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Lecture 1 — Tuesday, January 06, 2015

1. Measure Theory Foundations

Riemann Integration and the Need for Measure

To begin with, we briefly review Riemann integration. Let f : [a,b] — R be given. Partition [a, b]
by
P={a=xy<x1 <+ <m, =b}.

Define

n

U(f.P)=)_ sup f-(zi—i1)

=1 [zi—1,%i]

and
n

L(f, P) = Z inf f . (l‘z — xl;l),

1 [;—1,24]

the upper and lower Riemann sums.

Fact 1.1 For any two partitions P and Q, U(f, P) > L(f, Q).

Proof. Let P:a=20< a1 < - <ap=band Q :a=y <y1 < - < Yn = b be two
partitions of [a,b]. Let R be the common refinement of P and @), which is the partition obtained
by taking the union of the points in P and @. Then U(f, P) > U(f,R) and L(f,Q) < L(f, R),
since the upper sum decreases and the lower sum increases when we refine the partition. Therefore,

U(f,P)2U(f,R) = L(f,R) = L(f,Q). L

Thus infp U(f, P) > supg L(f, Q). We say that f is Riemann integrable if equality holds.

Theorem 1.2 If f is continuous on [a, b], then f is Riemann integrable.

Figure 1 shows the geometric comparison behind the upper and lower sums: refinement makes the
two stepwise estimates close in on the same area.
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upper sum lower sum

both sums trap the integral between stepwise bounds

FIGURE 1

Notation 1.3 Let £ C R. Then 1g denotes the characteristic function of £. That is,

15(x) 1 fxekF
xTr) =
v 0 ifegdE

Example 1.4 1gn) ) is not Riemann integrable.

Proof. Let P : 0 =2y < 1 < g < -+ < x, = 1 be a partition of [0,1]. Since Q and its
complement are both dense in R, every nondegenerate subinterval contains rational and irrational
1o =1 and inf[;, | ;1o = 0 for every 7. Hence,

points. Therefore sup,, | ..

U(lg, P) =1+ 0= L(1g, P).

Let {z1,22,...} =QnN|[0,1]. For any n € N, define

1 ife=z,and1 <5< n
fn(z) = .J .
0 otherwise

Then fp(z) — lgno)(7) for every x € [0,1], and every f, is Riemann integrable with

lim [ fn(z)dz = 0.

n—oo
The pointwise limit is not Riemann integrable, so the Riemann theory cannot even formulate an
interchange of limit and integral here. This is precisely the kind of failure that Lebesgue integration
is designed to repair; later we will see that the limit is Lebesgue integrable with integral 0.
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If Fy,..., E, are disjoint intervals of R and

n
f= Z ailg,
i=1

for a; € R, then

n

/f(x) dx = Z a; - (length of Ej;).

=1

For a function f : [a,b] — R, partition an interval containing f([a,b]) as
A:y0<y1<...<yn:B_

Fori=0,...,n—1,let E; = f~Y([yi,yi+1)); then

n—1
frY yilg,.
=0
In other words, f(z) is close to
n—1
> yilp,(x).
i=0

When the Lebesgue integral is defined, we want

p /n—1 n—1
/ (Z yilg, (x)) dr = Z y;(length of E;).
a i=0 i=0

This suggests the approximation

/ab f(z)dz ~ /gyiﬂ&-(x) da.

However, f~!([yi,yi+1)) is not necessarily an interval; we need a better concept of “length” for a
general arbitrary set. This motivates the concept of a measure.

We ideally want to have a function m : P(R) — [0, co] which satisfies the following properties:

1. m(I) = length([) for any interval I.
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2. If E1, Eo, ... are disjoint subsets of R, then

m (U E) = Zm(Ei)

(countable additivity).

3. Let E C R and y € R. Then the translation of F with yis E4+y={e+y|e € E}. So we
want m(E +y) = m(F) (translation invariance).

4. If A C B, then m(A) < m(B) (monotonicity).

However, there are storm clouds on the horizon.

Proposition 1.5 There is no function m : P(R) — [0,00] satisfying Properties (1)—(4)
above.

Proof. We will construct a countable collection of sets which cannot satisfy (1)—(4) for any
function m. On [0, 1), define x ~ y if x — y € Q. This is an equivalence relation.

Using the Axiom of Choice, choose a set N C [0,1) containing exactly one representative from
each equivalence class. For r € QN 0, 1), let

N, ={r+n|neNNn0,1-7r)}U{-14+r+n|neNN[l-r1)}

If m : P(R) — [0,00] satisfies (1)—(4), then translation invariance and finite additivity give
m(N,) = m(N). Moreover, the sets N, are pairwise disjoint and

U ~=lo.

reQnlo,1)
Therefore,
m((0,1)) = > m(N).
reQNIo,1)
The left-hand side is 1, while the right-hand side is 0 if m(N) = 0 and oo if m(NN) > 0. Either
way, we have a contradiction. O
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Lecture 2 — Thursday, January 08, 2015

Lebesgue Outer Measure

We want to define the Lebesgue measure. Before that, though, we define the Lebesgue outer

measure.

e N

Notation 2.1

1. If a < b, a,b € R, then
(a,b) ={x eR|a<z<b}

is an open interval. With a = b, the empty set ) is also considered an open interval.
2. P(R) is the collection of all subsets of R and is called the power set of R.

3. Let E be a subset of R. The sequence of open intervals {I,,}°; is called an open
cover for E if E C |J2, I,.

Definition 2.2 The Lebesgue outer measure is the function A* : P(R) — [0, oo] defined
as follows: for every £ C R,

A*(E) = inf {Zf([l) | {;};2; is an open cover of E}
i=1

As Figure 2 suggests, the infimum searches through every countable open cover, not merely the
first convenient one we happen to draw.

I]_ ]2 ]3 I/l

E

{ A*(FE) is the smallest attainable total cover length

FIGURE 2
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Proposition 2.3 The following hold:

—_

A*(E) > 0 for every E C R (nonnegativity).

A*(0) = 0 and A*({z}) = 0.

If A,BCRand AC B, then A*(A) < \*(B) (monotonicity).

AN (E) = X*(E +x) for all E CR and x € R (translation invariance).
If A1, Ag,--- CR, then

SR R

N (U Ai) <> oA
i=1 i=1
(o-subadditivity).

6. A*(interval) = ¢(interval) for any interval in R.

Proof. (1) is obvious.

For (2), observe that {z} C (x — e,z +¢). Then \*({z}) < 2¢ by definition of \*. This holds for
every ¢ > 0; therefore, \*({z}) = 0. The same argument applies for ().

For (3), first let C(A) denote the collection of all open covers of A; that is,
C(A) = {{L;}2; | {I;}:2, is an open cover for A}

If AC B, then C(B) C C(A). Therefore,

mf{ZZ ) [ {I;} ec(A }<mf{2£ ) [ {L:} eC(B )}

which is the same as \*(A) < \*(B).

For (4), let z € R. If {I;}3°, is an open cover of E, then {I; + 2}{°, is an open cover of £ + z,
and ((1; + x) = ¢(1;). Hence

“(E +z) Z ):Ze(f)

Taking the infimum over all open covers of F gives \*(E + z) < A*(F). Replacing x by —z yields
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MN(E) < XN (E+x),s0 \(E+2) = (E).
For (5), if
Z A" (A) =
then we are done, so assume otherwise. Pick ¢ > 0. For n € N, let {I; ,}?°, be an open cover for

A,, such that
€
A(A,) + — LI ).
() + 50> 3 0(hi)

Observe that the collection {I; ,}75,—; is an open cover for [ J;Z; A;. Then

MU <D D i) =)
n=1 i=1

n=11

dl

For (6), we want to prove A*(interval) = £(interval). We will prove it for closed intervals [a, b] where
a,b € R, which amounts to showing A*([a, b]) = b—a. For the upper bound, [a, ] C (a—¢/2,b+¢/2)
gives \*([a,b]) < b—a+ ¢ for every € > 0, and hence A*([a, b]) < b — a. For the reverse inequality,

o0 oo

<Y IV (AR) /27 =) AN (An) F e

n=1 n=1

Mg

Il
,_.

which is true for all € > 0. So

'Z'C8

)<Z)\*

we want to show that if {I,,}>° is an open cover for [a, b], then

if(]n) >b—a.
n=1

Now, [a, b] is compact, so that it admits a finite subcover of {I,,} say Ir,...,In. We know

20:17
Z@ > 0(1) + -+ (Iy).

So assume our open cover is finite, say {In}ﬁy:l. If a € U1]1V:1 I,,, then there exists ny such that
a€ I, = (an,,bn,). If b € I,,, then

N

> UI) = UIn,) 2 b—a,

n=1

so we are done. Otherwise, b ¢ I, , so by, € [a,b]. Choose I, with b,, € I, = (an,,bn,).
Since by, ¢ In,, the interval I, is distinct from I,,,. Continue in this way: at step j, choose Iy,
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containing by;_,. Since the cover is finite and the right endpoints strictly move to the right until
b is covered, this process terminates in a finite number of steps. Thus,

N k
N UI) =S UTay) = (bay — any) + -+ (b — ) = by — any = b—a.
n=1

g=1

Hence, \*([a,b]) = b — a. O

Example 2.4 A\*(Q) = 0. In general, if A is countable, then A*(A) = 0 since

A={ay,2,...} = [ J{zn}

n=1
and - -
(A < Nz ) =) 0=0
n=1 n=1

by o-subadditivity.

Lebesgue Measurable Sets

Definition 2.5 We say that A C R is Lebesgue measurable if, for every F C R,

N(E) = A(ENA)+ M\ (E\ A).

Remark 2.6 Because F = (ENA)U(E\ A), we always have
N(E) < (BN A) + N (B A)

by o-subadditivity. It is the reverse inequality that is the nontrivial part of the definition of
measurability.

Figure 3 depicts Carathéodory’s criterion: a measurable set A cuts every test set F into two pieces
without creating any extra outer measure.

Notation 2.7 Let £(R) denote the collection of all Lebesgue measurable subsets of R.

10
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the two measured pieces add back to the whole

FIGURE 3

Example 2.8 Here are some examples of Lebesgue measurable sets:

1. 0 € L(R).

2. {z} € L(R) for x € R. Why? Let E C R. Obviously, A*(E N {z}) < \*({z}) =0
because E N {z} C {z}. Also,

A(E) < M (E\{z}) + M ({a}) = A (E\ {z}).

Hence, \*(E) = M (EN{z}) + X*(E \ {z}). In general, if A is such that \*(A4) = 0,

then A is measurable.

Lecture 3 — Tuesday, January 13, 2015

Sigma-Algebras and Borel Sets

Recall that the outer measure A* : P(R) — [0, 00| is translation invariant, satisfies A*(interval) =
(interval), is o-subadditive, and is monotone. We defined a set A C R to be measurable when
MN(E)=X(ENA)+ X (E\ A) for every E C R.

Theorem 3.1

1. O,R € L(R).

11
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2. If A € L(R), then A¢ € L(R).
3. If A1, As,--- € K(R), then U;L.ozl A, € ﬁ(R)

Proof. For (1), let E C R. Then
MN(E)=X(E)+X0) =X X(End)+ X (E\0),

so 0 € L(R). Similarly,
N(E) =X (ENR)+ X (E\R),

so R € L(R).
For (2), let E C R. Because A € L(R), we have
N(E) = N (ENA)+ X (E\ A) = \(E N A) + \(E N A°),
so A € L(R).
For (3), we first check that £(R) is closed under finite unions. If A, B € £L(R) and E C R, then

N (B) = N(ENA) + X (E\ A)
= N(ENA)+ X ((E\ A) N B)+ \(E\ (AU B))
> A(EN(AUB)) + \(E\ (AU B)).

The reverse inequality follows from subadditivity, so A U B is measurable. Induction now gives
closure under finite unions.

Let A ={J;7, A, and disjointify the sequence by setting

n—1
By=A; and By,=A4,\[J A, n>2
k=1

Each B, is measurable, the sets B,, are pairwise disjoint, and | J7; B, = A. Repeatedly applying
measurability gives, for every N and every E C R,

N N
XN(E) =Y X(ENB,) + X* (E\ U Bn> .

n=1 n=1

12
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Since E\ A C E\JY_, By, we may let N — oo to obtain

N (E) > i)\*(Eﬂ By) + A(E\ A) > M (ENA) + X(E\ A).

n=1

Subadditivity gives the reverse inequality. Hence A is measurable. O

Definition 3.2 Let X be any set. Let u be a collection of some subsets of X. We say p is
an algebra on X if the following hold:

1. 0, X € p.
2. It A€ p, then A° € p.
3. If Ar,...,Ap € p, then (J | A; € .

The collection p is called a o-algebra on X if it is an algebra closed under countable unions;
that is, if Ay, Ag, -+ € p, then J;7; 4, € p.

Example 3.3 Examples of o-algebras on R include the following:

1. {0,R}.
2. L(R).

3. The Borel o-algebra, which is the smallest o-algebra on R containing all open sets,
and denoted by

B(R) := ﬂ{./\/l | M is a o-algebra and M contains all open sets}.

4. Npea Ma, where {My}aea is a family of o-algebras on R.

Definition 3.4 Every subset of R belonging to B(RR) is called a Borel set.

Example 3.5 Examples of Borel sets include the following:

13
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1. Open sets, closed sets (hence compact sets), countable sets, and (a,b] = (a,b) U {b}
(hence all intervals).

2. Let G denote the family of open sets, and let F denote the family of closed sets. Let
Gs := {all countable intersections of open sets}

and
Fo := {all countable unions of closed sets}.

Then Gs, 75 € B(R).

We now look into the relationship between £(R) and B(R).

Proposition 3.6 The following hold:

1. Every open interval (a,b) with a < b is Lebesgue measurable.
2. Every interval (a,+00) or (—o0,b) is Lebesgue measurable.

3. Every open set is Lebesgue measurable.

Proof. For (1), let E C R and € > 0. By definition of outer measure, there exist open intervals

{I,,}5°; such that
EC U I, and Z€ ) < A(E) +e.
n=1

Fix n, and define
I, :=I,N(-c0,a], I):=I,N(ab), and L5 :=1,N[bc0).

n n

Each of these sets is an interval (possibly empty), and
O(I7) + €(10) + U(IT) = £(I,).

The family {I9}2°; covers E N (a,b), and the family {I,;, I,F}°; covers E \ (a,b). Therefore,

A (EN(a,b)) < i 0(12)

n=1

14
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and -
N (E\ (a,b)) Z Ih).
n=1
Adding these inequalities gives
N (EN (a,b)) + X(E\ (a,b)) Zz ) < A(E) +e.

Since € > 0 is arbitrary,
N(E 1 (a,0) + N (B (a,5)) < X*(E).

The reverse inequality always holds by subadditivity because E = (EN(a,b))U(E\ (a,b)). Hence
N(E)=X(EN(a,b))+X(E\ (a,b)),
so (a,b) is Lebesgue measurable.
For (2),
(a, +00) fj (a,a+n) € L(R).
n=1

For (3), let O be an open set in R. Then O = |J,;~,(an, by), where a,, b, € RU{—00,00}. Every
(an, by) is Lebesgue measurable by (1) and (2), and hence their countable union is as well. O

By definition of Borel o-algebra, B(R) C £(R). We can summarize everything so far:

Theorem 3.7 The set of Lebesgue measurable sets £(R) is a o-algebra which contains the
Borel sets B(R) and all £ C R such that A*(E) = 0. The restriction \*|®) =: A is called
the Lebesgue measure and satisfies the following properties:

1. ME)=ANE+z) for all E € L(R) and = € R (translation invariance).
2. If A,B € L(R) and A C B, then A\(A) < A\(B) (monotonicity).

3. M) = ¢(I) for any interval I

4. If Ay, Ag,--- € L(R) and A; N Aj =0 for i # j, then

A<@An>:iA<A

S
—_

15
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(countable additivity).

Proof. All statements except (4) have already been established: L(R) is a o-algebra, B(R) C
L(R), null sets are measurable, and A = A\*[,(g) inherits (1), (2), and (3) from A*. So it remains

to prove (4). Let
A= A
n=1

By countable subadditivity of outer measure,

AA) = A(A) < DX (A) = D A(Aw).
n=1 n=1
For the reverse inequality, first note that if B,C € L(R) are disjoint, then measurability of B gives

ABUC) =X ((BUC)NB)+ A ((BUC)\ B) = A(B) + Q).

By induction, finite additivity holds for every finite family of pairwise disjoint Lebesgue measurable
sets. Therefore, for every N > 1,

A(A) > A(L]j An> = f:)\(An).

Letting N — oo gives

AA) > f: A(Ap)

, and hence equality holds. O

The regularity results below will show that every Lebesgue measurable set differs from a Borel set
by a null set. The inclusion is strict: the Cantor set is a null Borel set with continuum cardinality,
so all of its subsets are Lebesgue measurable, whereas the Borel o-algebra itself has only continuum
cardinality. Thus some subsets of the Cantor set are Lebesgue measurable but not Borel.

Properties of Lebesgue Measure

We now collect several useful properties of the Lebesgue measure .

16
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Proposition 3.8 The following hold:

1. If AC B, A, B € £(R), and A(A) < 0o, then A\(B\ A) = A(B) — A(A).
2. If A C R is compact, then A\(A) < oo.
3. A is o-subadditive. That is, if A1, Ag,--- € L(R), then

Note that A1, As,... do not need to be pairwise disjoint!

4. Continuity of measure: if Ay, As,--- € L(R) and A7 C A3 C ..., then
A (L_Jl An> = lim A(Ay).
5. Downwards continuity: let Aj, As,--- € L(R) and A; D A3 DO ..., then
oo
() - amas

if )\(Al) < 00.

Proof. For (1), since A C B, we have B = AU (B \ A), where A and B\ A are disjoint. By
countable additivity,
A(B) = MA) + A(B\ A).

Rearranging gives A(B \ A) = A(B) — A(A).

For (2), if A is compact, then A is bounded by the Heine-Borel theorem, so there exist m < M
with A C [m, M]. By monotonicity and \([m, M]) = M —m,

AMA) < A([m, M]) =M —m < oo.
For (3),

A (G Ai> =\ (G Ai) < i N(4;) = i A(Ay),
i=1 i=1 i=1 i=1

where we used countable subadditivity of \*.

17
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Lecture 4 — Thursday, January 15, 2015

Proof continued. For (4), let A = (72| A, and define By = Ay, By = Az \ Ay, ...

Ap \ Ap—1. Then {B;}2, is a collection of pairwise disjoint sets in £(R), so that

A ([j Bi> = i)\(Bi) = A(A).
i=1 i=1
Thus

n—oo

lim \(A,) = ABj) = A| Bi) = A(4).
=1 =1

For (5), let B, := A; \ A,. Then B; C B, C ---, and

U Bo =41\ ) 4.
n=1 n=1

By (4), N
A(Al \ nﬂl An> = lim A(Bn).
Also, since A,, C A; and A(A4;) < oo,
A(Bn) = A(A41) — A(4y).
Therefore

n—o0

A(A7) — A(

138

An> = lim (A(A1) — A(4,)),

50 MMy Ap) = limy, 00 A(Ar).

18

7Bn =
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Remark 4.1 The condition A\(A;) < oo in (5) is necessary. For example if A, = [n,00),
then {A,}72; forms a decreasing chain, but A(A4,) = co. Then ()2, A, = 0, and therefore

(0) =

Tim A(An) # A (ﬁ An> .

n=1

SO

Proposition 4.2 (Outer regularity) If F € £L(R), then

AE) =inf{\(U) : E CU, U open}.

