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Lecture 1 — Tuesday, January 05, 2016

1. Measure Theory Foundations

Measure Theory Foundations

Let X be a compact metric space and let f : X — R be continuous. We would like a notion of
integrating a real-valued function on X,
/s

At a minimum, this notion should have the following basic properties:
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[+ =a[s+0 s
i)

whenever f, : X — R are continuous and f, — f uniformly.

1. We should have

for all a,b € R.
2. We should also have

If f(X) C [a,b], choose a partition
a=th<t1 <---<t,=b,
and consider the sum

n—1
Zti - (“size of £~ ([ti, ti41))7).
=0

Figure 1 shows how the partition of the range slices the graph of f.

FIGURE 1

1K

should be defined as the limit of these sums. The main issue is to determine exactly what the
word “size” should mean. We have a ways to go.

The integral
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o-Algebras

Notation 1.1 Let X be a set and let £ C X. We write E¢ for X \ E.

Definition 1.2 Let X be a set. An algebra A on X is a collection of subsets of X such
that the following hold:

1. e A
2. If E1,Es € A, then 1 U By € A.
3. If E € A, then E¢ € A.

Fact 1.3 If A is an algebra on X, then A is closed under finite intersections and set differ-
ences, and X € A.

Proof. If E, F € A, then
ENF = (E°UF9)° e A.

Also,
X =0°€e A

Finally, if E, F € A, then
E\F=ENFc A

Definition 1.4 A o-algebra on X is a collection A of subsets of X such that the following
hold:

1. 0eA
2. If E1,FEs,--- € A, then Ufil E;, e A
3. If F € A, then E€ € A.

The second condition in the definition of a o-algebra is stronger than the corresponding condition
for an algebra. Countability is king.
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o)

Proposition 1.5 Suppose A is an algebra such that whenever (E,)>°,; C A is pairwise

disjoint, we have J72 | E, € A. Then A is a o-algebra.

Proof. Fix (E,)52; € A. Define

n—1
F=E and F,=E,\|JE, forn>2
=1

Then the sets F}, are pairwise disjoint, each F,, € A, and

o (@)
Um:U%
n=1 n=1

By assumption, (J;2, F, € A, so |, E, € A. Therefore A is a o-algebra. O

Proposition 1.6 Suppose A is an algebra such that whenever (E,)>°; C A satisfies
EyCEy,CE3C...,

we have (J72 | By, € A. Then A is a o-algebra.

Proof. Let (E,);2; € A be arbitrary, and define

n
Fo=J B
k=1
Since A is an algebra, each F,, € A and
P CFHCF3C....

By assumption,

o0
JF.eA
n=1
But
9] [e'S)
Ur-Us
n=1 n=1
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Thus A is closed under countable unions, so it is a o-algebra. O

Example 1.7

1. P(X) = {subsets of X'} is a o-algebra.
2. {0, X} is trivially a o-algebra.

3. A = {FE C X | E countable or E€ countable} is a o-algebra. (This is called the
countable-uncountable o-algebra.)

4. If (Ax)aea is a collection of o-algebras on a set X, then (¢, A is still a o-algebra.

Proof. (1) and (2) are trivial.

For (3), we verify the conditions in the definition of a c-algebra. Since () is countable, () € A.
If & € A, then either F or E€ is countable, so the same is true after taking the complement.
Finally, suppose (E,)22; C A. If every E, is countable, then so is | J;~ ; E,. Otherwise, some E;
is uncountable. Since F; € A, its complement is countable, and

00 C
(U En) C ES.
n=1

Thus the complement of the union is countable. In either case, | Jo-; E,, € A.

For (4), we again verify the conditions in the definition of a o-algebra. Since () € A, for every A,
we have () € Mycp Ax. If E € (ycp An, then E¢ € Ay for every A, so E¢ € (ycp Ax. Finally, if

(En)sZy € Nyea Ar, then E, € Ay for every n and every A, so | J;2; E, € A) for every A, and
hence ;21 En € (yep Ax- O

Definition 1.8 Given a collection £ of subsets of X, the o-algebra generated by &,
denoted M(&), is the intersection of all o-algebras containing £.

