l).

Proposition 0.169 applies to give an «; in Fix(H;) and an integer n; > 1 (actually > 2) such that
FIX(HZ) = FiX(Hifl)[Oéi] and a;“ € FiX(Hifl).

Our tower is radical! The original splitting field K C L. But for solvability of f by radicals, the
radical tower needed to start with F', while the tower started with . At the bottom of the tower,
include F' C E = F[¢] and note that (" =1 € F. So the full tower

F C ECFix(H;) CFix(Hp) C---CL

is radical and contains the splitting field K, and thereby the roots of f. O

Combining Propositions 0.150 and 0.170, we have Galois’ great theorem, in all its glory:

Theorem 0.171 (Galois’ great theorem) Suppose f € F[X] has splitting field K,
where F' has characteristic 0. Then f is solvable by radicals if and only if Gal(K/F) is a
solvable group.
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