Proof. For every open U D E, monotonicity gives A(E) < A(U), so
AME) <inf{\(U) : E CU, U open}.
If A(E) = oo, this inequality forces every such U to have infinite measure, and equality follows

immediately. Assume henceforth that A(E) < oo. Conversely, let € > 0. By the definition of outer
measure, there exist open intervals {I,,}>°; such that

c. and Z@ ) < A(E)4e=\E)+e.
=1
Set U := ;2 I,. Then U is open, E C U, and

AU) = M (U) < if([n) < A(E) +e.
n=1

Hence

inf{\(U) : ECU, U open} < A(E)+c¢

Letting € | 0 yields the reverse inequality. O

19
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Proposition 4.3 If E € L(R), then

AME) =sup{\(K) | K C E, K compact}.

Proof. Let E, := EN[—n,n]. Then E,, / E, so by continuity from below,

AME) = lim A(E,) = sup A(Ey).

n—oo

Thus it suffices to treat bounded measurable sets. Fix n and € > 0, and set
F, :=[-n,n]\ E,.

By Proposition 4.2, choose an open set O 2 F), such that
AMO) < A(Fp,) +e.

Define
K, :=[-n,n]\O.

Then K, is compact and K, C E,,. Also,
E,\NK,=E,NO CO\ F,,

AEn\ Kn) < MO\ Fy) = AO) = A\(F,) <e.

Hence

A(Kn) = )‘(En) - A(En \ Kn) > )‘(En) —&.

Since ¢ is arbitrary,
MNE,) =sup{\(K): K C E,, K compact}.

Taking the supremum over n gives the claim for E.

Corollary 4.4 If E € L(R) with A(E) < oo and € > 0, then there exist an open set U and

a compact set K such that

KCECU and AMU\NK) <e.
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Proof. By Proposition 4.2, choose an open U O E with
AU) < ME) + g

Then
MU\NE)=AU)-AFE) <

| ™

By Proposition 4.3, choose a compact K C E with

ME\K) < g
Therefore,

AU\ K) < AU\ E)+\E\K) <.

Corollary 4.5 For every E € L(R), there is a Borel set B such that

AE A B) = 0.

Proof. Set E,, := EN[—m, m]. For every m,n > 1, outer regularity gives an open set Uy, , 2 Ep,
such that

1
AUmn \ Em —.
Ui\ Bu) < -
Let By, := (221 Unn. Then By, is Borel, contains E,,, and
1
ABm \ Em) < AMUmn \ Bm) < -

for every n, so A(By, \ Em) = 0. The Borel set B := J;._; By, contains E = J,,, Ep,, and
oo
B\EC |J (Bn\En),
m=1

a null set. Hence A\(E'A B) = 0. O
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Riemann Integrability and Discontinuities

Theorem 4.6 (Characterization of Riemann integrability) A bounded function f :
[a,b] — R is Riemann integrable if and only if

A{z € [a,b] | f is not continuous at x}) = 0.

Proof. Let E = {x € [a,b] | f is not continuous at z}.

To begin with, we need to show that E is Lebesgue measurable in the first place. We do this by
verifying several claims. For each k € N, let

Ey = {:c € [a, b]

for every § > 0, there exist y, z € [a,b] N [z — J,z + ]
such that |f(y) — f(2)] > 1/k '

1. Claim 1: Uy Ex C E. Verification. If z € E}, then f is not continuous at z. Indeed, if f
were continuous at z, then for e = 1/(2k) there would be a § > 0 such that |z —x| < ¢ implies
|f(2) — f(z)] < 1/(2k). Hence |f(x) — f(y)| < 1/k for all z,y € [z — J, z + J], contradicting
z € Ey. Therefore | =, Ex C E.

2. Claim 2: E = \Jp2, Ey. Verification. Conversely, if z € E, then there exists g9 > 0 such
that for every § > 0 we can find y with |y — z| < § and |f(y) — f(2)| > €o. Choose k with
1/k < eg. Then z € Ej. Hence E C (i, Ey, and together with Claim (1) we get

3. Claim 3: E € L(R). Verification. We first show that each Ej is closed in [a,b]. Let
x € [a,b] \ Eg. Then there exists dyp > 0 such that

lf(y) — f(2)] < 1/k for all y,z € [a,b] N [x — dg, 2 + do.

Now let u € [a,b] satisfy |u — x| < 00/2. If y,2z € [a,b] N [u — 60/2,u + do/2], then y,z €
[a,b] N [z — b0,z + o], so | f(y) — f(2)] < 1/k. Hence u ¢ Ej. Therefore [a,b]\ E) is open in
[a,b], and E} is closed in [a, b].

Since [a, b] is compact, each closed subset Ej, is compact, hence Borel, and therefore Lebesgue
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measurable. By Claim (2),
o
E:UEM
k=1

so E is a countable union of measurable sets and thus E € L(R).

We can now prove the main statement.

Reverse implication. Assume first that A(E) = 0. We prove that f is Riemann integrable by
making the difference between its upper and lower Riemann sums arbitrarily small. Let ¢ > 0,
and choose C' > 0 such that |f| < C. Since A*(E) = 0, there is a countable open cover of E by
intervals whose total length is less than €/(4C + 1). Choose k € N so large that (b —a)/k < /2.

Because Ey is compact, finitely many intervals I1,..., In from this cover suffice to cover Ej. Let
N
X =la,b]\ | J In:
n=1

If z € X, then z ¢ E), so we can choose a relative open interval V, containing z such that the
oscillation of f on V, is less than 1/k. Compactness gives a finite subcover Vi, ..., V;, of X. The
intervals

Li,...;In,Vi,..., Vi

form an open cover of [a,b], so this cover has a Lebesgue number. Choose a partition P = {a =
xo < -+ < x, = b} whose mesh is smaller than that number and which includes every endpoint of
the I; lying in [a, b]. Each partition interval is contained in one member of the displayed cover. If
it is contained in some Vj, its oscillation is less than 1/k. Otherwise its containing member must
be one of the I, so the interval lies in Ujvzl I; and has oscillation at most 2C. Because every
endpoint of every I; in [a,b] belongs to P, the total length of all partition intervals of the second
kind is at most Z;V: 1 U(1;). Therefore

N
Z b—a 2Ce 15
U P _Z < . < )

Since € was arbitrary, f is Riemann integrable.

Forward implication. Assume that f is Riemann integrable. It is enough to show that A\(Ey) = 0
for every k € N, because

AE) <) AEy) =0
k=1
once this is known. Fix £ € N and ¢ > 0. Choose a partition P of [a,b] such that U(f, P) —
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L(f,P) < e/k. Write
P={zxy=a<z < <zp =0}

Then

n—1

&> ULP) = L(f.P) = >~ (M; = my) (a1 — 22).

i=0
Let J = {i | M; —m; > 1/k}. Every point of E} that is not a partition point lies in the interior
of a unique partition interval, and that interval must have oscillation at least 1/k. Thus

E, C U(xiaxi—&-l) U {wo, .. ,(L‘n}.
ieJ

Moreover,

w\m

1
E M mz xz—i—l - xz % E Ti+1 — xz
eJ eJ

Thus

Zf([wi, Tit1]) <€,

1€J
By monotonicity,

AER) <> M(mi,zig1)) + Ao, .. 2n}) <€
iedJ

Since € > 0 was arbitrary, A(Ej) = 0. O

Many functions are not Riemann integrable. For example, the characteristic function Lgno,1) is
discontinuous at every point of [0, 1], and hence is not Riemann integrable.

Example 4.7 Every bounded function on R with finitely many discontinuities is Riemann
integrable on every compact interval.

Proof. Let f : R — R be bounded and suppose that f has only finitely many discontinuities,
say at points x1,...,z, € R. To prove Riemann integrability, fix any compact interval [a, b] and
consider the restriction f|(, -

Its set of discontinuities in [a, b] is contained in

{z1,...,xm} N]a,bl,
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which is a finite set. Every finite set has Lebesgue measure 0, so
A({z € [a,b] | fljap is not continuous at x}) = 0.

By Theorem 4.6, fl(,4 is Riemann integrable on [a,b]. Since [a,b] was arbitrary, f is Riemann
integrable on every compact interval.

2. Measurable Functions and Integration

Definition 4.8 A real-valued function f is said to be Lebesgue measurable (or simply
measurable) if

FH(e,00)) = {z | f(z) > o}

is measurable for every o € R. A complex-valued function f is called measurable if both its
real and imaginary parts are measurable.

Example 4.9 Let E be a measurable set in R, and let 15 be its characteristic function.
Then 1p is measurable. Indeed, if o > 1, then 15'((a,00)) = 0. If 0 < @ < 1, then
1 ((a,00)) = E. If a < 0, then 1;'((a, 00)) = R. All three sets are measurable.

Example 4.10 Let Ey,...,E, € L(R) be pairwise disjoint, and let a1,...,a, € R. The

function
n
E aill E;
i=1

is called a simple function. It takes the value 0 outside | J;"_; E;.

Proposition 4.11 Simple functions are measurable.

Proof. Let f =3, a;1g, be asimple function. For every o € R, we have Set Ey := R\J;_, E;
and ag := 0. Then
fﬁl((aaoo)) = U Ei,

0<i<n
a; >
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which is a finite union of measurable sets, and hence measurable. Including FEj is necessary when
a < 0, because f vanishes outside the displayed support. O

Lecture 5— Tuesday, January 20, 2015

Measurable Functions and Closure Properties

Recall that a function f : R — R is Lebesgue measurable if f~!((a, 00)) € L(R) for every a € R.

Proposition 5.1 Let f: R — R. The following are equivalent:

1. f is Lebesgue measurable.

2. f (e, 0)) € L(R) for all @ € R.
3. fY(—o00,a)) € L(R) for all @ € R.
4. f71((—00,a]) € L(R) for all « € R.

Proof. (1) implies (2). This is the definition.

(2) implies (3). Let a € R. Then

FH(=o0,a)) = [ f7H (=00 = 1/n]) = [ f7H((a = /0, 00)),
n=1

n=1

which is measurable.

(3) implies (4). Let a € R. Then
fH(=o0,a]) = {z | f(z) < a} = ({z | f(@) <a+1/n} = () ' ((~o0,a+ 1/n)),
n=1 n=1

which is a countable intersection of measurable sets, and hence measurable.
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(4) implies (1). Let a € R. Then

FH(ay00)) = {z | f(2) > a} = {z] f(z) < a} = f7}((~00,0])",

which is measurable. O

Corollary 5.2 A function f : R — R is measurable if and only if f~1(B) € L(R) for every
B € B(R).

Proof. Suppose first that f is measurable, and let
M={BCR|[f(B) e LR)}

Preimages preserve complements and countable unions, so M is a o-algebra. It contains every
interval (o, 00) by measurability, and these intervals generate B(R). Hence B(R) C M.

Conversely, if the inverse image of every Borel set is measurable, then this holds in particular for
every open interval (a, 00). Thus f is measurable by definition. O

Proposition 5.3 Let f,g: R — R be measurable, let ¢ : R — R continuous, and let ¢ € R.
Then the following functions are measurable:

1. cf.

2. f+g.

3. dof.

L 1S, £5, and J-, where f*(2) = max{/(z),0} and /= () = max{~ f(z),0}.

Proof. For (1), let @ € R.

We have (cf)~!((a,00)) = {z | ef(z) > a}. If ¢ > 0, this is {z | f(z) > a/c} = f((a/c,)) €
L(R), since f is measurable. If ¢ < 0, this is

{z| f(z) <a/c} = fH((~00,a/c)) € L(R),

since f is measurable. If ¢ = 0, this is {x | 0 > «}, which is either ) or R, both of which are
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measurable.
For (2), let @ € R. Then

(f + 97 (@, 00)) = {z | f(z) + g(z) > a}
={z [ f(z)>a—g(x)}
= {z | there exists r € Q such that f(z) >r and r > a — g(z)}
= U{;p|f(:n) >rin{z|glz) >a-—r}
reQ
= J U ((r00) ng~ (@ — r,0))),

reQ

which is a countable union of measurable sets, and hence measurable.

For (3), let a € R. Then (¢ o f)~ ((a,0)) = f~1¢7'((a,0))). Since ¢ is continuous,
¢ (o, 0)) € B(R) (exercise!), so f~ (¢! ((e,00))) € L(R) by Corollary 5.2.

For (4), let ¢(z) = |x|, which is continuous. Then by (3), | f| is measurable. Thus f* = (|f|+ f)/2
and f~ = (|f| — f)/2 are both measurable. O

Definition 5.4 A function f : R — [—00, 0] is called an extended real function. We
say that f : R — [—o0, 00] is Lebesgue measurable if f~!((a,c0)) € L(R) for all « € R
and f~H({—o00}), 71 ({o0}) € L(R).

Proposition 5.5 Let f1, fo,... be a sequence of extended real-valued measurable functions.
Then the following are also measurable:

1. sup,en fn-
inanN fn

limsup,,_, o fn-

liminf,, o fn-

A

f, where f,, — f pointwise.
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Proof. For (1), let g = sup,,cy fn- Let o € R. Then
g ((a,00)) = {z | g(z) > a}
= {x | sup fn(z) > a}
neN
= {x | there exists n € N such that f,(z) > o}

= Ulz | fal2) > a}

neN

= U £ (@, 00) € L(®)

neN

since f, is measurable for all n.

For (2), let h = inf,en fn. Then

W ((a,00)) = | () £ ((a +1/m, 00)),

m=1n=1

which is measurable. In both the supremum and infimum cases, the fibres over co and —oo are
obtained from the sets above by countable unions, intersections, and complements. Thus both
extended real functions are measurable.

For (3), define g, = supy,, fi for every n € N. Each g, is measurable by (1), and lim sup,,_,, fn =
lim,, o0 gn, = inf,cn gy is measurable by (2).

For (4), use the same argument with infima and suprema interchanged.

For (5), let f =1lim;, o fn. Then f =liminf, ,~ f, is measurable by (4). O]

Simple Functions and Approximation

Theorem 5.6 Let f : R — RZ? be a function. Then f is measurable if and only if there
exists a sequence of simple functions {¢y, }nen such that ¢, < ¢p41 and ¢, — f pointwise.

Proof. Reverse implication. The pointwise limit of measurable functions is measurable by Propo-
sition 5.5, and simple functions are measurable by Proposition 4.11.
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Forward implication. Fix n € N. Define Ey,, = f~1([k/2", (k+1)/2")) for k = 0,1,...,n2" — 1,
which is measurable because f is measurable. Let E,, = UZZE)_I E},, and define

n2"—1 k

¢n() = D o-lg,, +nlg,

27’l
k=0

which is a simple function. Then ¢, < ¢nr1 < f, and lim, o ¢p(z) = f(z) for every x € R.
Indeed, fix z € R. There exists N € N such that f(z) < N, so z € E, for all n > N (since
E, ={x| f(x) < n}). From the way we defined ¢,, we have

n—00
— 0.

1
(fn(@) = F@)] < 5

Figure 4 shows the construction at one fixed resolution: the simple function rounds f downward,
with a vertical error no larger than the mesh size.

yﬂ

T

measurable functions are built from simple functions below

FIGURE 4

Lebesgue Integrals of Nonnegative Functions

Definition 5.7 If N
¢ = Z ailg,,
i=1

is a nonnegative simple function, represented with a; > 0, and A € L(R), then the Lebesgue
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integral over A is
/ ¢pdX = aA(EiNA),
A i=1

with the convention that 0 - oo = 0.

Example 5.8 1gn,) is not Riemann integrable, but it is very Lebesgue integrable:

[ terpndr = a@n .1 ~o.

Definition 5.9 If f: R — [0, 0], then for E € L(R), the Lebesgue integral over E is

/fd)\: sup /qﬁd)\.
E 0<¢<f JE

¢ simple

Lecture 6 — Thursday, January 22, 2015

Proposition 6.1 Let A € £L(R), and let f,g: R — [0, 00] be measurable.

/Afd)\g/AgdA.

2. If ) C BC A and B € L(R), then

/de)\:/Af-]leA.

3. The two integrations defined above coincide for simple functions.

1. If f <gon A, then

Proof. For (1), if ¢ < f and ¢ is simple, then ¢ < g.

Therefore the admissible class

{¢:0< ¢ <[, ¢simple}
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is contained in
{¢:0 <4 < g, 1 simple}.

Taking suprema of the corresponding simple integrals gives

/Afd)\g/Agd)\.

For (2), let
Sp:={¢p:0< ¢ < f, ¢simple on B}

and
Sa:={1:0<9 < flp, 1 simple on A}.

If ¢ € Sp, define q~5 := ¢lp. Then qz~5 € S4 and

/AadA:/BqﬁdA.

Conversely, if 1 € Su, then ¢ = ¢1p, and the restriction | belongs to Sp with

/Awd)\:/deA.

Hence the two sets of simple integral values are identical, so their suprema are equal:

/de)\:/Af]IBd/\.

For (3), let s be a nonnegative simple function. In the definition

/sd)\:sup{/ odA: 0 <o <s, qbsimple},
A A

the admissible family contains ¢ = s, so the supremum is at least the integral of s previously
defined for simple functions. On the other hand, if 0 < ¢ < s are simple, monotonicity of the

simple integral gives

/Aqﬁd/\g/Asd)\

for the old simple function definition. Thus the supremum cannot exceed that value. Therefore

both definitions coincide for simple functions.
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Lecture 7— Tuesday, January 27, 2015

Definition 7.1 Let f : R — [—o00, 00| be a function. We say that f is Lebesgue integrable
if the following two conditions hold:

1. f is measurable; that is, f* and f~ are measurable.

2.
/f+d)\<oo and /f_d)\<oo.

/fd)\ :-/f*d)\—/f_d/\.

If ) # A € L(R), then f is integrable over A if f -1 4 is integrable.

In that case, we define

Proposition 7.2 If B C A are Lebesgue measurable and f is integrable on B, then

/de)\:/Af-]le)\.

Proof. Write f = f* — f~. Then
(f]lB)+ = f+]lB and (f]lB)_ = f_ﬂB.

By Proposition 6.1(2) applied to the nonnegative measurable functions f* and f~,

/Bf+d)\=/Af+]IBd>\ and /Bf_d)\:/Af_]IBd)\.

/deA—/BﬁdA—/deA

:/AfﬂLBd)\—/Af_ILBd)\

Therefore,
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- / (F* — f)1pdA

- A
:/f]le)\.
A

Monotone Convergence Theorem and Fatou’s Lemma

Theorem 7.3 (Monotone convergence theorem) Let fi, fa,--- : R — [0, 00] be mea-
surable functions and f; < fo < ... pointwise. Then

/ lim f,d\= lim [ f,d\
A n—oo n—oo A
for A € L(R). In particular,

if sup / fndX < oo, then lim f, < oo almost everywhere on A.
neNJA n—roo

. J

The picture in Figure 5 captures both monotonicities in the theorem: the graphs rise pointwise,
and the shaded areas rise with them.