Figure 2 emphasizes the minimality in this definition: M (E) contains the generators and every set
forced by the two closure operations, but nothing else unless those operations require it.
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smallest closed collection

complements .and

countable unions

1
1
1
1
1
1

__________

generation means closing under precisely the required countable operations }

FIGURE 2

Definition 1.9 Let X be a topological space. The Borel o-algebra on X is the o-algebra
generated by the open sets of X. We denote it by Bx, and its elements are called the Borel
sets of X.

Fact 1.10 Open sets are Borel, and closed sets are Borel.

Proof. Since By is generated by the open sets, every open set is a Borel set. Also, if £ C X is
closed, then E* is open and hence belongs to Bx. Since Bx is a o-algebra, E = (E°)¢ € Bx. Thus
every closed set is a Borel set. O

Definition 1.11 A countable intersection of open sets is called a G-set, and a countable
union of closed sets is called an F,-set. A countable union of Gg-sets is called a Gso-set.
Similarly, we define Fi s, Gsos, Fuse, and so on.

The names G5 and F, are derived from the German words Gebiet (open set) and Fldche (closed
set), respectively.

s N

Proposition 1.12 Bp, the Borel g-algebra on R, is generated by any of the following
collections:

(@,b) | a,b € R}
[a,b] | a,b € R}
(a,b] | a,b € R}
[a,b) | a,b e R}
a, )|a€]R}
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& ={la,0) | a € R}
& = {(—o0,a] | a € R}

Proof. We prove, for example, that M(&;) = M(&;2). Fix a nonempty interval (a,b) € . Then

(@b)= |J la+1/n,b—1/n].
neN
n>2/(b—a)

Since each interval [a + 1/n,b — 1/n] belongs to &, we have (a,b) € M(&). Hence & C M(&2),
and therefore

M(&1) €T M(&).
Now fix [a,b] € . Then

la,0] = () (a—1/n,b+1/n).
n=1

Since each interval (a — 1/n,b+ 1/n) belongs to &, we have [a,b] € M(&1). Hence & C M (&),
and therefore

M(E) T M(&).

The other cases are proved similarly. O

Lecture 2 — Thursday, January 07, 2016

Definition 2.1 If X # () and M is a o-algebra on X, then the pair (X, M) is called a
measurable space. A subset £ C X is called measurable if £ € M.

Definition 2.2 Let (X, M) be a measurable space. A measure is a function p : M —
[0, 0] such that the following hold:

1. pu(®) =o.
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2. If (Ey)32, € M is pairwise disjoint, then

u(@ Ek> = iu(Ek)-

k=1 k=1

The triple (X, M, p) is then called a measure space.

Example 2.3

1. Let X be a set and consider (X,P(X)). Define the counting measure p : P(X) —

[0, 00] by
() = {|E|, |B] < oo,

00, |E|= 0.

Plainly, u(0) = 0. If (Ej)52, is pairwise disjoint and only finitely many points occur
in the union, both sides of

u(U Ek) = u(Ey)
k=1 k=1

count those points. If the union is infinite, then either some Ej is infinite or infinitely
many Fj are nonempty; in either case, both sides are infinite. Thus p is countably
additive.

2. Let X be a set and consider (X, P(X)). Fix g € X. Let 5, : P(X) — [0, 0] be given

by
1, zg€FE,
O (E) =
0, Zo ¢ E.

This is a measure because d,,(0) = 0, and if Fy, Fa,... € P(X) are disjoint, then
Urey Ej contains zg if and only if some Ej contains xg. Hence d, is countably
additive.

3. Let X be infinite and consider (X, P(X)). Define p : P(X) — [0, 00] by

0 |E| <Ny (countable)
p(E) =
oo |E| > Rg (uncountable)
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Note that [(] = 0, so u(@) = 0. If (Ex) C P(X) is disjoint, then | J7—, E) is countable
if and only if every Ej is countable. It follows that p is countably additive.

4. Let C = {E C X : either F is countable or E° is countable}. This is the countable-
uncountable o-algebra from Example 1.7(3). In the previous example, we could restrict
our attention to C and get a measure space (X,C, ).

5. Define p: P(X) — [0,1] by

0, |E|< oo,
E) =
wE) {1, IE| = oo.

We have u()) = 0, but p is not countably additive. If X is infinite, choose distinct
points x1,x2,--- € X. Then

M(U{ﬂ?k}> =1#> p({zr}) =0.
k=1 k=1

Theorem 2.4 Let (X, M, u) be a measure space. Then the following hold:

1. (Monotonicity) If E C F, E, F € M, then u(E) < u(F).
2. (o-subadditivity) If (E;)?°; € M, then

u(U Ek> <> ulE).
k=1 k=1
3. (Continuity from below) If £y C Fy C ... and each Fj € M, then
[o¢]
E. | =1 EL).
u(L{ k) Jim pu( )

4. (Continuity from above) If E; D Ey D ..., each Ej, € M, and if each u(Ey) < oo,
then p((Npey Ex) = limg_o0 (El).

Proof. For (1), write
F=EU(F\E).

10
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PMATH 451

Then
u(F) = p(E) + p(F\ E) = p(E).

For (2), let F; = FE4, and for k > 2, let
k—1

Fr.=Ex\ | J E;.
j=1

Then Fy C E}, the sets F} are pairwise disjoint, and

1
Il
rTCze
&

Thus
()] S

For (3), if any pu(Ey) = oo, then

lim p(Ey) = (U )
k=1

k—o0

Now suppose that pu(Ey) < oo for all k. Since
p(Epy1) = p(EBr) + p(Ergr \ Er),

we get
1(Erg1 \ Ex) = p(Epy1) — p(Eg).-

Also, since F1 C Ey C ..., we have

8

U U Ep \ E-1)

where Ey = (). Therefore

(@

(Ex \ Ek—l))

=
ol
(G
=
B
~
I

1

i

I
Mg/E\

p(Ex \ Eg-1)
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For (4), set F, = Eq \ Ex. Then

By (3),

Also, by De Morgan’s laws,

UFe=UEN\E) =E\ () Ek
k=1 k=1 k=1

and since pu(Ep) < oo, we have

Hence

12
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Lecture 3 — Friday, January 08, 2016

We begin by recalling Theorem 2.4. In particular, the finiteness hypothesis in (4) cannot be
removed without additional assumptions.

Example 3.1 Let (N,P(N),v) be the counting measure space, and set
E,={nn+1n+2,...}.

Then
E1DEyDE3D ...,

and each v(FE,) = oo. Hence

lim v(E,) = .
n—oo

However,

ﬂ En = q)u
n=1

(ﬁE) “o

Thus continuity from above can fail when no finite measure hypothesis is available.

SO

More generally, the proof of (4) still works if pu(Ey) < oo for some k, since we may then begin the
argument at that stage.

Definition 3.2 Let (X, M, u) be a measure space.

1. We say that p is finite if u(X) < oo.

2. We say that p is o-finite if there exists a sequence (X)) ; € M such that

o0
X = U X,
n=1

and pu(X,) < oo for every n.

13
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3. We say that u is semifinite if whenever £ € M satisfies u(E) = oo, there exists
F C E with F € M and
0 < u(F) < oc.

Fact 3.3 Every finite measure is o-finite, and every o-finite measure is semifinite.

Proof. The first implication is immediate. For the second, suppose p is o-finite and let £ € M
satisfy u(F) = oo. Choose sets X,, € M such that

oo
X=Jx.
n=1
and pu(X,) < oo for every n. Replacing X, by ;_; X if necessary, we may assume that
X1 CXoCX3C ...

Set £, = ENX,. Then
Ei1CEy;CE3C...,

and each u(E,) < u(X,) < co. By continuity from below,
o0
lim M(En) = M(U En) = :U’(E) = 0oo.

n—00
n=1

Therefore, at least one E,, satisfies
0 < pu(Ey) < 0.