A

{ fn T f carries the integrals upward to [ f }

FIGURE 5

Proof. Fix A € £L(R) and write f = lim;,—so0 fr. Since

0<fi<fos...,
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we have
Og/fldAg/f2d/\§...
A A
by Proposition 6.1(1). Thus
nh_}ngo fn d\ = sup/ frndA.

The function f is measurable, and f,, < f for every n. Monotonicity therefore gives

sup/fnd)\gffd)\.
neNJA A

It remains to prove the reverse inequality
fdx < lim fndA
A n—oo A
Let 0 < ¢ < f be simple, and let 0 < § < 1. Define

An={z € Al fn(z) > d¢(x)}.

Then A; C Ay C ..., and their union contains {z € A | ¢(z) > 0}. Moreover,

/fndx>/ fndA>/ 56,
A An Apn

because d0¢(x) < f,(x) on A,,. Write
¢ = Z ai]lEi.
i=1
Then .
/ SpdA =63 aME; N Ay)

An i=1

for every n € N. Now,
> . )

lim fn dr > 6 2 a\(E; N A)

because the union of the A,, contains every E; N A for which a; > 0. Hence

n—o0

lim fn /\26/¢d/\.
A

Letting 6 — 1, we have

n—o0

lim fnd)\>/¢d)\
A
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for all simple functions ¢ such that 0 < ¢ < f. Hence

lim fnd)\z/fdA.
A A

n—oo

Finally, if the common value of these integrals is finite and
N={ze Al f(z) = oo},
then mly < f for every m. Consequently,
mA(N) </Afd)\<oo

for every m, so A\(N) = 0. O

Proposition 7.4 Let f,g: R — [0, 00] be measurable, A € £L(R), and ¢ > 0. Then:

Jura=[r+]a amd [o—c]

2. If fi1, f2,-- : R — [0, 00| are measurable, then

[Zr-2

Proof. For (1), if f,g are measurable and nonnegative, then there exists ¢, — f, 0 < ¢, N f
simple and then there exists ¢, — g, 0 < v, g simple and therefore ¢, + ¥, = f + g
with {¢, + 1, } an increasing sequence of nonnegative simple functions. Then, by the monotone
convergence theorem,

Joo o=t o o (fons [ )

By definition of the Lebesgue integral for simple functions, we know [ ¢+ [y, = [(¢n + 1) for

every n. Passing to the limit gives
[+ [a=[w+a.
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Similarly, if ¢ > 0 and 0 < ¢, ' f are simple, then 0 < ¢¢,, * ¢f and

[eon=c 6.
[er=c|1

n
gn = Zfl)
=1

By the monotone convergence theorem,

For (2), let

for all n € N. Then
n
Jin gn = i 3 fi
1=

and
0<g1<g2<....

By the monotone convergence theorem,

li n = ;= li P = i
Jm [ g /AZf :&ZAJ” Z/Af

because g, = f1 + -+ + fn-

Theorem 7.5 (Fatou’s lemma) Let f, : R — [0, 00| be measurable. Then

/ lim inf f,, < liminf / fn
A4 MO0 n—oo 4

for any A € L(R).

Proof. Let n € N and let g, = inf;>), fx. Then liminf, . f, = lim, o gn. Now,

0<g1<g2<...,

so by the monotone convergence theorem,
lim / Gn = / lim g, = / lim inf f,.
n—o0 A A n—o0 A n—oo
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Now, g, < fi for all k > n, so [, gn < [, fi for all k > n. Hence
<
J o<t [

lim gn = liminf | g, <liminf [ f,.

for every n. Hence,

Remark 7.6 Let f, = nljy/,. Then f, — 0 pointwise, but

n—o0

lim fnzl#/limfnzo.
n—oo

Lecture 8 — Thursday, January 29, 2015

Integrable Functions and Almost Everywhere Equivalence

Definition 8.1 We say f is integrable on A if f - 14 is integrable. If f : R — C, we say f
is integrable if Im(f) and Re(f) are both integrable; in that case, we write

[ = [retn+i [,

Fact 8.2 Let f: R — [—00,00] be integrable. Then A\(f~!({—o00,0})) = 0.

Proof. Let A= f~!({—o00,00}), which is a measurable subset of R. Let

gn =nly < ’f’

AW = [, [17] <o

because f is integrable. Since this holds for all n € N, we must have A\(A) = 0. O

Then
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Definition 8.3 Let f,g: R — [—00,00]. We say f = g almost everywhere if

A{z | f(x) # g(x)}) = 0.

Fact 8.4 Let f: R — [—00,00] be integrable, and let f = g almost everywhere for some
other function g : R — [—00,00]. Then ¢ is integrable as well, with

f1-]s

Proof. Let N = {x | f(z) # g(x)}. This is a measurable null set. Lebesgue measure is complete,
so every subset of N is measurable. For each o € R,

{g>at=({f>a}\N)U({g>a}nN),

and the same decomposition works for the fibres over co and —oco. Thus g is measurable.

Every nonnegative measurable function supported on N has integral zero: any simple function
below it is also supported on N, so its simple integral is zero. Since f* = g% off N, it follows that

/f*d)\—/ngd)\ and /fd)\—/gd)\.

The two integrals on the left are finite because f is integrable. Hence g is integrable, and subtract-

ing the displayed equalities gives
/ fdx= / gdA.

Definition 8.5 Let f,, : R — R be measurable and f : R — R. We say f, — f almost
everywhere if there exists N € L(R) such that A\(N) = 0 and lim,,_,+ fn(z) = f(z) for all
x € R\ N (that is, f,, converges pointwise everywhere outside of N).

Example 8.6 If f,, — f almost everywhere and f,, is measurable, then f is measurable.

Proof. Let N be such that A(N) =0 and f,, — f pointwise on R\ N. Then f is measurable on
R\ N by Proposition 5.5(5). Since N is measurable, f is measurable on R. O
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Proposition 8.7 Let f,g: R — R be integrable and let ¢ € R. Then the following hold:

[er=c|1
/<f+g):/f+/g-
’/f‘g/m-

Proof. For (1), if ¢ > 0, then (cf)* =cf* and (cf)” =cf~, so

/(cf)+:c/f+<oo and /(cf)_:c/f_<oo.

Hence cf is integrable, and

/cf=/<cf>+—/<cf>=c</f+—/f):c/f.

If ¢ <0, then (c¢f)T =|c[f~ and (cf)” = |¢|fT. Consequently,
Jet=ted [1 =1 [ 17 =c ]+

For (2), we know that if f and g are measurable, then f + g is measurable too. Since (f + g)* <

ft+g", we have
/(f+g)*£/f++/g+<oo

and similarly, since (f +¢)” < f~ 4+g~,

Joror <[+ o<

Thus f + g is integrable. We want to show

/(f+g)=/f+/g.

40

1. c¢f is integrable and

2. f + g is integrable with

3. |f| is integrable, and




PMATH 450 LEBESGUE INTEGRATION AND F'OURIER ANALYSIS WINTER 2015

Now
(f+9)" —(f+9) =Ff+9=U =)+ —9),
SO
(f+9)"+f +g =(+9) +f +g",
and
Jevors [ fo=[ura =+ [5+ [o
and hence

/(f+g)—/(f+g)+—/f+g /f+ /f +/ / /f+/

For (3), f being integrable implies that f*, f~ are measurable and hence |f| = f* + f~

measurable as well. Also,
Jis=[r+ [r<x

implies that | f| is integrable. Furthermore,

o=\ [ [\ ||| o= [roe [ = furem= [

Corollary 8.8 Let f: R — R. Then f is integrable if and only if |f| is integrable.

Warning It may be tempting to think that if f + ¢ is integrable, then so are f and g
individually. However, this is not necessarily true. For example, consider the function
f=1g+ 1 p\g where [0,1] D E ¢ L(R). Then f =1 is integrable on [0, 1], but 1 is not
even measurable, let alone integrable.

Dominated Convergence Theorem

We will use Fatou’s lemma here. Recall its statement: if {f,}72; is a sequence of measurable
functions with f,, : R — [0, 00] and A € L(R), then

/lim inf f,, <lim inf/ fn-
A n—oo n—oo A
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Theorem 8.9 (Dominated convergence theorem) Let f, : E — R be measurable,
where E € L(R). Let g : R — [0,00) be integrable on FE, and suppose that g dominates
{fn} on E almost everywhere; that is, |f,| < g almost everywhere on FE for every n € N. If
fn — f pointwise almost everywhere on F, then f is integrable on F and

s [ 5= [

Proof. We prove this for £ = R; the general case follows by extending the functions by zero
outside E. Define

N={zeR| nh_)Igo fn(z) # f(x) or the limit does not exist} U U {z e R| |fulz)| > g(x)},

n=1

which is the set of points that are up to no good. By assumption, A(N) =0. Let A=R\ N. We
have |f,| < g and |f| < g on A. Therefore,

/|fn]d)\§/gd)\<oo and /|f|d/\§/gd)\<oo.
A R A R

The restrictions of the f,, to A are measurable, and their pointwise limit f|4 is measurable by
Proposition 5.5(5). Hence f,14 and f1,4 are integrable. They agree almost everywhere with f,
and f, respectively, so Fact 8.4 shows that every f,, and f is integrable and that

AfndA=AfndA and /Rfd)\:/Afd/\.

Lecture 9 — Tuesday, February 03, 2015

Proof continued. Since |f,| < g on A, the functions g + f,, and g — f,, are nonnegative on A
for every n.
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Apply Fatou’s lemma to hy, := g + fa:

/ liminf h,, <liminf | h,.
A

n—oo n—oo A

Because f,, — f pointwise on A, we have h,, — g+ f, so

A(g+f)§1%ggf<ég+[4fn> :/g+llnn_1>£f/fn-

Subtracting [ 4 9 from both sides gives

f < l1m1nf/ fn-

n—oo

Now apply Fatou’s lemma to k, := g — fn:
/ liminf k,, < lim inf/ kn.
A n—oo n—oo A
Again k, — g — f, so

/A(g—f)élinrgg%/Ag—/Afn)=/Ag—liyrin_>sol<1>p/Afn~

Subtracting [, g and multiplying by —1 give
limsup/ In < / f.
n—o0 A A

Therefore,

n—o00 n—oo

limsup/ fn < / f < liminf fn
A

Hence
lim fn = / I
n—oo

Since [p fn = [4 fn and [p f = [, f, this also gives

dm [ 5= [0
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3. L” Spaces and Hilbert Spaces

LP and L Spaces

Definition 9.1 Let A € L(R) with A(4) > 0. Let f : A — C be a measurable function.

For 1 < p < o0, define
1/p
Il = ([ 107)
A

When A is clear from context, we write || f||, instead of || f||zr(a)-

Note that if f = g almost everywhere on A, then ||f — g/, = 0. We thus define an equivalence
relation ~ by f ~ g when f = g almost everywhere. Observe that if f ~ g, then || f|, = ||lg/lp-

Definition 9.2 We define LP(A) as the set of equivalence classes of measurable functions
f+ A — Csuch that ||f||, < oo, where two functions are considered equivalent if they are
equal almost everywhere.

Example 9.3 C([a,b]), the set of continuous functions on [a, b], is a subset of L?([a, b]) for
1 < p < oo. For example, C([1,2]) C L'([1,2]), but C(R) ¢ L*(R).

Even in two dimensions, changing p changes the geometry of the norm. Figure 6 shows the three
standard unit balls that foreshadow this distinction in function spaces.

[zl <1 Jzfla <1 [2]loe <1

[ the exponent changes which directions the norm treats as costly }

FIGURE 6
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Proposition 9.4 Let 1 < p < oo and let E € L(R) with A\(E) > 0. Then the following
hold:

1. LP(E) is a vector space.

2. || - ||, satisfies the following:
(a) || fll, = 0 if and only if f = 0 almost everywhere
() llcfllp = lel - | £l for every c € C.
©) [ +gllp < N fllp + [lgllp-

Proof. For (1), if f € LP(E) and ¢ € C, then ¢f € LP(E) because cf is measurable and

leflP = /E ef|P = /E eI = | /E PP < oo

If f,g € LP(FE), then f + g is measurable and

£ +91 = [ 1r+aP < [ 2P +lop) -2 [/E|frp+/E|g|P] < oo,

The inequality follows from the convexity of x +— zP, namely ((a 4+ b)/2)P < (a? 4 bP)/2. Thus,
f+ g€ LP(E), proving (1).

For (2), (2b) is proven above. For (2a),

1y =0 = /E|f\p=0

If the integral is zero, let
Ay ={z € E||f(@)P > 1/n}.

Then 0 > A(A,)/n, so every A, is null. Since {f # 0} = U,_, An, we have f = 0 almost
everywhere. The converse is immediate.

We will handle (2¢) in the next lecture after we have established Holder’s inequality. O
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Definition 9.5 Let £ € L(R) with A(E) > 0 and let f : E — C. Define the essential
supremum

Il =t {sup 0] 4 € B AE ) =0

We define L>°(E) as the set of equivalence classes of measurable functions f : £ — C such
that [|f]|cc < o0, where two functions are considered equivalent if they are equal almost
everywhere.

Example 9.6 If f = 0 almost everywhere, then ||f|lcc = 0, and conversely. If E is a
compact interval and f is continuous on E, then || f|lcc = supg |f(x)|.

Proposition 9.7 L>(FE) is a vector space, and || - || is @ norm on L>*(E).

Proof. If f,g € L>°(E), choose sets Ny, Ny such that A(Ny) = A(Ny) = 0 and |f(z)] < || flleo +€
on £\ Ny and |g(z)| < ||g]lec + € on E'\ Ny. Then on E \ (Ny U Ny),

[f+ gl <11+ 19l < N flloe +llglloc 26 and  ef[ < [e|([fllc +€),

so f+g,cf € L®(F). For the norm axioms, nonnegativity is immediate, ||f|/c = 0 if and only if
f =0 almost everywhere (from the preceding example), |[cf|oc = |||l f]lco, and

1+ glloo <[ flloo + llgllo

from the pointwise bound above after removing a set of Lebesgue measure zero. Thus || - ||« is a
norm. O

Lecture 10 — Thursday, February 05, 2015
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Holder and Minkowski Inequalities

Theorem 10.1 (Ho6lder’s inequality) Let p, g be conjugate indices (that is, 1/p+1/q =
1), f € LP(E) and g € LI(E). Then

/ Fal < 1l llgll-
E

In particular, fg € L'(E).

Proof. Case: p=1,q = oo (or vice versa). Define A = {z € E : |g(z)| > ||g||oc}. We first show
that A(A) = 0. Let A, = {z € E: |[g(z)| > ||glloc + 1/n}, so A = ;2| An. It suffices to show
that A(A,,) = 0 for each n. Let B C E satisfy A(E \ B) = 0 and sup,cp|9(2)| < [|9]lcc + 1/n.
Then A, C E\ B, so A(A,) = 0. Thus A\(A) = 0. Therefore, for f € L}(E) and g € L®(E),

/E fal = /E Vol <l é 11 = lgllsol £11.

Case: 1 < p,q < oo. If | f|l, = 0, then f = 0 almost everywhere, so fg = 0 almost everywhere
and hence [ |fg| =0, so we are done. Similarly, if ||g|l, = 0, then we are done. Therefore, we may
assume that || f|l, # 0, ||g|lq # 0. It is enough to show

7 1l
/E 17l Talls =+

Let a = |f|/||fll, and b = |g|/||g]lq- Young’s inequality gives

aP b
ab < — + —.
b q

Therefore

/I gl </<1 /17 1!g\q>_1!!fH§ gl _ 1
E

g lflpllgle = Je \pIfllp ~ alglls) I~ allgld 2 q
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Theorem 10.2 (Minkowski’s inequality) Let 1 <p < oo, f,g € LP(E). Then

1+ glly < [1fllp + [lgllp-

Proof. Case: p =o00. We have |f + g| < |f| + |g| by the usual triangle inequality, and moreover
Il < | fllo and |g| < ||g|lco almost everywhere. Therefore, we have

[f 9l < N1 lloe + Ml9llo

almost everywhere, and taking the essential supremum on both sides gives

1+ glloe < M1fllco + ll9llco-

Case: p = 1. The pointwise triangle inequality gives
£ +gl= [ 17+90< [ 101+ [ 1ol =170+ gl
E E E

Case: 1 < p < oco. It is enough to show that

[E 4 glP < 1+ g2 U f o+ Nllo)-

We have
/|f+g|”=/ \f+g|p‘1!f+g|§/ |f+g|”‘1|f|+/ 4Pl
E E E E

Let ¢ be such that 1/p+1/q = 1. Then

1/q 1/q
1F + )7, = ( / rf+g\<p-1>q> _ ( / |f+g\p> —f + g2/ < 50
E E

because LP(F) is a vector space. Then by Holder’s inequality,

/E L+ gl A< I+ gl NSl = 1+ gl 1 F -

Similarly,
/E £+ g gl < 117 + g2 gl
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Therefore,
1+ glly < 11f + gl (11l + llgllp),

which implies that ||f + gll, < || fllp + llgllp- IE | f + gllp = 0, the inequality is immediate.) O

Corollary 10.3 For 1 < p < oo, LP(F) is a normed vector space.

Definition 10.4 A complete normed vector space is called a Banach space.

Theorem 10.5 Let 1 < p < oo. Then LP(FE) is a Banach space.

Proof. We want to show that LP(FE) is complete. Our strategy is to take a Cauchy sequence
{fn} and find a subsequence converging to some f € LP(FE). The Cauchy property will then force
the entire sequence to converge to f. Let’s get into it!

Case: 1 < p < co. Let {f,} be a Cauchy sequence in LP(E). This means that ||f, — fim|[p = 0 as
m,n — co. Let {fn,} be a subsequence such that || f,, , — f,llp < 1/2%. Let

k
gk = Z ‘f’fli+1 - fm’
=1
and
oo
g = Z |fm+1 - fnz’
=1

For every finite k, Minkowski’s inequality gives

k o0
1
lglls < 3 s = Fulls < D° 55 =1
i=1 =1

Now g " ¢ pointwise. By the monotone convergence theorem,

[ 1ol =t [l <1.
E k—o00 E
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so g € LP(E). In particular, g is finite outside a set A with A(A) = 0. Hence
oo
f = fn1 + Z(fni+1 - fnz)
i=1

is well-defined on A€ as the pointwise limit of

k
hk - fm + Z(fni+1 - fm)
=1

Set f(z) = 0 on A. Then f is measurable and f,, — f almost everywhere. The inequality
| f] <|fn.|+ g and Minkowski’s inequality show that f € LP(E). Moreover, |f,, — f|P — 0 almost
everywhere and |f,, — f|? < |g|P. The dominated convergence theorem therefore gives

tiw [ |fa, ~ 7 =0.
k—o0 E

Thus || fn, — fllp = 0. Since {f,,} is Cauchy, the triangle inequality now gives || f, — fl|, — 0.

Lecture 11 — Tuesday, February 10, 2015

Proof continued. Case: p = o00. Let {f,}"2 be a ||-||co-Cauchy sequence in L>(E). For k € N,
set

A ={z € E: |fr(@)] > [l fklloo}-
We have already proved A(Ay) = 0. For m,n € N, set

Bnm = {re B |fulx) = fm(x)] > | fn — fimlloo}s

(9] ()

Then M(A) = 0. For all x € A¢, we have |f,(z) — fm ()] < [|fn — fmlloos S0 {fn} is uniformly
Cauchy on A°. Hence f, — f uniformly on A¢. Define f(x) =0 for x € A. Then

and A(Bpm) = 0. Let

[fn = flloo < sup |fa(x) = f(x)| — 0.
TEAC
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Also, f € L*(F) because f is measurable and there exists NV such that || fy — f||cc < 1. Therefore,

[flloo < N1f = fivlloo + 1fnlloo <14 fnvlloc < oo

Remark 11.1 We have proved the following;:

1. If fe L®(E), then A\{z € E: |f(z)| > || flloc}) = O.

2. If fn M f, then there exists a subsequence {fy, } such that f, —— f pointwise
almost everywhere.

3. fn M f if and only if there exists A such that A(4) = 0 and f,, — f uniformly on
A€ (we really only proved one direction, but the other is trivial).

Warning Norm convergence does not force pointwise convergence of the chosen representa-
tives. For example, let f,,(x) = 2™ on [0,1]. For every 1 < p < oo,

1fallp = (np+1)7/7 — 0,

but f,(1) = 1 for every n, so this representative does not converge pointwise to the zero
function.

Let us record some facts about LP spaces.

Proposition 11.2 Let [a,b] be a compact interval with a < b, and let 1 < p; < p2 < oo.
Then
L>([a,0]) € L7 ([a,b]) & L ([a, b]).

Proof. Let 1 <pj; < ps < oo and f € LP2([a,b]). By Holder’s inequality with exponents

P2 /I D2
r==— and r = ,
n P2 —p1

b b b p1/p2
/ Vg :/ IfPr1< (/ |f|p2> (b_a)lfm/pz < .

o1

we have
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Hence f € LP'([a,b]), so LP?([a,b]) C LP'([a,b]). Also, if f € L>®([a,b]), then
b
Iz = [ 17 < - ol
so L*([a,b]) C LP'([a,b]) for every finite p;.

To prove strictness, fix 1 < p; < ps < oo and define

hz) = (z — a) P20y (gyp) 2 (2).

b (a+b)/2
/ |h|P? d:c:/ (z —a)"tdz = oo,

Then

so h ¢ LP2([a,b]), while
b (a+b)/2
/ |h|Pt dx:/ (ac—a)_pl/]”2 dr < o0

because p1/p2 < 1. Thus h € LP'([a,b]) \ LP?([a,b]).

Finally, for each finite p > 1, the function

-1/(2p)q

up(z) = (z — a) (a,(a+b)/2) (T)

belongs to LP([a,b]) since
(a+b)/2
/ (2 —a)"Y?dz < oo,

but u, ¢ L>([a,b]). Therefore all inclusions in the chain are strict.

Proposition 11.3 Let [a,b] be a compact interval. For 1 < p < oo, let C([a, b]) be the set
of continuous functions on [a,b]. Then the following hold:

1. C([a,b]) is || - ||,-dense in LP([a,b]). In other words, for every f € LP([a,b]) and every
e > 0, there exists h € C([a, b]) such that || f — k||, < e.

2. C(la,b]) € L*®([a,b]), and C([a,b]) is || ||co-closed in L>®([a, b]) (in particular, C([a, b])
is not || - ||so-dense in L*°([a, b])).
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Proof. For (1), let f € LP([a,b]) and € > 0. We first treat real-valued f; the complex case follows
by applying the same argument to the real and imaginary parts.

Step 1: reduction to a bounded function. For M > 0, define
faur () := max{—M,min{ f(z), M}}.

Then |fu] < |f] and |f — fas|P — 0 pointwise as M — oo. Since |f — fur|P < |f|P € L([a, b)), the
dominated convergence theorem gives

1f = farllp = O

Choose M so that || f — farllp < /3.

Step 2: approzimation of far by simple functions. Choose n € N and define
5u(@) 1= 27 (2" fr (@)
Since fys is bounded, s, takes only finitely many values, so s, is simple. Moreover,
|far(x) — sp(z)] <27 for all x € [a, b].

Hence
Ifar = sullp < (b—a)t /P27

Choose n large enough so that (b — a)'/P2™" < ¢/3, and set s := s,,. Write

m
s = E aj]lEj
Jj=1

for measurable sets F;.

Step 3: approximation of each indicator by a continuous cutoff. Fix

&_<3Z£AMA+D>'

By Corollary 4.4 (applied to E; C [a,b]), for each j there exist a compact set K; and an open set
U g with

Kj C Ej C Uj and )\(Uj \ Kj) < 0.

Since [a, b] is normal, there exists n; € C([a,b]) such that 0 <n; <1, n7; =1 on Kj, and n; =0
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on [a,b] \ Uj. Then
nj — 1g;| < Lyak;,
&)
1nj — L, [lf < MU; \ K;) < 6.
Define

h:= Zaﬂ]j S C([a, b])

j=1

Using the triangle inequality,

m m
1h=sllp <> laglIng — L, llp < 67 " Ja| < /3.
i=1 =1

Therefore,
If = Rllp < Lf = fullp + [1far = sllp + [Is = Rl <e.

Hence C(]a,b]) is dense in LP([a, b]).

For (2), first note that every continuous function on a compact interval is bounded, so C([a,b]) C
L>([a, b]).

Now let {f,} C C([a,b]) and assume f, LLLN f in L*®([a,b]). By Remark 11.1(3), there is a
set A C [a,b] with A([a,b] \ A) = 0 such that f,, — f uniformly on A. Define g = f on A. For
x € [a,b] \ A, choose a sequence {x,,} C A with z,, — =, and define

g(x) = lim_ g(zm).

m— 00

This is well-defined: if z,,, ¥y, € A both converge to x, then uniform convergence on A and uniform
continuity of each continuous approximant imply

Jim o) = Jim glom).

Hence g is continuous on [a,b], and g = f almost everywhere on [a, b]. Therefore the L™ class of

f belongs to C([a,b]), so C([a,b]) is || - ||ec-closed in L*°([a, b]).

Finally, the characteristic function 1, (445)/2) belongs to L>([a,b]) but does not agree almost
everywhere with any continuous function. So C([a,b]) € L*([a,b]), and in particular C([a,b]) is
not || - ||so-dense in L*([a, b]).
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Proposition 11.4 Let [a,b] be a compact interval. For 1 < p < oo, LP([a,b]) is separable.

Proof. By Proposition 11.3(1), C([a,b]) is dense in LP([a,b]). Next, by the Stone—Weierstrass
theorem, the space C[z] of polynomials in x with complex coefficients is || - ||oo-dense in C([a, b]).
Indeed, the real version gives the complex case by writing f € C([a,b]) as f = fi1 +ife with fi, fo
real-valued and continuous:

If = (o1 +ip2)lloe = 1(fr — p1) +i(f2 = P2)lloo < lf1 = Prlloc + If2 = p2lloc <€

for some py, p2 € R[z] such that ||f1 — p1]le < £/2 and || f2 — p2llec < £/2.

Next, let Q[x] be the space of polynomials on [a, b] with rational coefficients. Then Q[z] is || - ||oo-
dense in R[z|. To see this, let p(x) = apx™ +- - -+ ag, where ay, ...,ap € R. Choose ry,..., 790 € Q
such that |a; — ;| < ¢, and set Q(x) = rpa™ + - - +ro. If ¢ = max(|al,|b|), then

Hp - QHOO < |an - rn|cn +- |CLO - 7“0‘.
Letting the rational approximations improve proves the claim.

Finally, the set of polynomials with rational real and imaginary coefficients, Q[x]+iQ[x], are || - ||co-
dense in C[z]. To see this, let p(x) = apz™ + - - - + ag, where a,,...,a9 € C. Write a; = r; + is;
with r;, s; € R. Choose 77,,...,7(,5,,...,s; € Q such that |r; — | < e and |s; — 5| < €, and set

Then

Hp_quoS‘an_(T;L+Z.S;L)‘Cn+"'+‘ao—(ré—l—is{)”
:|(Tn_r;)+z(sn_sil)‘cn++‘(T0_T6)+Z(80—86)’
< \/(Tn_T%)2+(Sn_841)20n+"'+\/(TO_T6)2+(50—86)2
<eV2(c"+-+1).

Therefore Q[z] 4 iQ[z] is || - ||,-dense in C([a,b]), and hence || - ||,-dense in LP([a,b]). The set
Q[z] +iQ[z] is countable, so LP([a,b]) is separable.
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Lecture 12— Thursday, February 12, 2015

Theorem 12.1 L*([a,b]) is not separable.

Proof. Assume a =0,b=1. Let a = (a;)%2; € {0,1}" be a binary sequence and let

o0
fa — Zlanﬂ[nhwlz]'
n=

If « # B are distinct binary sequences, then there exists ng € N such that ay,, # fBy,, which
implies ||fo — f8llco = 1. Suppose for a contradiction that L>°([0,1]) is separable. Let {u,}3>,
be a countable dense subset of L>°([0,1]). Since {u,} is dense in L>([0,1]), for all & € {0, 1},
there exists n, € N such that || fo — un,||cc < 1/2. Now, if a # (3, then n, # ng. Then the map
{0,1} — N defined by « + n, is injective. Then [{0,1}N] < |N|, a contradiction. O

Inner Products and Hilbert Spaces

The space L? is special among the spaces LP: its norm comes from an inner product, and this
additional structure gives projection, orthogonality, and Fourier analyses.

Definition 12.2 Let X be a C-vector space (or R-vector space). A map (-,) : X x X — C
is called an inner product if it satisfies the following:

1. (v,v) > 0 (nonnegativity).

2. (v,v) =0 if and only if v = 0.

3. (v,w) = (w,v) (conjugate symmetry).
4. (a1 + v, w) = alvy, w) + (ve, w).

We say that (-,-) is linear in the first coordinate and antilinear in the second coor-
dinate, because (v, cw; + w2) = (v, wr) + (v, ws).

56



PMATH 450 LEBESGUE INTEGRATION AND F'OURIER ANALYSIS WINTER 2015

Example 12.3 In C?, define <<$1> , (y1>> = 21y1 + x2y2. This is an inner product on
Z2 Y2

c2.

Proposition 12.4 Let X be a vector space with an inner product. The formula
[0l = v/{v,v)

defines a nonnegative, definite, and homogeneous function on X.

Proof. By nonnegativity, ||v]| is a nonnegative real number, and definiteness gives |[v|| = 0 if and
only if v = 0. If « is a scalar, then

law]|* = (av, av) = [af*(v,v) = |af*||v],

so [law]l = [aff|vl].

Proposition 12.5 (Cauchy—Schwarz inequality) Let v,w € X, where X is a vector
space with an inner product (-,-). Then

(v, w)| < [ollfjw]-

Equality holds if and only if v and w are linearly dependent.

Proof. If w =0, the inequality is immediate. Otherwise, set

_ (o)
fuwl?

[0}

Then
[ (v, w)|?

Jw]>
which proves the inequality. Equality holds precisely when ||v — aw|| = 0, or equivalently v = aw.
Together with the case where one vector is zero, this is exactly linear dependence. Conversely,
direct substitution shows that linearly dependent vectors give equality. O

0 < o —aw|*=v|* -
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Proposition 12.6 Let X be a vector space with inner product (-,-). Then || - || =

indeed a norm on X.

<.’ > is

Proof. Nonnegativity and definiteness follow from the inner product axioms:
llz|| = /(z,z) >0 and |z =0 < (z,2) =0 < x=0.

For homogeneity,
loz|® = (a2, az) = |a*(z, x) = |a]?|l2]?,
so ||ax| = |af ||z||. Triangle inequality follows from CauchySchwarz:
lz +ylI* = (& +y, 2 +y)
= ||lz[|* + 2 Re(z, ) + [|y*
<l + 2llzllllyll + lyl* = ([l + llyll)*.

Hence [lz +yl| < [lz]| + [yl

Definition 12.7 Let X be a vector space with inner product (-,-) and || - || =
before. If X is complete with respect to || - ||, we call X a Hilbert space.

<.7 > as

Example 12.8 Let E be a Lebesgue measurable subset of R with A(E) > 0. Then L?(E)

is a Hilbert space with inner product

)= | fa

for f,g € L?(E). Note that the norm induced by this inner product is the L? norm:

V- (/[ |f!2)1/2 — £l

Fact 12.9 For a positive-measure Lebesgue set F, the space LP(FE) is a Hilbert space only

when p = 2.
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Proof. Every norm induced by an inner product satisfies the parallelogram identity

1F + g+ ILf = gll* = 2II£1I* + 2[lg]1*.

Because Lebesgue measure is nonatomic, we may choose disjoint measurable sets A, B C E of the
same finite positive measure m. Set f = 14 and ¢ = 1. For 1 < p < oo, the parallelogram
identity would give

2(2m)?/P = 4m?/?,

which forces p = 2. For p = oo, its two sides are 2 and 4, respectively. Thus no p # 2 can arise
from an inner product, while the preceding example shows that L?(E) does. O

Definition 12.10 Two vectors v, w in a Hilbert space H are called orthogonal if (v, w) = 0;
we write v | w. A set S C H is called an orthogonal set if for every distinct pair v, w € S,
v L w. Aset SC H is called orthonormal if S is orthogonal and ||v|| =1 for every v € S.

Theorem 12.11 (Pythagorean theorem) Let x,y € H with 1 y. Then |z + y||* =
|z||2 + ||ly||?. More generally, if {x,}2_; is an orthogonal set, then

2 N
= [l
n=1

N
>
n=1

The familiar right triangle survives in any Hilbert space, as summarized in Figure 7; only the
algebraic notions of length and perpendicularity are needed.

x | y makes the squared lengths add

FIGURE 7
Proof. Observe that if # L y, then (x,y) =0 and (y,z) = 0. Therefore,
|z + 9l = (z +y,z +y) = (@, 2) + {z,9) + (y,2) + {y,9) = [2]* + y]*
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The general case follows by induction on N. O

Proposition 12.12 If {z,}5° is an orthogonal set in a Hilbert space H, then
o0
> o
n=1

is convergent if and only if

9
S llzall? < oo.
n=1

Proof. Forward implication. Assume that
oo
>
n=1
converges in H. Let

n
Sy 1= E ;.
i=1

Then {S,} is Cauchy in H. For n > m,

n 2

>

=m-+1

n

= > lal®,

=m+1

||Sn - Sm||2 =

where the last equality is the finite Pythagorean theorem for orthogonal families. Since ||.S,, —

Sml — 0 as m,n — oo, the tails Y7 [|#]|* tend to 0. Hence the scalar series

(e e}
> laill?
i=1

is Cauchy in R, and therefore convergent.

Reverse implication. Assume

oo
> llil? < oo.
=1
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With the same partial sums S,,, for n > m we again have

n

1Sh = Smll® = llzill*.

1=m+1

Because the numerical series converges, its tails tend to 0, so ||.S,, — Sy, || = 0. Thus {S,,} is Cauchy
in H. Since H is complete, S,, — = for some x € H, so

o0
>
n=1

converges.

Finally, if S,, — x, then by continuity of the norm,

n o0
2] = lim [|Sa]? = lim Y fa]® = [l

Definition 12.13 We define the space ¢2 to be the set of all sequences f = (Bi)2, of
complex numbers such that Y%, |3;|? < co. In other words,

= {(B)2) : Bi € Cand [|B]3 =D _|8i]* < oo}
=1

Proposition 12.14 Let {e,}2°; be an orthonormal set. Let 5 € 02, Then there exists
x € H such that ||z]| = ||B||2 and (z,e;) = ;.

Proof. Choose -
T = Z Bie’ia
i=1

which is convergent because

oo
D 1B < oo
=1
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by Proposition 12.12 and
o0
lz? = 16:* = 1813-
i=1

For each fixed j, continuity of the inner product gives

N
(w,e5) = Jim <Z 5i€z‘7ej> = Bj-
=1

Lecture 13— Thursday, February 19, 2015

Orthogonal Series and Bessel’s Inequality

Remark 13.1 There are two useful relationships between Riemann and Lebesgue integra-
tion. First, suppose that [a,b] is a compact interval and that f is a bounded function on
[a,b]. If f is Riemann integrable, then f € L!([a,b]) and

b
/ f(z)dx = I
a [a,b]

Thus the Riemann and Lebesgue integrals agree in this setting. Second, if f is nonnegative
and Riemann integrable on R, possibly as an improper Riemann integral, then f € L!(R)
and the Lebesgue integral of f agrees with its Riemann integral.

Recall that
0 ={(an)pZy : an € C, |lallz < oo}

and let {x,}°2, C H be an orthogonal sequence in a Hilbert space H. The orthogonal series
convergence criterion (Proposition 12.12) says that

)
>
n=1
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converges if and only if

o0
Z |zn|? < oo.
n=1

0o 1/2
]| = <Z Hﬂ:nH2> :
n=1

Lemma 13.2 Let n € H and define T, : H — C by £ — (£,n). Then T, is linear and
continuous.

If 2 => 77 | &y, then

n=1

Proof. Linearity follows from linearity of the inner product in the first variable. To prove conti-
nuity, suppose that &, — £. Then

T (&n) = Ty(&)] = [{&nym) = (& m| = [&n = & M| < [I€n = ElllImll — O

Proposition 13.3 Let H be a Hilbert space, and let {e; : i € N} be an orthonormal subset
of H. If (B;) € £2, then there exists z € H such that (x,e;) = 3; for all i and

. 1/2
]l = (Z Iﬁil2> = [[(B3)ll2-
i=1

Proof. Consider the series -
> Biei.
i=1
Since {e;}3°, is orthogonal, Proposition 12.12 shows that this series converges, because
oo [e.9] o
Do lBiel® =D 1BiPllell® = D 181> = (B3 < oo
i=1 i=1 i=1
Set

x:ZﬁieiEH
i=1
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so that |lz|| = [[(8i)[|2- Let j € N be arbitrary. Since T, is continuous by Lemma 13.2, we have

N
(x,ej) <1\}gnOOZBleZ,eJ> = hm <Zﬁz~ei,ej> = hm ZﬂZ (€i,€j)
i=1

Proposition 13.4 (Bessel’s inequality) Let H be a Hilbert space, and let {e; : i € N}
be an orthonormal subset of H. If z € H, then ({x,e;))ien € £2, and

[((x, €:))ienll2 < [lz].

Proof. Let x € H be arbitrary. It is enough to show that

[e.9]

> )| < oo
=1

Fix N € N and set

N
TN = Z(J}, €i>€i cH.
i=1
Then
N N
(x —xn,zN) = (z,zN) — (TN, ZN) = .CC,Z x,e;)e;) Z |z, e;)]* = 0.
i=1 i=1
Furthermore,

1 = Iz — an) + an|* = llz — an ] + llaw]?,

so ||zn]|? < ||z||?. That is,

N
> e < )
=1
for every N. Therefore,
o
> e < loff?
i=1
as desired. [
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Orthonormal Bases and Parseval Expansions

Definition 13.5 Let H be a Hilbert space. An orthonormal set S C H is called a basis for
H if span(S) = H (i.e., span(.S) is dense in H).