This shows that u is semifinite. O

Example 3.4 Let X # () and let v be counting measure on (X, P(X)). Then v is finite if
and only if | X| < oo, it is o-finite if and only if | X| < Ny, and it is always semifinite.

Proof. If |X| < oo, then v(X) = |X| < oo, so v is finite. Conversely, if v is finite, then v(X) < oo,
so | X| < oo.

If X is at most countable, we can cover it by a sequence of singletons (and, if X is finite, empty

14
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sets), so v is o-finite. Conversely, if v is o-finite, then there exist sets X,, € P(X) such that

o0
X = U X,
n=1

and v(X,,) < oo for every n. Since v(X,) = |X,|, we have | X,,| < oo for every n. Therefore

o0

U,

n=1

X = < No.

Finally, v is semifinite since if E € P(X) satisfies v(E) = oo, then FE is infinite, so we can find a
finite subset F' C E such that v(F) = |F| > 0. O

Example 3.5 Let X # () and let f: X — [0,00]. For each F C X, define

Zf(x) :sup{Zf(x):FgEﬁnite}.

zeE TEF

If E = {x1,x2,...} is countable, then

N
> fl) = ]&E%O; f(an).

zel

This is the series version of Tonelli’s theorem in (1).

Proof. If E is finite, then the definition of ) _, f(z) is just the usual sum. If E is countably
infinite, then for each N, we have

N
Zf(a:n) < sup{z f(x): FCFE ﬁnite} = Zf(;v)

n=1 zeF zeFE

Thus N
Jim ; flan) <3 f(@).

zeFE

15
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On the other hand, if F' C F is finite, then F' C {z1,...,zn} for some N, so

N
S f@) <Y fan).
n=1

zeF

Taking the supremum over all finite F' C E gives

N
> fla) < Jim > flan).
n=1

zel

Fact 3.6 Define p: P(X) — [0,00] by u(E) = > cp f(x). Then p is a measure. Moreover,
p is finite if and only if )y f(z) < oo, it is o-finite if and only if {z € X : f(x) > 0} is
countable and {x € X : f(x) = co} = (), and it is semifinite if and only if {z € X : f(z) =
oo} = 0.

Proof. We first show that p is a measure. Plainly, p(0) = 0. If (Ey)52, € P(X) is pairwise
disjoint, then

u(lgEk>= > f@)

el Bk
= sup{z flx): FC U Ey ﬁnite}
zeF k=1
N
= sup {Z Z f(x): N > 1, F, C E}, finite
k=1 zcF}

N
= sup {Z w(Fy) : N > 1,F, C B, ﬁnite}
k=1

> (Ey).
k=1

Thus p is a measure.

Now, p is finite if and only if ). f(2) < oo by definition.

16
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If v is o-finite, then there exist sets X,, € P(X) such that

o0
X = U X,
n=1

and pu(X,) < oo for every n. No point can have infinite weight, because any X,, containing such
a point would have infinite measure. Moreover, for every m € N, the set

Snm ={x € Xy, : f(x) > 1/m}

is finite: otherwise u(Xn) > > 5 1/m = oco. Since

{reX: f(x) >0} = U Sn,ms

n,m=1

the positive support of f is countable. Conversely, suppose the positive support S = {z € X :
f(z) > 0} is at most countable and f is finite everywhere. Cover S by its singletons and add the
zero set X \ S. Every set in this countable cover has finite measure, so u is o-finite.

Finally, suppose that f is finite everywhere and p(FE) = oo. Then E contains some z with f(z) > 0,
and

0 <p({z}) = f(z) < oo

Thus p is semifinite. Conversely, if f(z) = oo for some x, then {z} has infinite measure but
contains no subset of finite positive measure. Hence p is semifinite if and only if f is finite
everywhere. O

Definition 3.7 A measure space (X, M, p) is called complete if whenever N € M satisfies
w(N) =0 (i.e.,, N is g-null) and £ C N, we also have F € M.

Outer Measures and Constructions of Measures

Definition 3.8 An outer measure on a nonempty set X is a function p* : P(X) — [0, oo
such that the following hold:

1. p*(0) =o0.