Example 13.6 The space £? is a vector space: if (an),(b,) € £2, then (a,) + (bp) =
(an +by) € £2, and if ¢ € C, then c(a,) = (cay,) € £2. Tt has the inner product

((an), (bn)) = Z anbn.

The norm || - ||2 comes from this inner product:

l(@n)ll2 = V{(an), (an)) =

so /2 is a Hilbert space. For i € N, define ¢; = (0,0,...,1,0,...) € ¢2, with the 1 in the ith
coordinate. Then {e; : 4 =1,2,...} is an orthonormal basis for 2.

Fact 13.7 Let H be an infinite-dimensional Hilbert space. There is no orthonormal subset
S of H such that span(S) = H.

Proof. Suppose such an orthonormal set exists. Let {z,}72; C S, and let

which exists because

Z <2n> |z || = Z <2n) < o0.
n=1 n=1

Then x € H, but = ¢ span(.S). Indeed, if

N
z=) ajy
=1
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for some y; € S and a; € C, then there exists ¢ such that x; ¢ {y1,...,yn}. For this i,

1 1
<$7$i> = <Z in’n,fﬂi> = 9

n=1

by continuity of (-,-). On the other hand,

N
<$7x’i> - <Za]y]axl> - 07
j=1

which is a contradiction. O

Definition 13.8 An orthonormal set S in a Hilbert space H is called complete if it has
the property that if (x,e) = 0 for every e € S, then x = 0.

Theorem 13.9 Let S = {e; : i € N} be an orthonormal set in a Hilbert space #. The
following are equivalent:

1. S is a basis for H.

2. S is complete.
o0

3. x = Z(x, e;)e; for every x € H.
i=1

Proof. (1) implies (2). Assume that S is a basis for H. Let x € H and suppose (z,e;) = 0 for
every i € N. We prove that x = 0. Let £ > 0. Since span(S) is dense in H, there exists a finite

N
E a;€;
i=1

linear combination

such that

<e.

N
xTr — E a;€;
i=1

Then

N N
<x, Zai€i> = Zaﬁ(@ ei) = 0.
i=1 i=1
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Thus
N N N
(z,2) = |l|* = <95737 - Zaz‘ei + Zai6i> = ‘<9€,9€ - Zai€i>
i=1 i=1 i=1

By the Cauchy—Schwarz inequality,

N
r, T — E a;e;
=1

Then either ||z| = 0, in which case z =0, or

< [l <ellz].

N
xr — E a;e;
=1

]l <e.

Since £ > 0 was arbitrary, ||z| = 0, and therefore z = 0. Thus (2) holds.

(2) implies (3). Assume that S is complete. Let z € H. We show that

o0

x = Z(x,ei)ei.
i=1
Since x € H, the series
(o.)
y=Y (ze)e
i=1

is convergent by Bessel’s inequality. Moreover,

(x —y,ej) = (z,¢5) — (y,e5) = (w,¢;) — (z,¢;) = 0.

By completeness, © —y = 0, so x = y. Hence (3) holds.

(3) implies (1). Assume that for every z € H,

o0

x = Z(w,ei)ei.

i=1
It remains to show that span(S) is dense in H. For every x € H, we have

[e.9]

T = Z(%%)%-

=1
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Let

n

Ty = Z(x,ei>ei.

i=1
The asserted series identity means precisely that its partial sums x,, converge to x. Since each x,
belongs to span(.S), this span is dense in ‘H, and S is a basis. O]

Lecture 14 — Tuesday, February 24, 2015

Fact 14.1 If 2, — x in a Banach space, then ||z,| — |||

Proof. By (reverse) triangle inequality,
Nzl = lzll] < llan = =].

If z, — x, then ||z, — z| — 0, so ||z,| — ||| O

Remark 14.2 Let S = {e, : n € N} be an orthonormal basis for H. Let # € H. By
Theorem 13.9, we have

Then

[ee)
Izl =) Iz, e
i=1

where the sum is understood as the limit of its partial sums. Thus

where ||zx]| — ||z||. But

68



PMATH 450 LEBESGUE INTEGRATION AND F'OURIER ANALYSIS WINTER 2015

and

] = lim Jlzy] =
— 00

S ase)
i=1

We now prove that this expansion is unique. Suppose (a;), (5;) € £? and

o0 o0
E aje; = § Biei,
i=1 i=1

SO
00

> (@i = Bi)ei = 0.

i=1
Fix j € N. For each N > j, define

Then uy — 0 in H, and by orthonormality,
<UN,€j> =05 — 53' for N > j

The map T, (v) := (v, e;) is continuous by Lemma 13.2, so

a; — 35 = lim (uy,e;) = <A}i§100uN,ej> = (0,e;) = 0.

N—oo

Hence a; = 8. Since j was arbitrary, o; = 3; for every i € N. Therefore the expansion of
in the orthonormal basis S is unique.

\ J

Existence of Orthonormal Bases

Theorem 14.3

1. Every Hilbert space admits an orthonormal basis.

2. If H is a separable Hilbert space, then every orthonormal subset of H is countable.

Proof. For (1), we apply Zorn’s lemma. Let O = {all orthonormal subsets of #}, which is
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nonempty because it contains the empty set. Partially order O by inclusion. If C is a chain in
O, then S = [Joee C is again an orthonormal set: any two of its elements already belong to a
common member of the chain. Hence every chain in O has an upper bound in O. By Zorn’s
lemma, there is a maximal element Sy € O.

It remains to prove that Sy is an orthonormal basis for H. Since Sy is orthonormal, it suffices
to show that it is complete. Let x € H and assume (z,e) = 0 for every e € Sy. If  # 0, then
SoU{z/||x||} is orthonormal, contradicting the maximality of Sp. Hence x = 0, so Sy is complete
and therefore is an orthonormal basis.

For (2), let S be an orthonormal subset of #. Since H is separable, there is a countable dense
subset D of H. For each e € S, there exists d € D such that |le—d|| < 1/2. If e,e’ € S are distinct,
then the reverse triangle inequality gives

ld—dl = le =€l = [le—dl = [l = d'| > 1 - 1/2-1/2 =0,

so d # d'. Thus the map e — d is an injection from S to D, so S is countable. O

Corollary 14.4 If H is an infinite-dimensional separable Hilbert space, then H is isometri-
cally isomorphic to £2.

Proof. By Theorem 14.3(1), H admits an orthonormal basis S. By Theorem 14.3(2), every
orthonormal subset of a separable Hilbert space is countable, so we may write S = {e,}"2 ;.
Define

U:H — 2 U(z) = ((z,en))peq-

The map U is linear by linearity of the inner product in its first variable. Because {e,}7; is an
orthonormal basis, Theorem 13.9 gives

o
Izl =) [z, en)” = U @)]3,
n=1
so U is an isometry.

To prove surjectivity, let 8 = (8,)5°, € 2. Since > o0, |Ba]? < oo and {e,} is orthonormal,
Proposition 12.12 implies that
(o]
T = Z Bnen
n=1
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converges in #H. For each fixed j, continuity of v — (v, e;) gives

(z,e5) = <Z /3n€m€j> = Bj-
n=1

Hence U(z) = 3, so U is onto.

Therefore U is a linear surjective isometry from H onto £2; that is, an isometric isomorphism.

Example 14.5 Let H = L?([0,1]), and for n € Z let xy,(z) = e*™"®. Then S = {x,, : n €
Z} is orthonormal in L2([0, 1]). To see this, let n,m € Z be arbitrary. Then

1 1
<Xn7 Xm> _ / 627rinaze—27rimaz dr = / eQTri(n—m)x dax.
0 0

If m =n, then (xn, Xm) = 1. If m # n, then

1
(Xn, Xm) = /0 (cos(2m(n — m)x) + isin(2w(n — m)z)) dz

sin(2r(n —m)z) |t —cos(2r(n —m)z)|!

0 2(n —m)

2mw(n —m) 0

=0.

We will show that {y,, : n € Z} is an orthonormal basis for L2([0, 1]). Once this is established,
Theorem 13.9 will give, for every f € L?([0,1]),

f= Z<f7 Xn>Xna

neL

with convergence in L2([0,1]). This means that f = limy_,s fn, where

N
= > {fxn)Xn-
n=—N
Then -
17115 = Z (X)) (14.1)
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(14.1) is called Parseval’s identity.

Definition 14.6 For f € L?([0,1]), the nth Fourier coefficient of f is

1
Fn) = (f, xm) = /O F(@)e=2mne g

The series

> f(n)xn

ne”

is called the Fourier series of f.

4. Fourier Analysis on the Circle

The Circle Group and Trigonometric Polynomials

Let T = {z € C: |z| = 1} be the circle group. We identify T with [0, 1) (or [0, 1] with the endpoints
0 and 1 identified), via the map 6 — e2™®  With addition modulo 1, this identification makes
[0,1) into a compact group. Let dm be Lebesgue measure restricted to [0, 1); that is,

/dem:/olf(a:)dx

for integrable functions on T. We use T because functions on T correspond naturally to 1-periodic
functions on R.

Figure 8 makes the identification explicit: moving one unit along the parameter interval makes
one full turn and returns to the same point of the circle.

Definition 14.7 For 1 < p < oo, define LP(T) to be the space of equivalence classes of
measurable functions on [0, 1) such that

1 1/p
||f||p=</0 |frpdx) < o0,

Let C(T) denote the space of continuous 1-periodic functions on [0, 1], and let L>°(T) denote
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one period /

0 1

identifying the endpoints turns translation into rotation

FIGURE 8

the space of equivalence classes of essentially bounded measurable functions on [0, 1].

Theorem 14.8 Then C(T) C L>®(T) € LP(T) for 1 < p < cc.

Exercise 14.9 Prove that the space C(T) is || - ||,-dense in LP(T) for 1 < p < oo.

Recall that LY(T) C LP(T) when p < gq.

Definition 14.10 Let f € L}(T). Then define the nth Fourier coefficient of f to be

1
f(n) := / f(z)e 2T qg,
0
The integral
1
/ f(l,)e—%rinz dz
0

is finite by Hélder’s inequality, since f € L'(T) and x_,, = X»n € L>®(T). The formal series

n=—oo

is called the Fourier series of f.
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Question 14.11 This raises natural questions. Does S[f] converge to f in any sense? What
if f is nice? What does “nice” even mean? What does anything mean? People living in the
1800s were deeply troubled by these questions.

Definition 14.12 A function of the form

N
§ anXn
n=—N

is called a trigonometric polynomial. Trig(T) = {all trigonometric polynomials on T} =
span(S), where S = {x, : n € Z}.

Proposition 14.13 The trigonometric polynomials have the following properties:

1. Trig(T

C(T).

Trig(T) is an algebra: Xy Xm = Xn+m € span(S).

(T) <
(T)
Trig(T) is closed under conjugation: X, = X—n.
Trig(T) separates points.

(T) i

AR ol R

Trig(T) is || - [|sc-dense in (C(T), || - ||«), and || - || ,-dense in LP(T) for every 1 < p < oo.

Proof. For (1),let N e Nand a_y,...,ay € C. Then

N N

Y anxal@®) = Y ane®™™

n=—N n=—N

is continuous as a finite sum of continuous functions.

For (2),let Ny M € Nand a_p,...,an,b_pr,...,bpr € C. Then

——N —N m=

is a trigonometric polynomial.
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For (3),let N e Nand a_y,...,any € C. Then

N N N
Z anXn = g anXn = Z AnX—n
n=—N n=—N n=—N

is a trigonometric polynomial.

For (4), let z,y € T with 2 # y. Then x1(x) = e>™® #£ 2™ = y(y), so Trig(T) separates points.

For (5), the Stone-Weierstrass theorem implies that Trig(T) is || - ||co-dense in C(T). Since || - ||, <
|| - || on T, this also gives || - ||,-density in C(T). Combining that fact with the || - ||,-density of

C(T) in LP(T) yields the claimed density in LP(T) for 1 < p < oc.

Corollary 14.14 S is an orthonormal basis for L?(T), where S = {x, : n € Z}.

Proof. By Proposition 14.13, Trig(T) = span(S) is dense in L?(T). Since S is orthonormal, it

follows that S is an orthonormal basis for L?(T).

O

Corollary 14.15 (Parseval’s identity) For all f € L?(T),

oo

n=—oo

with || - [|o-convergence. Consequently,

1fll2 =

Proof. By Corollary 14.14, S is an orthonormal basis for L?(T).

f e L*(T),

[e.e] o

F=Y (Fxndxn= > f)xn

n=—oo n=—oo

(6]

By Theorem 13.9, for every
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with || - [|2-convergence. Moreover,

o)

IF3=">" [fxadP= D If ()

n=—0oo n=—0oo

Lecture 15— Thursday, February 26, 2015

Definition 15.1 We define

with the inner product

and the norm

The Fourier transform F : L2(T) — ¢2(Z) is given by f — (f(n))nez.

L F(f+9)=F(f) + F9)
F(cf) = cF(f).
F is injective.

F is surjective.

AN e

F is an isometry.

Proposition 15.2 The Fourier transform is an isometric isomorphism of Hilbert spaces:
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Proof. For (1), let n € Z. Then

1
Kﬁ
—~
B

)

b
<}
3
3

(oW

&
+

h
2.
=
2
)
b
3
S
g
o,
&

For (2), the result follows from linearity of the integral.
For (3), suppose that f € L%(T) and f(n) = 0 for every n. Then

1715 =" 1f ()P =0,

ne’l

so f=0in L*(T).

For (4), take a sequence (a,)nez € £2(Z). The general Hilbert space theory gives

f: Z anXn

n=—oo

with convergence in L?(T). Continuity of the inner product gives
FG)={fixg) = a

for every j € Z, so F(f) = (an)nez. Finally, (5) follows from Parseval’s identity:

IFANIE= D" [f@)P=IIf13:

n=—oo

Fourier Coefficients on L'(T)

Recall that for f € L'(T) and n € Z, the nth Fourier coefficient of f is

A~ 1 .
f(?’L) —_ /0 f($)e—27rznz diL‘,

(s
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and the Fourier series of f is
Sif)~ Y fn)xa

Note that even when f is real-valued, the Fourier coefficients f (n) need not be real, since x,, is
complex-valued for n # 0.

Proposition 15.3 The Fourier coefficients of functions in L!(T) have the following prop-
erties:

1. f+g(n) = f(n) + 4(n).
2. cf(n) = cf(n).
3. F(n) = f(—n).

SO

ot

Proof. For (1),

— A

1 1 1
f+9(N)=/O (f(t) +g(t))e 2 dt:/o f(t)ez’”'"tdwr/o g(t)e=>mmtdt = f(n) + §(n).

For (2),
1 1
cf(n) = /0 cf(t)e 2t gt = ¢ /0 Ft)e 2™t qt = cf (n).

For (3), using conjugation through the integral,

~ 1 . 1 =
F(n) = /0 Flt)e 2t dt = /0 f(t)e2mint dt = f(—n).
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For (4),

1
fon) = [ ple=a)e e
0
1
_ / f(t - x)e—27rin(t—x+:c) dt
0
. 1 .
_ e—27rmz/ f(t o x)e—Qﬂ'm(t—x) de.
0

Now use translation invariance of Lebesgue measure on T (equivalently, the change of variable
u=t—x mod 1) to get

1 ) 1 . N
/ f(t _ x)e—%rm(t—m) dt = / f(u)e—anu du = f(n)
0 0

Hence

fx(n) = 6_2Trmwf(n) = an(m)f(n)

For (5), since |e~2m"| =1,

)] = 1 /  f(tyezmin dt( < | lde = £l

O
Definition 15.4 The space (*°(Z) is
0>°(Z) = {(an)nez : an € C, ||aljoc = sup|an| < oo}
Thus, if f € L(T), then (f(n))nez € £2°(Z) by Proposition 15.3(5).
Theorem 15.5 If f;, — f in L(T), then fi,(n) — f(n) for all n € Z.
Proof. |fu(n) = f(n)| = fc = F(n)| < [l fi— fl1 — 0 as k — oo, O
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Theorem 15.6 (Riemann-Lebesgue lemma: circle version) If f € L!(T), then
f(n) = 0as n— +oo.

Proof. Let e > 0. Let p € Trig(T) such that || f — p||1 <e. Write

N
P= Y nXn:
n=—N
For |m| > N, orthogonality gives
N
POm) = (0, Xm) = D an{Xn, Xm) =0,
n=—N

and hence p(n) = 0 for all |n| > N. Therefore, for |n| > N,

~

[f)] = 1f(n) = p)| < |If —plr <e.

Therefore f(n) — 0 as n — +oo. O

Remark 15.7 The Riemann-Lebesgue lemma has the following immediate trigonometric
consequences.

1. If f € LY(T), then
1
lim / f(z) cos(2mnzx) dz = 0,
0

n—oo
and
1
lim f(z)sin(2rnz)dz = 0.
2. For B € R,

lim /01 f(z)sin(2rnz + B)dx = lim /01 f(z) sin(2mnz) cos(B) dx

n—oo n—oo

n—oo

1
+ lim/ f(x) cos(2mnx) sin(B) dx
0

=0.
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So far, the Fourier transform sends

Ll(T) - CO(Z)7 [ (f(n))nez,

where

co(Z) = {(an)nez € £>°(Z) : lim a, = 0}.

n—+too

Question 15.8 Does the Fourier series of f, S[f], actually converge to f? If so, in what
sense? Well? Say something!

Definition 15.9 For n € N, the Dirichlet kernel is

n
D, = Z Xk-

k=—n

The nth partial sum of the Fourier series of f is

n

k=—n

and we want to understand whether S,,(f) converges to f for sufficiently regular functions.

s ~

Proposition 15.10 For f € LY(T) and x € T,

Sn(f)(@) = [ Dn(2),

where * is convolution in L'(T).

Proof. We have
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) /1 " ( 5 zmk@_t)) "

k=—n

/f n(x —1t)dt

= f* Dy(z). O

The convolution * is the operation that turns L(T) into an algebra and makes partial sums
accessible through kernels. If D,, behaved like an identity, then we would expect S, (f)(z) =
f * Dy(z) to approach f(z) for continuous f.

It remains to compute an explicit formula for D,,.

Proposition 15.11 Forn e Nandt e T,

sin(2m(n + 1/2)t)
D, (t) = sin(mt)
2n+1, t=0.

for t # 0,

\ J

The profile in Figure 9 makes two important features visible: Dy has a tall central peak, but it
also has oscillatory lobes of both signs away from the origin.

Dg(0) = 13

Dy(t) 13

[ the side lobes change sign rather than forming a positive averaging kernel

FIGURE 9

Proof. For t # 0, we have

n

errit _ e—ﬂ'it ikt
. _ i
sin(7t) Dy (t) = (21’ ) E e
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2mi(k+1/2)t 2 (k—1/2)t
Zkf—n 7 ( /2) Z _ 7 ( /2)t

27
2mi(n+1/2)t _ o—2mi(nt1/2)t
24
= sin(27(n + 1/2)t)

Thus,
sin(2m(n +1/2)t)
Dy (1) = t# 0.
The value D,,(0) = 2n + 1 is the limit of this quotient as t — 0. O

Lecture 16 — Tuesday, March 03, 2015

Dirichlet Kernels and Partial Sums

We now fix x € T and pursue two goals:

1. Give a condition for convergence of Sy (f)(x) when f is continuous.

2. Show that Fourier series of continuous functions do not necessarily converge at every = € T.

Proposition 16.1 Let f € L'(T), let z € T = [0,1), and define f,(t) := f(t — x) (mod 1).
Then the following hold:

1 1
lim f(t) cos(2mnt) dt = lim f(t) sin(2wnt) dt = 0.

2. The Dirichlet kernel is

N
DN: Z Xk>
k=—N
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and
sin(2n (N +1/2)t)
Dn(t) = sin(7rt) » 170,
IN +1, t=0.
3. el = £
4. v 1 1
Sy = 3 Flale) = /O F() D — 1) dt = /0 Fl+ 6D () dt.

k=—N

Since Dy is even, we may also use Dy (t) = Dn(—t) in these representations.

Proof. For (1), apply the Riemann-Lebesgue lemma to f and use

627rznt 4 6—27rznt 627rznt _ ,—2mint

cos(2mnt) = 5 and sin(2mnt) = 5 ‘
i

Statement (2) was proved in Proposition 15.11.

For (3), translation invariance of Lebesgue measure on T gives

1 1
||fx||1=/0 \f(t—x)!dtz/o ) du = || ]

For (4), N
Sn(H@) =Y fk)xx()
k=—N

by definition of the Nth partial Fourier sum. Using

Dy(x —t) = g: Xk (@)X -k (1),
k=—N
we obtain
1 N 1
| sy —ar- 3 | s ar
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N

Z = Sn(f)(z).

Finally, substitute v = x + ¢ (mod 1) and use translation invariance:

1 1
/ f)Dn(z —t)dt :/ f(z +t)Dy(t) dt.
0 0

Fix f € C(T) and € T. We ask when Sy(f)(z) has a limit as N — co. We calculate

/f:):+tDN by dt = /f sm 27r(N+1/2))dt

sin(7t)
/ fa s1n (2w Nt) cos(mt) + sin(nt) cos(2m N't) gt
sin(7rt)
2n N
/ flx +t)cos(m )sm( LEMD) dt+/ flx 4+ t)cos(2rNt) dt
sin(7rt)

Since f € L'(T), the right-hand integral tends to 0 by the Riemann-Lebesgue lemma. Thus the
convergence question is reduced to the left-hand integral

cos(mt)

sin(7t)

1 cos(mt) . B 1 .
/0 1) S sin2NE e = /0 Falt) sin(27 Nt) dt.

Proposition 16.2 (Riemann localization criterion) Let f € C(T), let x € T, and fix
9 €(0,1/2). Then Sy(f)(z) converges as N — oo if and only if

dt

lim 2
N—o00

/5 f(z+1t) + f(x —t) sin(2nNt)
2 mt

exists.

Proof. Define

/ ezl COS ) sin(2wrNt) dt and Cn := /1 f(z+t)cos(2nNt) dt.
0

Slllﬂ')

By the preceding computation, Sy (f)(x) = Jy + Cy. Since f € L!(T), Riemann-Lebesgue gives
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Cn — 0, s0 Sy(f)(x) converges if and only if Jy converges.

Split
In =19 + 10 + 19,

where the terms are the integrals over [0, ], [6,1 — d], and [1 — 4, 1], respectively.

For the middle term, let
cos(mt)

hs(t) == f_z(t) (5,1-5](t)-

sin(7rt)
Then hs € L'(T), and
1
19 = / hs(t) sin(2r Nt) dt — 0
0

by Riemann-Lebesgue.

For I](\?), use t = 1 — s and periodicity on T:
1o — /O ’ Fa(l— s):if((;rg - 3; sin(2rN(1 — 5)) ds = /0 ’ f—x(_s):?jg:j)) sin(2rNs) ds.
Hence
W4 1® =9 /0 " A0 ‘;fj((;rg sn(2rNt) dt,  Ay() = LETY ;r fe=t)
Define

1 cos(nt)

a5(0) = 24200 (1 = ST ) 100),

extended by 0 outside (0,9). Since f is continuous, A, is bounded. Also,

1 cos(mt)
7t sin(7t)

=0 (t40),

so gs € L*(T). Therefore
1
/ gs(t)sin(2rNt)dt — 0
0

by Riemann-Lebesgue. Consequently, the convergence of

J cos(mt) .
2/0 Az (t) sin(t) sin(2rNt) dt
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is equivalent to the convergence of

) .
2/ Az(t)sm(Qﬂ'Nt) i@t
0

it

Since ](\?) — 0, this is also equivalent to the convergence of Jy, hence equivalent to the convergence

of Sy (f)(z). O

The Riemann localization theorem states that the convergence of Sy (f)(z) when N — oo depends
only on the behavior of f near x.

Our updated goal is to show that there exists f € C(T) such that Sy (f)(z) does not converge.

Divergence and the Uniform Boundedness Principle

Let (X,| -|lx) and (Y, || - ||v) be Banach spaces over a field K. Recall that a linear operator
T:X —Y is a map satisfying T'(ax +y) = o' (x) + T'(y) for all @ € K and z,y € X.

Definition 16.3 The operator norm of a linear operator 7' : X — Y is

[T]lop := sup [Ty

|(l) X:1

An operator T with ||T||op < oo is called a bounded linear operator.

If T is bounded, then ||[Tz||y < ||T|lop|lz||x. Also, every linear operator satisfies T'(0) = 0.

Theorem 16.4 A linear operator T': X — Y is continuous if and only if it is bounded.

Proof. Forward implication. Suppose that T' is bounded, so ||T||op < co. If 2, = x in X, then
1T(xn) = T(2)lly = |T(zn — )|y < T llopllzn —z[x = 0.

Thus 7' is continuous.

Reverse implication. Suppose that T is continuous, in particular at 0. Then there exists § > 0
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such that [|z||x < ¢ implies || Tz|y < 1. Hence

2 )
Tl = s> 5|7 (52)

<
lz)x=10

2
Y 5

Theorem 16.5 Fix N € N. Define Sy : L'(T) — L'(T) by

N
feSn(f) =Y fk)xk

k=—N

Then
1SN llop = 1D |1

Proof. The operator Sy is a continuous (or equivalently, bounded, by Theorem 16.4), linear
operator on L}(T). For f € LY(T),

1Sx ()l = /0 1Sn (/) ()] de

f(t)DN(x —t) dt’ dz

//yf Dy (z — )| dtdz
:/ </ |DNx—t)|dx>dt

= [l Dxll1,

where the integrals were interchanged via Tonelli’s theorem. Thus,

1SN lop < DN |l1-
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Lecture 17— Thursday, March 05, 2015

Proof continued. We now prove the reverse inequality |[Sn|op > ||Dn|l1. It is enough to find

functions f, € L'(T) such that || fx]|1 = 1 and Sy (fx) — Dy in the L'-norm. Indeed, for every k,
1SN llop = 1SN (fi)ll1-

Letting k — oo gives ||Sn|lop > ||Dn|l1, which completes the proof of equality.

For the approximation, let k > 2, set Ay = [0,1/k] U[1 — 1/k, 1], and put fi = (k/2)14,. Then

k
Il = | Sdr=1.
[0,1/k]U[1—1/k,1]

It remains to show convergence.

1
r&wﬁa—DNmzaﬁ|quw@>—DNmﬂm:

dx

(t)Dn(z — t)dt — Dy (z)

dx

/fk (Dn(z —t) — Dn(z)) dt

//!fk |Dn(x —t) — Dy ()| dt dz.

Since Dy is uniformly continuous and 1-periodic, for sufficiently large k we have |Dy(z —t) —
Dn(z)| < € for all x € [0,1] and all ¢ € Ag. For such k,

1
IISN(fk)—DNHlS/O/A!fk(?f)!'IDN(I—t)—Dzv(ﬂﬁ)\dtdm

1
s/unmf
0

= [lfxlh
=e.
Since this holds for every € > 0, we have ||Sn(fx) — Dn|j1 — 0. O

Next, recall the uniform boundedness principle from PMATH 351:
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Theorem 17.1 (Uniform boundedness principle) Let X and Y be Banach spaces, and
let F be a collection of bounded linear operators from X to Y. If

sup [[Tz]ly < oo
TeF

for every z € X, then
sup [|T']|op < 00.
TeF

Equivalently, if suppcr ||T||op = 00, then there exists € X such that suppcr ||Tz|ly = oo.

Theorem 17.2 There exists f € L!(T) for which the Fourier series is not L!-convergent.
Equivalently, the sequence Sy (f) need not converge in L!(T).

Proof. Take X = L'(T), Y = L'(T), and
F={Sy:LYT)— LYT): N ¢ N}

We have ||Sn|lop = ||Dn|[1 by Theorem 16.5. We claim that there is a constant C' > 0 such that
|IDn|l1 > C'log N. Assuming this claim, we have

sup |[Sn|lop = sup C'log N = 0.
N N

By the uniform boundedness principle, there exists f € L!(T) such that supy ||Sn(f)|1 = oo.
Hence {Sn(f)}nen cannot be convergent in L (T).

It remains to prove the claim. Fix N € N. Then

1 .
2N + 1)t
IDwlls = / sm(?T(' +1) )‘dt
0 sin(mt)
AN+1 j+1
2(2N + 1) /2<2N+1> ,
> L — sin(m(2N + 1)t)| dt
_;ﬂ(ﬁrl) m| (mr( ol
_£4N+1 1
2 = j+1

The harmonic sum is bounded below by log(4N +2), so ||Dyl||1 > Clog N for some absolute
constant C' > 0 and every N > 2. O
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Corollary 17.3 There exists C' > 0 such that
[Dnl[l1 > Clog N

for every N > 2. In particular, ||Dylj1 — oc.

Proof. This estimate was proved at the end of the proof of Theorem 17.2. O

The following lemma will be used to transfer divergence from L!(T) to continuous functions.

Lemma 17.4 There exists gy € C(T) such that ||gn||cc =1 and |Sn(gn)(0)] > || Dn]1/2-

Proof. The function
sin(2m (N +1/2)t)

sin(mt)

Dn(t) =

is real-valued, and sgn(Dy) takes the values +1 except at finitely many points. Define a continuous
gn so that |gn| < 1 everywhere and ||gn||co = 1, and so that gy agrees with sgn(Dy) outside
small intervals around the discontinuities of sgn(Dy). Since Dy € L!(T), absolute continuity of
the integral lets us choose the union U of these intervals so that

/ IDn(b)|dt < e.
U

Then

1
1Sn(gn)(0)] = | /0 gn (t)Dy (1) dt]

/ on(O)D(t)dt + / Dy ()] dt
U

[0,1\U

Since |gn(t)Dn(t)] < |Dy(t)] for all ¢, we have

[Sn(gn)(0)] > ||DN||1—/ |Dn(t)|dt — /QN(t)DN(t)dt‘
U U
Z HDNH1 — 28.
Taking ¢ < || Dy||1/4 gives |Sn(gn)(0)| > [[Dnl|1/2. O
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Lecture 18 — Tuesday, March 10, 2015

Consider the contrapositive form of the uniform boundedness principle: if X and Y are Banach
spaces and F is a family of bounded linear operators from X to Y with suppcz ||T||op = 00, then
there exists © € X such that suppc 7 | Tz]|y = co. Recall that we constructed functions g, € C(T)
with ||gn|lec = 1 and |S,(g,)(0)| > clogn for some ¢ > 0.

Theorem 18.1 There exists f € C(T) such that S, (f)(0) does not converge.

Proof. Take X = C(T) and Y = C. Let F = {T,, : C(T) — C} where

To(f) = Su(£)(0) = D F(k)xx(0).

k=—n

For every n € N, T}, is bounded, because

”TnHop: sup |Tn(f)|: sup

1
o o / f(t)Dn(—t)dt’S sup || flloe [ Dalls = 1 Duls < o0

[l flloo=1

by Hélder’s inequality. Using the functions g, € C(T) constructed in Lemma 17.4, we have

[Tnllop > [T0(gn)| = [Sn(9n)(0)| > clog(n).

Thus || Ty]|op — 00 as n — oco. By the uniform boundedness principle, there exists f € C(T) such
that

sgplTn(f)l = o0.

Since T,,(f) = Sn(f)(0), the sequence S, (f)(0) is unbounded and therefore divergent. O

Remark 18.2 We can, of course, replace 0 by any point of T in Theorem 18.1, since the
Fourier partial sums are translation invariant.
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Convolutions

We will use the following results on iterated integrals. Tonelli’s theorem says that if f : [0, 1] x
[0,1] — R is nonnegative and measurable, then

/Ol/olf(x,y)dydx:/Ol/olf(x,y)dmdy.

Fubini’s theorem says that if f : [0,1] x [0, 1] — R is integrable, then
11 1,1
|| tewaay= [ [ sepids
0o Jo 0o Jo

Definition 18.3 For f,g € L'(T), we define

1
(f % g)(x) = /0 f(glx — 1y dt,

and call the function f * g the convolution of f and g.

When g is a localized, smooth averaging kernel, the operation can be read as a moving weighted
average of f, as in Figure 10. This is the intuition behind the summability kernels introduced
later.

rough input f { localized kernel g } { smoothed average f * g }

FIGURE 10

Proposition 18.4 Let f,g € L'(T). The convolution has the following properties:

1. f+xge LYT) and
1+ gl < WA llgll

2. f*xg=gx* f almost everywhere.
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3. If g € L*°(T), then f* g € L>®(T) and
1 * glloo < 1 f1l1 llgloo-

4. The partial sums satisfy
Sn(f) = f * Dy.

ot

. If g = xi for some k € Z, then

6. For every n € Z,

Proof. For (1), by Tonelli’s theorem,

1

||f*gu1=/0
1 1

s/o /0 F(0)] g(x — 1)| dt dx

=/01 £0) (/0 |g<mt>|dx> dt

1
:/0 IF @) gl de =[£I llgll < oo

1
/O F(tg( — 1) dt| da

Hence f * g € LY(T).

For (2), for almost every z,

1
(g% f)(x) = /0 o) f(z — 1) dt.

Set u =z —t (mod 1). By translation invariance of Lebesgue measure on T,

1 1
(g% f)(x) = /0 oz — u) f(u) du = /0 F(w)g(x — u) du = (f + g)(x).
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For (3), for almost every z,

1 1
[ g(z)| = ‘/0 ft)g(x —1) dt’ < /0 )] g(x = )] dt < [lgllooll.f[]1-
Taking the essential supremum in x gives the claimed norm bound.

For (4), from the kernel representation of partial sums,

/f Wz — 1) dt = (f % D) (x).

For (5), if g = xk, then
(f = xx) (@ / f)xk(z—1)d

/f

t)e
2mkac\/0 f(t) —2mikt dt

2mik(z—t)

For (6), by Fubini’s theorem,
—_— 1
Featn) = [ (fa)@n-u(o)ds

//ft)gx—t n(z)dtde
/ </Olgx—t )da:)d

With v =z —t (mod 1),

1 1 1
/0 9(2 — )X n(2) dz = /0 (U)X (1 + 1) dus = x_n(t) /0 9(u)X—n(t0) du = X ()3 (n).

Therefore,
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Corollary 18.5 L!(T) does not have an identity for convolution; that is, there is no g €
LY(T) satisfying f * g = f for all f € L*(T).

Proof. Suppose there exists g € L!(T) with f * g = f for every f € L'(T). Then

Frg(n) = f(n)

for every n, and hence f(n)g(n) = f(n) for every n. Taking f = y, gives f(n) =1,s0g(n)=1
for all n € Z. This contradicts the Riemann-Lebesgue lemma, since g(n) /4 0.

Definition 18.6 The Fourier transform on the circle is the map F : L}(T) — ¢o(Z) given
by
F(f) = (f(n)nez.

On LY(T), addition, multiplication, and scalar multiplication are defined by

1
(f+9)(x) = f(z) +g(x),  (frg)(z)= /0 ft)gle—t)dt,  and  (cf)(z) = cf(x),

and the norm is

1
17 = /0 (@) da.

On ¢y(Z), addition, multiplication, and scalar multiplication are defined pointwise: for a = (ay,)
and b = (by,) in ¢o(Z),

a+b=(an,+by), ab = (anby), and ca = (cay),
and the norm is

lallco = sup |an|.
n

With these operations, the Fourier transform satisfies

F(f+9) =F()+Flg) and  F(fxg)=F(f)F(g).

Moreover, || F(f)|loco < || f]l1, so F is continuous. Thus F is a linear homomorphism of algebras.
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Summability Kernels and the Fejér Kernel

Definition 18.7 A sequence {g,} C C(T) is called a summability kernel if it satisfies
the following three properties:

1
1. / gn(t) dt =1 for every n.
0

2. There exists M > 0 such that [|g,|l1 < M for every n.
3. For every ¢ such that 0 < § < 1/2,

1-6
/ lgn(t)|dt — 0 as n — oo.
é

If g,(t) > 0 for every n € N and t € T, then {g,} is a positive summability kernel.

Figure 11 compares two summability kernels, g,, in blue and g,, in orange, on T, where n; < ns.

- gn1 - gnz

9no (0) )

Iny (0) T

FIGURE 11

Example 18.8 For n > 2, the functions

n
K, = 5]1[0,1/n}u[171/n,1]
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satisfy the analytic approximate-identity conditions in the definition, except for continuity.
In the proof of Theorem 16.5, the same family, indexed there by k, was used with N fixed
to show that Sy(Kx) — Dy in the L' norm as k — oo.

Lecture 19 — Thursday, March 12, 2015

Recall that F : LY(T) — ¢o(Z) defined by f — f = (f(n))nez is the Fourier transform of f.
Multiplication on L!(T) is handled through convolution:

1
f o) = /0 (gl — ) dt,

with ||f * gll1 < || fll1]lg]l1. The map F is injective but not surjective.

Question 19.1 Can f be reconstructed from {f(n)}nez?

One strategy is to consider the partial sums

N
SN(f) = Z f(n)Xn
n=—N

and ask whether Sy (f) converges to f, and in what sense.

We can summarize what we already know. By Theorem 17.2, there exists f € L(T) such that
Sn(f) does not converge to f in ||-|;. By Corollary 14.15, if f € L?(T), then Sy(f) does converge
to fin || - ||2. By Theorem 18.1, there exists f € C(T) such that Sy (f)(0) does not converge to
f(0), and hence Sy(f) does not converge to f in || - [|co-

Theorem 19.2 Let {K,} be a summability kernel, and let f € C(T). Then K, * f — f
uniformly (that is, | Ky, * f — f]leo — 0).

Proof. Let z € [0,1]. Then

1 1
Ko f(0) = 1) = | [ Kaloste =00 1(0) [ Kot
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1
AJQ@U@—w—f@D&

1
gArKam-um—w—f@n&.