17
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2. (Monotonicity) If E C F, then pu*(E) < p*(F).
3. (o-subadditivity) If (E,),>1 € P(X), then

n=1 n=1

- J

For ordinary measures, o-subadditivity is a theorem. For outer measures, o-subadditivity is part
of the definition.

Proposition 3.9 Let £ C P(X) and let p : £ — [0,00] be such that ) € £ and p() = 0.
Then for A C X, the quantity

u*(A) = inf {ip(En) cAC fj E,, E, € 5}
n=1

n=1

defines an outer measure (with the convention that inf () = o0).

Proof. Since § € &€, p*(0) = 0. If A C B, then any cover of B by a countable family from & is
also a cover of A. Thus p*(A) < p*(B). Now, suppose (A,)2°; C P(X). If

then the desired inequality follows from

(U] < 3wt =
1 n=1

n—=

Let us suppose that
is finite, so that p*(A4,) < co. Given e > 0, let (E, ;)72 , C & be such that A, C |J,2; Eyk and

oo . c
E p(Enk) < p*(An) + on
k=1

18
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Plainly,
o0 oo oo
Uanc U U B
n=1 n=1k=1
with each E,, ;, € £, and
o oo o
SO D plEar) < 3 (1A + 57) €Dt (Aw) e
n=1 k=1 n=1 n=1

This is effectively the only way of constructing outer measures in practice. We will apply this
construction to subsets of R in the next lecture.

Lecture 4 — Tuesday, January 12, 2016

Let us now use outer measures to produce honest measures.

s ~

Definition 4.1 Let p* be an outer measure on X. A set A C X is called p*-measurable
if for every set £ C X,
W' (E) = p*(E N A) + (B0 A°),

Remark 4.2 Since
E=(ENnA)U(ENA

and p* is subadditive, we automatically have

pi(E) < pt(ENA)+p (BN A°).

19
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Thus, to prove p*-measurability, it suffices to prove the reverse inequality.

Carathéodory’s Theorem

Theorem 4.3 (Carathéodory’s extension theorem) Let p* be an outer measure on
a set X. Let M denote the collection of p*-measurable sets in X. Then M is a o-algebra
and p = p*|sm is a complete measure on (X, M). That is, whenever E € M, p(E) =0, and
F C E, we have F € M.

\ J

The construction in Figure 3 starts with a set function defined everywhere, identifies the sets on
which it splits additively, and then restricts to obtain a complete measure.

p*-measurable
o-algebra M

outer measure p*

on P(X)

Y
complete measure

B= ¥ pm

Carathéodory turns outer measurement into countable additivity

FIGURE 3

Proof. We break the proof into a series of claims.

Claim: 0 € M.

Verification: If E C X, then p*(ENQ)+p*(ENQC) = p*(0)+p*(E) = p*(E). So () is p*-measurable.
Claim: If A € M then A° € M.

Verification: Fix E C X. Since A € M, pu*(E) = p*(ENA) + p*(E N A°. So u*(F) =
w(EN A% 4+ p*(EN(A%°), so A¢ is p*-measurable and A° € M.

Claim: If A,B € M, then AUB € M.

20
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Verification: Fix E C X. Then
p(E) = p (ENA)+p"(ENA®) = p"(ENANB)+ " (ENANBS)+ " (ENA°NB)+p* (ENA°NB°).
Note that AUB = (AN B) U (AN B¢ U(A°N B). By the subadditivity of u*,
W(EN(AUB)) <u"(EN(ANB))+p (EN(ANBY) 4+ u* (EN(A°N B)).

So

p(E) z p(EN(AUB)) +p*(EN(A°N BY)) = p*(EN (AU B)) + p*(EN (AU B)Y)
which is the inequality we want. So AU B is pu*-measurable and AU B € M.
Claim: If A,B € M with AN B =), then p*(AU B) = p*(A) + u*(B).
Verification: Since A is pu*-measurable,

p(AUB) = ((AUB)NA) + p (AU B) N A%) = " (A) + p*(B).

Claim: If (An)52; € M, then ;2| Ay € M.

Verification: Since M is an algebra, we may assume that the A, are disjoint. Set B,, = A1 U AU
-+UAy, and B =J2, Ag. Fix E C X. Since A,, are p*-measurable,

W (ENB,) =p (ENBy,) NA,) +p*(ENB,) NAS) =p*(ENA,) + " (ENBp_1).

By induction, we have

pH(ENBy) =Y p*(ENAg),
k=1

Since B,, € M (M is closed under finite unions), we know that
n
pH(E) = p(ENBy) +p (ENBS) > > p*(ENAg) + p*(ENB°).
k=1
Taking the limit as n — oo,

> pH(EN A+ pf(ENB°)
k=1

21
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> (G(Emw) (BB
k=1
— "(ENB) + u*(EN B°)

> (E),
so all the inequalities are in fact equalities! In particular, B = [ J,—, Ax € M.

Claim: If (Ag) C M is a disjoint sequence, then
(0 ) = S
k=1 k=1
Verification: By our previous work, for every £ C X,
Z“ (ENAg) + p* <Em (U Ak> ) .
k=1 k=1
When E = |Ji, A,

i (U Ak> = w4,
k=1 k=1

It only remains to prove completeness of p*|pq. Assume A € M with p*(A) =0, and let B C A.
Since B C A and p*(A) = 0, we also have p*(B) = 0. For every E C X,
W (B0 B) + 1" (E N BC) < i (B) + i*(E) = u*(E).

The reverse inequality follows from subadditivity because E = (E'N B) U (E N B€). Thus equality
holds, so B € M. Therefore p*| o is complete. O

22
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Lecture 5— Thursday, January 14, 2016

Definition 5.1 Let A be an algebra on a set X. A pre-measure on A is a function
o = A — [0, 00] such that the following hold:

1. /Lo(@) =0.
2. If (A,) C A s a disjoint sequence and | J;~; A, € A, then

o ( U An> = ho(An)
n=1 n=1

Fact 5.2 If yp is a pre-measure as above, there is an induced outer measure pu* where

mf{zﬂo )| Ap € A E C UA}

Proof. This is a special case of Proposition 3.9, where we take £ = A and p = pp. O

Lemma 5.3 With the notation above, the following two statements hold:

1. p*(A) = po(A) for every A € A.
2. If A€ A, then A is p*-measurable.

Proof. For (1), suppose E € A.

Set Ay = E and A, =0 € Afor n > 2. Then (A,)52, is disjoint and E = J,~; 4,. So

E) <) po(An) = po(E).
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Now suppose E € A and (4,) C A covers E. We must show that

po(E) < Z po(Ap).
n=1

Disjointify the cover by setting
Ci=A; and  C,=A4,\[] 4,

for n > 2. Then each C, € A, the sets (), are pairwise disjoint, and C,, C A,. The sets
B, = E N C, therefore form a pairwise disjoint sequence in .4 whose union is F. Since ug is a
pre-measure, finite additivity shows that it is monotone: if B C A in A, then

0(A) = 1o(B) + oA\ B) > uo((B).
Consequently, . .
po(E) =Y po(Bn) <Y po(An).
n=1 n=1
Hence io(E) < *(E), and uol(E) = i (E).
For (2), fix A€ A, E C X, and € > 0. We need to show that
W (ENA) +p (ENAS) <u*(E)+e.

Choose By, € A such that E C [J;2 | By, and

> 10(By) < p*(E) +e.
n=1

p(ENA)+ p*(En A g,ﬁ((@ Bn> mA) +u*<<[j Bn> mAC)

(1" (Bn N A) + p" (B N A°))

Then

o

3
Il
_

M

(1o(Bn N A) + po(Bn, N A°))

3
Il
—
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n=1
< p*(FE) +e.

Since this holds for every £ C X, letting € — 0 shows that A is p*-measurable. O

Theorem 5.4 (Refinement of Carathéodory’s extension theorem) Suppose A C
P(X) is an algebra and M is the o-algebra generated by A. If pg is a pre-measure on A,
then there exists a measure p on M such that p|4 = po. Moreover, if pg is o-finite, then
is unique.