Since f € C(T), it is uniformly continuous in the circle metric. Let M = sup,, || Ky||1, and choose

0 < < 1/2 such that
5

dr(r,y) <6 = |[f(z)—fy)l< SN
Then choose NN such that

1-9 " q e
/ H Ol < T+ D)

whenever n > N. If t € [0,6] U[1 — §,1], then dp(x — t,2) < J; for ¢t near 1, this follows from
periodicity because f(z —t) = f(z + (1 —t)). Hence, for n > N,

€
K+ f(z) = f(2)| < 557 | K (1)) dt
2M Jjo,s)u1—6,1]
1-8
“fl [ IOl
< = + E= €
2 2
The bound is independent of =, so K, * f — f uniformly. O

Theorem 19.3 Let {K,} be a summability kernel, and let f € L!(T). Then K, * f — f
in L' (that is, || K, * f — f|l1 = 0).

Proof. Lete > 0. Since C(T) is ||-||1-dense in L!(T), there exists g € C(T) such that || f—gl|}1 < e.
Then

[Kn*f—fli=Kn*f-Knxg+Knxg—9g+g—flh
<N EKn* (f =9l + [ Knxg =gl +llg— flh
<N Knllillf =gl + 1K % g = glloc + lg = flha
< Me+ ||Kn * g — gllo + ¢,

where M = sup,,cy || Kn|l1- By Theorem 19.2, || Ky, * g — ¢l|oc — 0. Therefore

limsup || K, * f — f|l1 < (M + 1)e.

n—o0
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Since € > 0 was arbitrary, K, * f — f in L'.

Remark 19.4 The Dirichlet kernel

N

D e

n=—N

Dy

satisfies

/1DN<t) dt = Dn(0) = 1,
0

but by Corollary 17.3, || Dy||1 — o0, so Dy is not a summability kernel. This explains why
Sn(f) need not converge to f in L'. We therefore look for a better kernel.

Definition 19.5 The Fejér kernel is defined by

Fy= ) G

n=—N

_ Il
N+1

Jun

Lemma 19.6 Let n € N. Then

1 sin? 1)t
$“@Z+)”% t+401in T,
F,(t)=<¢n+1 sin“(nt)
n—+1, t=0in T.
Proof. We have
i —mit\ 2 2mit —2mit
. 9 emt — emmit em 4 e -2 1 1
t == = — - - _ .
sn(rt) = (5 - LT
Also,
- i
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Uy Y
4 n+1)%t

j=-n
RN 7]

= 1 W)y
4],;”( n+1)N7!

Expanding and collecting terms, the coefficient of xy, is

1 L k| 1 1_|l’<:—1| 1 1_|k+1|
2 n+1 4 n+1 4 n+1 )"

For k # 0,n + 1, —(n + 1), this simplifies to 0. Specifically, for k& = 0, the coefficient is

1 1 1 1 1 1 1 1 1
—_- (1= —— (1= ——_Z4 = )
2 4 n+1 4 n+1 2 2 2n+1) 2n+1)

Thus,
1 1 1
2
t)F.(t) = — -

1

= m@ — Xn+1 — X—(n+1))

_ #‘1 o 627ri(n+1)t‘2

4(n+1)
_ sin®((n + 1)mt)
N n+1 '

This proves the quotient formula away from 0. At 0, continuity gives

1 sin? )7t
Fp(0) = lim s (_("2+ ™) i
t—=0n+1  sin®(xt)

Remark 19.7 The Fejér kernel has the following properties:

1. Fy(0) =1.

1

3. Fxy > 0.
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1
4 HFNH1—/ Fy(t)dt = Ex(0) = 1.
0

1-6
5. If 0 <6 < 1/2, then Fn(t)dt — 0 as N — oo.
é

Thus, {Fxy} is a summability kernel.

Proof. For (1), by the definition
- n
Fy= Y (1-

n=—N

the coefficient of xq is 1. Hence Fy(0) = 1.

For (2), for each j € {—N,..., N}, the term x; appears in Dy, exactly when |j| < k < N, which
occurs for N — |j| 4+ 1 values of k. Therefore

N+1 k= N+1 Y7 N41)X =N
k=0 j=—N j=—N
For (3), by Lemma 19.6,
1 sin?((N + 1)t
Fa (N + 1)rt)

T N+1 sin?(rrt)

The right-hand side is nonnegative for every ¢ (interpreting the quotient at zeros of sin(7t) by
continuity), so Fy > 0.

For (4), we combine (3) with (1). Since Fy > 0,

1 1
1Ew s = /0 P (1) dt = /0 Fy(t)dt = Fy(0) = 1.

For (5), fix 0 € (0,1/2). By Lemma 19.6,

1 sin?((N + 1)7t) P 1 1 1

Fn(t) = <
n () N+1  sin?(nt) = N +1sin?(rt) =~ N + 1sin?(70)
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for all t € [0,1 — ¢], because sin(7nt) > sin(md) > 0 on that interval. Integrating gives

T a1
s N = (N +1)sin*(76) N—oo
Thus all three summability kernel conditions hold for { Fx'}, so { Fx} is a summability kernel. [
Lecture 20 — Tuesday, March 17, 2015
Notation 20.1 We define the Fejér means of f by
Y il - il
= Fed = | 30 (1= 78 ) o1 = 3 (1- 285 forw
Corollary 20.2 {F,},en is a summability kernel. Consequently, we have the following:
1. If f € LY(T), then on(f) 112 7.
2. If f € C(T), then o (f) L1=y .
O

Proof. (1) follows from Theorem 19.3, and (2) follows from Theorem 19.2.

Remark 20.3 Corollary 20.2(2) proves that Trig(T) is dense in C(T). We will show later
that if f € C(T) and S, f(xo) converges, then it converges to the same limit as o, (f)(zo)
does, which is f(xg).

Theorem 20.4 The Fourier transform F : L(T) — co(Z) is injective.
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Proof. Suppose there exists f € L'(T) with f(n) = 0 for all n € Z. Then

n

o) = Fur f= 3 (1= G =o

j==n

By Corollary 20.2(1), o,,(f) — f in || - |1, which implies that f = 0 almost everywhere. This is
the uniqueness theorem: if f g € L'(T) and f(n) = §(n) for every n, then f — g(n) = 0 for
every n, and hence f = g almost everywhere. O

Recall that the Riemann Lebesgue lemma says that if f € L'(T), then f € ¢o(Z). Also, f € L*(T)
if and only if f € ¢*(Z).

Recall the functional-analytic open mapping theorem:

Theorem 20.5 (Open mapping theorem) If X and Y are Banach spacesand T : X — Y
is bounded, linear, and surjective, then T is open.

Corollary 20.6 If T is continuous, linear, and bijective, then 7! is continuous as well.

Proof. The inverse T ! is linear because
T HaTz+Ty) =T (T(ax+y)) = az+y=al H(Tz)+ T HTy).

Moreover, T~! is continuous because inverse images under 77! are images under 7, and T is open
by the open mapping theorem. Since 77! is linear and continuous, it is bounded. O

Theorem 20.7 The Fourier transform F : L*(T) — co(Z) is not surjective.

Proof. Suppose, toward a contradiction, that F is surjective. By Theorem 20.4, F is injective,
so F is bijective.

Since L'(T) and co(Z) are Banach spaces and F is bounded and bijective, the inverse map F~! :

co(Z) — LY(T) is continuous by Corollary 20.6. Since F~! is linear and continuous, it is bounded.
In particular, there exists M > 0 such that

IF=HFNI < MIF) oo
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for all f € LY(T). But taking f = Dy gives
D[y < M||F(Dn)lloc = M

for every N, because
. 1 if |n| < N,
F(Dpn)(n) =Dn(n) = -
(Dy)(n) = Dn(n) {0 it [n] > N.

This is a contradiction, since ||Dy||1 — oo by Corollary 17.3. Hence F is not surjective. O]
Pointwise Convergence of Fourier Series

What have we learned? If f € L'(T), then o,,(f) — fin || - [1. If f € C(T), then o, (f) — f in
| - |lco- However, there exists f € C(T) such that S, (f)(0) does not converge to f(0), and hence
Sy (f) does not converge to f in | - ||co-

Question 20.8 A natural question remains: what can we say about pointwise convergence
when f is not continuous?

Theorem 20.9 (Fejér’s theorem) Let f € L'(T) and assume that

f(zo+h)+ f(zo—h)
2

wy(zo) := lim

exists. Then o,(f)(xo) = wy(zo).

Proof. Since fol F,(t)dt = 1, we have

1
|on(F)(x0) — wg(xo)| = |Fn * f(x0) — wg(20)| = /0 Fn(t)(f(wo—t)—Wf(ﬂfo))dt‘-

Split the integral into the two neighborhoods [0, §] and [1 —¢,1] of 0 in T, together with the middle
interval [0, 1 — ¢]. By the symmetry of F,,,

1

)
/ Fut)(f (20 — £) — wy(a)) dt + / Fn<t><f<xo—t>—wf<xo>>dt'
0 1-9

0 X Trog —
<2/0 Fn(t)’f(0+t)+f(0 t)—wf(l‘0>

2 dt.

105



PMATH 450 LEBESGUE INTEGRATION AND F'OURIER ANALYSIS WINTER 2015

Let 6 > 0 be such that [t| < § implies

—wy(zg)| < e.

’f($0+75)+f(900—t)
2

For this choice of §, the contribution from the two neighborhoods of 0 is bounded by
1)
25/ Fo(t)dt < 2¢||F,||1 = 2e.
0

For the middle interval, Lemma 19.6 gives

1 sin?((n+ 1)7t) - 1
n+1  sin?(rt) = (n+ 1)sin?(7d)

Fa(t) =

whenever 6 <t <1 — 4. Hence

1-6
(n+ 1);112(7“5)/5 (If (o = )] + [wy (o)) dt

Lf 1l A+ Jwy (o)
= (n+1)sin?(md)

1-46
| Rl =) = wstan)lat <

Choose Ny such that
[1f1l1 + |wy(zo)]
(No + 1) sin?(76)
Then the contribution from the middle interval is less than e for every n > Ny. Combining the
contributions from the two neighborhoods of 0 and the middle interval, we have

lon(f)(z0) —wyp(zo)| <26+ =3¢

for all n > Ny, and the result follows. O

Corollary 20.10

1. If f € LY(T) is continuous at xo, then o, (f)(zo) = f(z0).

2. If limy,_,+ f(z0 + h) = f(zg) and limy,_o+ f(zo — h) = f(xy) exist, then

on(f)(wo) = (f(2d) + f(29))/2

Proof. If f is continuous at xg, then ws(z¢) = f(z¢) by Theorem 20.9. If f(x{) and f(z, ) exist,
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then wy(zo) = (f(af) + /()2 O

Lecture 21 — Thursday, March 19, 2015

Theorem 21.1 If S, f(x) converges, then it converges to the same limit as o, (f)(z).

Proof. Suppose S,,(f)(to) — g(to). Since

an(f)(to) =

we estimate

So(f)(to) + -+ Sn(f)(to)

—g(t
n+1 9(to)

lon(f)(to) — g(to)| =

n

> (Si(f)(t0) — g(to))

§=0

1
n+1

N-1 n
<! {Zsj(f)(to)9(t0)+25j(f)(to)g(to)]
7=0

n—+1 ey

Let N be such that |S;(f)(to) — g(to)| < € for all j > N. Then

N—-1

n i 1 ]Z; 155(£)(t0) = g(to)| +

n—N+1
—¢

o () (o) — g(to)| < ol

and the first term tends to 0 as n — oo while the second is at most €. So for n large enough,

lon(f)(to) — g(to)| < 2e.

Hence o, (f)(to) — g(to). O
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Corollary 21.2 Let f € LY(T). If f is continuous at t, or if f has one-sided limits at g,
and if {S,,(f)(to)} converges, then

7) + 1(65).

Su(f)ts) —» 002

Proof. This follows from Theorems 20.9 and 21.1. O

Theorem 21.3 If f € LY(T) and is differentiable at tg, then S, (f)(to) — f(to) as n — co.

Proof. Since fo t)dt = 1, we have

8.(0)(00) = Fa0)] = | [ (o 1) = e a1t
'/ = s_u;f It sin(m(2n + 1)t) dt‘

It remains to prove that
f(to —t) — f(to)
sin(7rt)

9(t) =
belongs to L!(T). Since

lim f(to =) = Jlto) = —f'(to) and lim b 1,

t—+0 t t—=0sin(mt) w

the function ¢ is bounded near 0. By periodicity, the same argument shows that g is bounded
near 1. On every compact subinterval of (0,1), the denominator is bounded away from 0, so g is
integrable there. Hence g € L'(T).

1 d 1-96 1
[ lstnar= [Clata+ [ awrars [ jgiar

Choose ¢ > 0 such that |g(t)| < |f'(to)]/m+ 1 whenever 0 <t <dor1—4§ <t <1. Then

1
/ 19(#)] dt < oo,
0

sin(m(2n + 1)t) = sin(27nt) cos(wt) + cos(2nnt) sin(nt).

Finally,
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Both ¢(t) cos(nt) and g(t) sin(nt) belong to L!(T), so the Riemann-Lebesgue lemma, applied at
the integer frequency n to these two functions, gives

/1 g(t)sin(m(2n + 1)t) dt — 0.
0

Hence S, (f)(to) — f(to)- O

Remark 21.4 In the proof of Theorem 21.3, we only used differentiability to prove g €
LY(T).

Corollary 21.5 If f is constant on an interval, then S, (f)(to) converges to f(to) for all g
in the interior of the interval.

Proof. If f is constant on an interval, then f is differentiable at every point in the interior of the
interval, with derivative 0. Hence S,,(f)(to) — f(to) for every ¢y in the interior of the interval by
Theorem 21.3. g

Definition 21.6 A function f satisfies the Lipschitz condition of order « at a point ¢y,
where a > 0, if there exist constants ¢ > 0 and § > 0 such that

|[f(to =) = f(to)] < clt|*

whenever [t < 4.

Remark 21.7

1. It is harder to be Lipschitz for larger «: if f is Lipschitz of order a at tg, then f is
Lipschitz of order § at ¢y for every 0 < 8 < a.

2. f being Lipschitz of order «a at tg with @ = 0 means that f is bounded close to tg.

3. If f is Lipschitz of order « at ty for some « > 0, then f is continuous at tg. Indeed, if
f is Lipschitz of order « at ty, then there are constants ¢ > 0 and § > 0 such that

|[f(to —t) — f(to)| < clt|
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whenever |t| < J. Letting t — 0 gives f(to —t) — f(to), so f is continuous at ¢g.

4. If f is differentiable at tg, then f is Lipschitz of order 1. Indeed, differentiability gives
a 0 > 0 such that

[f(to —t) = f(to)l < (If'(to)| + 1)]t|

whenever |t| < . Thus differentiability at tp implies the Lipschitz condition of order
1 at tg, which implies the Lipschitz condition of order « for every 0 < a < 1, and in
particular implies continuity at #g.

We can generalize Theorem 21.3 as follows.

Theorem 21.8 If f € LY(T) and is Lipschitz of order a for some a > 0 at tg, then
Sn(f)(to) = f(to).

Proof. As in the proof of Theorem 21.3, it is enough to show that

f(to—1t) — f(to)

sin(7t)

g(t) =

belongs to L!(T). Since f is Lipschitz of order « at to, there are constants ¢ > 0 and § > 0 such
that

|f(to —t) — f(to)] < cft]*

whenever [t| < §. Decreasing § if necessary, we may assume that 0 < § < 1/2 and that
| sin(mt)| > 2|t

whenever |t| < §. Hence, for 0 < t < 4,
l9(8)] < 5t

The same estimate holds near 1, with ¢ replaced by 1 — ¢, because ¢ = 1 represents the same
point as t = 0 on T. On the interval [0,1 — §], the denominator is bounded away from 0, and
f(to —t) — f(to) is integrable. Therefore

1
/ l9(t)] d < oo,
0
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0
since / t*~1dt < oo when a > 0. Using
0
sin(m(2n + 1)t) = sin(27nt) cos(mt) + cos(2mnt) sin(nt)

and applying the Riemann—Lebesgue lemma to g(t) cos(nt) and ¢(t) sin(mt) now gives

1
Su(f)(to) — f(to) = / g(t) sin(m(2n + 1)) dt —> 0.

Definition 21.9 We say that f has a derivative at £y from the right if

lim flto+h) = f(t])
h—0+ h

exists, where f(t{) = limj_,o+ f(to + h). Similarly, we say that f has a derivative at to

from the left if B
lim f(to—h) — f(ty)
h—0+ —h

exists, where f(t;) = limy,_,o+ f(to — h).

Corollary 21.10 If f € LY(T) is continuous at o and has left and right derivatives at g,
then S,,(f)(to) — f(to) as n — oo.

Proof. Since f is continuous at to, we have f(t5) = f(ty) = f(to). Also, f is differentiable from
the left and right at #g.

The limits b L
i {0 th) = flt) i {0 —h) — f(to)
h—0+ h h—0+ —h
exist. Hence f is Lipschitz of order 1, and so Theorem 21.8 gives S, (f)(to) — f(to)- O

Example 21.11 Let f(z) = 22—z on [0, 1]. Since f(0) = 0 = f(1), this defines a continuous
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periodic function on T. At tg = 0, the right derivative is
2z = Dlpe = 1,

while the left derivative, computed using the value at x = 1, is
2z 1)), =1

Thus f is not differentiable at 0, but it has left and right derivatives there. By Theorem 21.8,
Sn(f)(0) — f(0) = 0. Therefore

> fn)=0 (21.1)

ne”Z

by Corollary 21.2. For n # 0, we compute f (n) by integration by parts:

A 1 .
f(n) — /0 (562 _ Jj)e—sznm dz

1

(1.2 _ x)6727rinx 1 (2.@ o 1)6727m'nx
= — d
“omin | /0 “omin
I :
=5 / (2 — 1)e 2™"% dg
mn Jo
(2:1: _ 1)6—27rinx 1 /l 26—27rinw q
pu— - x
—4m2n?2 o Jo —4min?
1
- 2m2n?’

On the other hand,

and therefore

Surprise!
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f(z) =z on [0,1]. Then
1
1
913 = [ ado =3
0 3

For all n # 0,

—2rinz |1

Remark 21.12 There is a sneakier way to arrive at the solution to the Basel problem. Take

-1

1
f(n) :/ xe 2T g = re
0

—2min

We also have .
o 1
f(0) = / xdr = —.
0 2

By Parseval’s identity,

112 |12
2 \min ‘2 "3
neZ\{0}
Therefore
= =—
=n 6

1 e—27rinac
— — dx
0 0 —2min

2min’

Lecture 22 — Tuesday, March 24, 2015

5. Fourier Analysis on R and Applications

Fourier Transform on R

The major difference between the circle and the real line is that LP(T) C L!(T), whereas LP(R)
LY(R) for p # 1. Recall that L'(R) is the space of Lebesgue measurable functions on R with

1l = /R £ da.

For f,g € L'(R), define their convolution by

(f*g)(x) = /R fw)a(z - y) dy.
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As on T, we can prove that the function y — f(y)g(x — y) is integrable for almost every z.
Moreover, f g € L'(R) and |[f * g1 < [|f[1]lg]l1-

Definition 22.1 For £ € R, define x¢ : R — T by Xg(w) — e2mikx

We have
Xe(x+y) = xe(x)xe(y) and  x(0) = 1.

Moreover,
IXe (@) = xe(y)] < 27[¢] o — ],

so X¢ is uniformly continuous.

Definition 22.2 A continuous function ¢ : R — T is called a character if ¢ is a homomor-

phism: ¢(z +y) = ¢(x)d(y).

Proposition 22.3 If ¢ is a character, then there exists { € R such that ¢ = x..

Proof. If ¢ is a character, then
$(0) = ¢(0 + 0) = ¢(0) - $(0).
Thus ¢(0) = 1. By continuity, there exists ¢ > 0 such that
d((—¢,¢)) € {w € C: Re(w) > 0}.

Write ¢(g) = €2™¢Y where y is the unique element of [—1/(4¢),1/(4¢)] with this property. Since
$(e/2)? = ¢(e) and ¢(e/2) lies in the right half-plane, we have ¢(g/2) = €2>™¥/2. Iterating gives

¢(€/2n) — eZm’ey/Q"
for every n € N. Therefore, for m € Z,
¢(m€/2n) _ ¢(€/2n)m _ eQm’may/2".

The dyadic multiples me/2™ are dense in R, and continuity of ¢ extends this formula to every
r € R. Hence ¢(z) = €2™¥% for every z, so ¢ = Xy- O
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Remark 22.4 x¢ ¢ LP(R) for 1 < p < oo.

Definition 22.5 Let f € L'(R) and ¢ € R. The Fourier transform of f at ¢ is

f(6) = /R f(@)xe(@) da = /R Fla)e 2T d

Observe that
o) < / (@) - le~27% | d = / (@) dz < oo,
R R

so f(€) is well-defined.

Proposition 22.6 If f € L'(R), then f is uniformly continuous.

Proof. For every £, h € R,

~

’f(f‘f'h)—f(ﬁ)!S/R!f(:v)He_%ih”—lydx.

The right-hand side is independent of ¢ and tends to zero as h — 0 by the dominated convergence
theorem, since it is bounded by 2|f(z)|. Hence f is uniformly continuous. O

Basic Properties and the Riemann—Lebesgue Lemma

Proposition 22.7 Let f,g € L'(R) and let o € C. The Fourier transform has the following
properties:

- W N
~
*
S
I
>
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Proof. For (1), linearity of the integral gives

—

o) = /R (F(2) + g(a))e 27 dx = F(€) + (¢).

For (2), again by linearity,

af(€) = /[R af (x)e 2 dx = a f(€).

For (3), since f,g € L'(R), Fubini’s theorem applies:

Frglé) = /R </Rf(t)g(a: —1) dt) e 2T qp = /Rf(t) (/Rg(m — t)e2mite dx) dt.

Set w = x —t. Then

/Rg(x _ t)e—Qm’fx da = e—27ri§t/Rg(u)e—27ri§u du = €_2m§t§(f).

Therefore,
Fra(©) =966 [ e ar = f(e)ate).
For (4), with v =z — v,
7O = [ fa=pe s
= / Fu)e 2mEwty) gy,
R

26—27ri§y/ f(u)e—%ri{u du
R

= xe(=y) f(§)-

For (5), with u = —=z,

f©) = [ feae e dn = [ fupeeau= j-g)
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Lemma 22.8 Let f € L'(R) be continuous and let
x
Fla) = / F(t)dt.
—0o0

If F € LY(R), then F(&) = f(£)/(2mi€) for every £ # 0.

Proof. Integration by parts gives

6727”590

(F)() = F(x)

0o oo 6727Ti§x d
“omit _oo+/_oo omig (@) e

The definition gives F(z) — 0 as © — —oo and F(z) — [, f as & — oo. Since F' € L*(R) and the
latter limit exists, it must also equal 0. Thus the boundary term vanishes, and

_f©
© o’

F(e)

Corollary 22.9 If f is continuously differentiable and f, f’ € L*(R), then

F1(€) = 2mi€ f(€).

Proof. Because f’ € L'(R), the function f has finite limits at both ends of the real line; because
f € LY(R), both limits are 0. Hence

f = [ " ra

Apply Lemma 22.8 with f’ in place of the lemma’s f and with this antiderivative f in place of
F. O

Theorem 22.10 (Riemann—Lebesgue lemma: real version) Let f € L!(R). Then
lim¢| o0 f(§) = 0.

Proof. First assume that f is compactly supported and continuously differentiable. By Corol-
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lary 22.9, R X
f1(§) = 2mig f(§).

Thus
2] = PO = | [ o) o

< [1£@ldo =
R
It follows that f(£) — 0 as |¢| — oo in this case.

Now let f € L'(R) be arbitrary, and let ¢ > 0. Choose a compactly supported continuously
differentiable function g such that || f — g||1 < e. Then

1£©) = a@©)| =1F— 9@ < IIf — gl <e,

and the first part gives g(§) — 0 as |£| — co. Hence
limsup |f(€)] < e.
|€]—00

A~

Since ¢ > 0 was arbitrary, f(§) — 0 as || — oc. O

Definition 22.11 Let Cp(R) be the space of complex-valued continuous functions on R
which vanish at infinity. The Fourier transform is the map

F:L}R) = Co(R), frf.

In L'(R) In Co(R)
Addition (f +9)(@) = f(x) +9(x) | (f +9)(x) = f(z) + g()
Multiplication | f * g (convolution) (fg)(x) = f(z)-g(x)
Norm 1 f1l1 ﬂf”oo
Involution f* f

Summability Kernels and Fourier Inversion

Definition 22.12 A family of continuous functions {k)}xe; € L'(R) is called a summa-
bility kernel if it satisfies the following properties:
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1. / kx(xz)dx =1 for every .
R
2. supyey [[Rallr < oc.

3. lim,\_mo/ |kx(z)|dz = 0 for all § > 0.
|z|>0

Example 22.13 For a continuous function k¥ € L*(R) and A > 0, define ky(z) = Ak(\z). If

/Rk(:r) dz =1,

then {k)}x>0 is a summability kernel.

Proof. For A > 0,
/kA(ac) dz = / Me(A\z) dz = / k(u)du=1
R R R

by the change of variables u = Ax. Also
INE =/RA|1<:<Ax>|dx=/R|k<u>|du= T

so the L' norms are uniformly bounded. Finally, for any § > 0,

/ |k:,\(z)|dx:/ |k(u)| du —— 0
|z|>6 |u[>A A0

by absolute integrability of k. These are exactly the summability kernel conditions. 0l

Lecture 23 — Thursday, March 26, 2015
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Plancherel and the Inverse Transform

Example 23.1 Two useful summability kernels are the following.

F,(x) = /w <1 - ’f}|> i g

The family {F,}.>0 is a summability kernel, and

1. The Fejér kernel is

Fox f(z) = /R F () Fulz - v) dy

Lo ([ o)
— /_z (1 — E) f(€)e?mie de.

G, (z) = / o€ W p2mita d¢.
R

2. The Gauss kernel is

771'(.4.)21'

In this case, Gy, (z) = we ®. Then {G,} is a summability kernel, and

G # f(2) = /R ()Gl — ) dy

= / f() (/ o w? 2mik(z—y) dg) dy
R R

= / ( / fy)e > dy> o2/ 2mike ¢
R \J/R

_ / e_ﬂ§2/w2f(f)62m£x de.
R

Theorem 23.2 Let {ky}acr be a summability kernel. Then the following hold:

1. If f € LY(R), then ko * f =% f in L*(R).
2. If f € Co(R), then ko * f — f in Co(R).

a—r 00

3. If fe LP(R), 1 <p < oo, then ko x f —— f in LP(R).
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Proof. The proofs of (1) and (2) are identical to the corresponding arguments on T, with the
middle interval replaced by the complement of [, d].

For (3), first recall that translations are continuous in L?: if 7, f(x) := f(z — y), then

Iy f = fllp — 0 (y—=0).

Indeed, this is immediate for f € C.(R) by uniform continuity and compact support; the general
case follows by approximating f in L? by such a function and using ||7,h|, = [|A|p-

Let M := sup,, ||ka||1. Since [k, =1, Minkowski’s integral inequality gives

as £ — fll, = H/Rka(y)(fyf—f) ay

p

< /R ko) 17y f — Fllpdy.

Given € > 0, choose 0 > 0so that |7, f—fl||, < €/(2M) whenever |y| < 6. Since ||, f—fll, < 2| fllp,
splitting the last integral gives

g
ko £ = fllp < gplhall + 2071 [ Kalw)]dy.
"M ! lyl>d

The first term is at most £/2, and the second tends to 0 by concentration of the kernel. Hence
ko f — f in LP(R). O

As a consequence, if f € L*(R), then

F,x f(z) = /w (1 - E’) fOe* e e —s f

—Ww

in L'(R).

Corollary 23.3 The map F : L'(R) — Cy(R) is injective.

Proof. Suppose f € L'(R) with f(ﬁ) =0 for all £ € R. Then F, * f = 0 for all w > 0. Then
leimw%oon*fZOinLl(R),SOf:O. O
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We next restrict the Fourier transform to L?(R). Initially this gives
F: L*(R) N LY(R) — Co(R).

The space L?(R) N L'(R) contains all continuous compactly supported functions on R, and is
therefore || - ||o-dense in L?(R).

Recall that L?(R) is a Hilbert space with inner product
r9) = [ gl

and norm || fll = v/(f, f)-

s ~

Theorem 23.4 The map F : L?(R)NLY(R) — Cy(R) extends to an isometric isomorphism
F: L*(R) — L3(R). In particular, we have

IFfll2=1fll2 (Plancherel’s identity)

and
(f,g) =(Ff,Fg) (Parseval’s identity).

Proof. Let f € L'(R) N L?(R). Recall that Gy, * f — f in L?(R) since {G,} is a summability
kernel. Then

I£113 = (f, )
(f,Guw* [)

= oJhﬂnroloff(av)G'w * f(x)dx

= lim [ f(&)f(€)e ™/ ae

=ﬂ%ﬁ%
— | FfI2,

lim
w—r00

which establishes Plancherel’s identity for f. Thus F is an isometry on L' N L?(R).

The subspace L' N L?(R) is || - [|o-dense in L?(R). Because F : L' N L%(R) — L?(R) is an isometry,
it extends uniquely to an isometry F : L?2(R) — L?(R). In particular, it is injective. Parseval’s
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identity now follows from the polarization identity applied to the isometry:

1 . . . .
(F,9) = (I +gl5 = IIf = gll3 +ill £ +igll5 = ill f —igl3)
and the same formula with f, g replaced by F f, Fg gives

<fvg> = <'Ff7]:g>

Surjectivity will follow from the Fourier inversion formula, which we will prove next. O

Definition 23.5 For g € L}(R), define the inverse Fourier transform

(T9)(x) = /R g(€)e*E de.

Theorem 23.6 (Fourier inversion formula)

1. If f, f € LY(R), then f agrees almost everywhere with the continuous function J f .

2. If g, Jg € L*(R), then g agrees almost everywhere with the continuous function F(7g).

Thus, the Fourier transform F : L}(R) — Cy(R) is injective, and its inverse is given by J
on the range of F, so the following diagram commutes:

LYR) —— Co(R)

}'*1/]\ ]—‘T

FL'R)) —L T(F(L'(R)))

Proof. For (1), let f, f € L*(R). Recall that F, * f — f in L*(R). Choose a sequence wj, — 00
along which F,, * f — f pointwise almost everywhere. For each x € R,

_

W
klggo(ka * f)(z) = lim 3 (1 o

Jim ) (&) dg
= [ Feemienag
R
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= (T f)(x)

by the dominated convergence theorem. Along the chosen sequence, the left-hand side equals
f(x) almost everywhere. Thus f = Jf almost everywhere. Since the inverse transform of an L'
function belongs to Cy(R), this gives the claimed continuous representative.

The proof of (2) is the same argument with the signs in the exponent reversed.

We can now finish the surjectivity part of Theorem 23.4. If g € C°(R), then Jg is a Schwartz
function, so Jg € L'(R) N L?(R), and (2) gives

F(Tg) =g

Thus the range of the L? Fourier transform contains C°(R), which is dense in L?(R). The range
of an isometry from a complete space is closed, so the range is all of L?(R). O

Corollary 23.7 F : L'(R) — Co(R) is a norm-decreasing (that is, || f|leo < [|f]l1) injective
algebra homomorphism (that is, f + g = f + g and f*x g = f - §) with dense range.

Proof. The norm estimate is immediate:

/ f(l,)e—%ri&:c dz
R

s/R!ﬂ:r)!dw— 111

1 lc = sup
£eR

Hence F is norm-decreasing. Linearity follows from linearity of the integral, and the convolution
identity proved earlier gives

I*9=1rg,
so F is an algebra homomorphism from convolution on L!(R) to pointwise multiplication on Cp(R).
Injectivity is Corollary 23.3.

For density of the range, let ¢ € C2°(R). Then Jg is a Schwartz function and therefore belongs
to LY(R). By Theorem 23.6(2),
F(Tg) =9

Hence the range contains C2°(R), which is dense in Cy(R) in the uniform norm. O
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Lecture 24— Thursday, April 02, 2015

The Heat Equation

Let us solve the heat equation on R using the Fourier transform. This is a partial differential
equation which models the flow of heat in a medium.

For the following calculation, assume that wu(-,¢) is sufficiently regular and decays sufficiently
rapidly in x to justify both integrations by parts without boundary terms. We also assume a
locally integrable majorant for the time difference quotients, so that differentiation may pass
through the Fourier integral by dominated convergence. These conditions hold, for example, for a
classical solution whose relevant spatial derivatives are rapidly decreasing. We write 4 = Fu.

Definition 24.1 Let u(x,t) be the amount of heat at point x at time ¢. The heat equation
is
Up = OUgy

for > 0 and ¢ > 0, with initial condition u(z,0) = ¢(z).

We start with two observations:

1. For k € R, let
Fu(k,t) = / u(z, t)e 2wk dg,
R

Then the dominated convergence theorem gives

Fuy(k,t) :/ut(m,t)e_%mk dz

R
_ / lim u(xat + h) - u(x,t) e—27ri:r/€ dz
R h—0 h
— lim u(x, t+ h) — U(CC, t) 672m'mk dx
h—0 Jr h
u(k,t+ h) —u(k,t
_ Jigg U EHR) —ilk, D) = dya(k, t),
h—0 h
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2. We have

]:um(k,t):/um(x,t)e2Trmkdx
R

= [ ye2miok] ™ / (—2mik ) (z, £)e=2mk g
R

= (27Tik:)2/u(:1;,t)e_2m”kdx
R

= —(2m)%k%0(k, t).

We now take the Fourier transform of the heat equation:
ovi(k,t) = —a(2m)*k*a(k, t),
or equivalently,
oiu(k, t) 4+ a(2m)*k*a(k, t) = 0.

This is a linear differential equation, and those things are easy to solve! Using an integrating
factor,

o (a<k, t)ea@ﬂ)%) —0.
Hence a(k, t)e™2™*k*t is constant in ¢. Using the initial condition at ¢ = 0 gives

i(k, 0) = 6 (k).

Therefore,

Ak, t) = e @D RG (k)

We look for S(z,t) such that S(k,t) = e-*(2™*}*t By the Fourier inversion theorem,

S(z,t) = / S(k, t)e*™ ke d = / e @m)PRA 2mik g) —
R R
by a tedious but straightforward transformation of the standard Gaussian integral. Then

a(kv t) = S(k7 t)g?)(ki),

SO
1 _(a—y)?
e

ot du.
vamat Y

u(a t) = (S( ) % B)(x) = / " o)

The kernels in Figure 12 show what the convolution does: as time increases, the same unit mass
spreads over a wider region and its peak falls.
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—t
—ty
— 1y

3 3
diffusion lowers the peak and broadens the profile

FIGURE 12

Remark 24.2 The solution above can be interpreted as E[p(X)] where X ~ N (z,2at).
This probabilistic interpretation connects the heat equation to Brownian motion and stochas-
tic processes, where the diffusion of heat can be seen as the random movement of particles.

Translation-Invariant Subspaces of L?(R)

For f € L?(R) and x € R, we write f.(y) = f(y — ) in what follows.

Definition 24.3 We say that a subspace U of L?(R) is translation-invariant if it satisfies
the following:

1. U is a closed subspace of L?(R) (that is, it is closed in || - |2 and for all f,g € U and
forall ce C, f+ cg € U).

2. If fel, then f, €U for all x € R.

\ J

The trivial examples of translation-invariant subspaces are {0} and L?(R). To find less trivial
examples, first observe that

Folk) = [ 5= aje ok ay
= [ $y - mjemtat gy
R

_ / f(y o x)e—Qwi(y—x)ke—%ria:k dy
R
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_ e—Qm‘ka?(k,)_
Let xo(k) = e 2% Then we have the familiar identity fo = xaf.

Let U be a translation-invariant subspace of L?(R), and define U= { f:feu }. The translation-
invariance of U implies that for all g € U and for all z € R, we have Xzg € U. Recall that
the Fourier transform F : L?(R) — L?(R) is linear, surjective, and isometric by Theorem 23.4.
Therefore U is a closed subspace of L?(R) with the following invariance property:

~

geu and xER:xxgel;l.

Now take a closed subset F' C R and consider
Vi = {f € L*(R) : f = 0 almost everywhere on R\ F}.
Then VF is a closed subspace of L?(R) with the invariance property above. Hence
U={feL*R): f=0almost everywhere on R \ F}
is a translation-invariant subspace of L?(R).

This matters for representation theory. A representation of a group G is a homomorphism
m: G — GLy, so m(zy) = m(x)7(y) and w(e) = Ixn. We often want to classify the irreducible
representations of a group (i.e., representations that have no nontrivial invariant subspaces). If
G is compact, then any translation-invariant subspace of L?(G) gives rise to representations that
are closely related to irreducible representations of G (and vice versa). If G is noncompact, then
the translation-invariant subspaces of L?(G) are more complicated, and this is one of the reasons
why the representation theory of noncompact groups is more difficult than that of compact groups.
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Appendix: Lecture and Tutorial Index

—_
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N NN N NN =R = = = = e
N N =N~ C N > B S G N e =)

. Lecture 1— Tuesday, January 06, 2015
Lecture 2— Thursday, January 08, 2015
Lecture 3— Tuesday, January 13, 2015
Lecture 4 — Thursday, January 15, 2015
Lecture 5— Tuesday, January 20, 2015
Lecture 6 — Thursday, January 22, 2015
Lecture 7— Tuesday, January 27, 2015
Lecture 8 — Thursday, January 29, 2015
Lecture 9 — Tuesday, February 03, 2015

. Lecture 10— Thursday, February 05, 2015
. Lecture 11 — Tuesday, February 10, 2015
. Lecture 12— Thursday, February 12, 2015
. Lecture 13— Thursday, February 19, 2015
. Lecture 14— Tuesday, February 24, 2015
. Lecture 15— Thursday, February 26, 2015
. Lecture 16 — Tuesday, March 03, 2015

. Lecture 17— Thursday, March 05, 2015

. Lecture 18 — Tuesday, March 10, 2015

. Lecture 19— Thursday, March 12, 2015

. Lecture 20— Tuesday, March 17, 2015

. Lecture 21 — Thursday, March 19, 2015

. Lecture 22— Tuesday, March 24, 2015

. Lecture 23— Thursday, March 26, 2015

. Lecture 24— Thursday, April 02, 2015
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