Proof. Let p* be the outer measure induced by pg, and let M denote the o-algebra of p*-
measurable sets. By Carathéodory’s theorem, M is a o-algebra, and by Lemma 5.3(2), we have
A C M. Hence

M =a(A) C M.

Therefore
Y

is a measure on M, and Lemma 5.3(1) gives u|4 = po.
Now let v be another measure on M such that v|4 = po.

Assume first that po(X) < co. Fix E € M and ¢ > 0. By the definition of y = p*| s, there exist
sets A; € A such that

o0 [e.e]
BclJAa;  and D u(A) < u(E)+e
j=1 j=1
Since v(A;) = u(A;) for every j,
o0 o o
<viU4 v(4;) = ) n(A4;) < p(E) +e.
7j=1 ]:1 7j=1
Letting ¢ — 0 yields v(F) < u(E). Applying the same argument to E° gives

v(E°) < u(E").
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Because v(X) = po(X) = u(X) < oo, we obtain
V() = v(X) = v(E%) > u(X) — p(E%) = pu(E).
Thus v(E) = p(E) for every E € M, so v = p in the finite case.

Now assume pg is o-finite. Choose sets X,, € A such that
(o)
X = U X and po(Xy) < oo for all n.

Replacing X, by
X1, Xo\ X1, X3\ (X1UXo),...,

we may assume that the sets X,, are pairwise disjoint. For each n, define
ni={ANX,: Ac A} and M, ={EnX,: Eec M}

Then A, is an algebra on X,,, M,, = 0(A,), and the restrictions of u and v to M,, both extend
the finite pre-measure p|4,. By the finite case, these restrictions agree on M,,. Hence, for every

Ee M,

[e.e] o
w(E) = n(EnXy) Z (ENX,) =v(E).
n=1 n=1
Therefore the extension is unique when g is o-finite. O

Borel Measures

Definition 5.5 A Borel measure on R is a measure p : Bg — [0, 00|, where Bg is the
Borel o-algebra on R.
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Lecture 6 — Friday, January 15, 2016

Definition 6.1 An h-interval in R is a set of one of the forms
(a,b], (a, 00), and 0,

where —o0o < a < b < oo in the first form and —oo < a < oo in the second.

Fact 6.2 Let
n
A= {U I;: I,...,I, are pairwise disjoint h-intervals,n € N} )
i=1

Then A is an algebra on R.

Proof. First note that () € A, since ) is an h-interval.

We claim that if I, J are h-intervals, then I \ J is a finite disjoint union of h-intervals (in fact, at
most two). Indeed, write I = (a,b] and J = (¢, d] with

—x<a<b<x and —oo<c<d<oo.

Then I\ J is obtained by removing one interval from another, so it is one of the following: 0, (a, b],
(a, min{b, c}|, (max{a,d},b], or the disjoint union (a,c] U (d,b]. Each piece is an h-interval.

Now let E € A and let J be an h-interval. Write

with I; pairwise disjoint h-intervals. Then
n
B\ J=JE\ ),
i=1

and each I;\ J is a finite disjoint union of h-intervals by the claim. Hence E'\ J € A after collecting
all resulting pieces.
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If now

FZGJkEA

k=1

with Ji pairwise disjoint h-intervals, define
Ey:=FE and Ey:=FEx 1\ Jg, forl<k<m.

By the previous paragraph, each Ej € A. Therefore E'\ F = E,,, € A. Since R = (—00, 00| is an
h-interval, R € A. Thus for every E € A, E° =R\ E € A. Hence A is closed under complements.

Finally, if E, F € A, then F'\ E € A, and
EUF=FEU(F\E)
is a disjoint union of two sets in A. Hence EU F € A.

So A contains (), is closed under complements, and is closed under finite unions. Therefore A is
an algebra on R.

Proposition 6.3 Let F': R — R be increasing and right-continuous. Extend F' by

F(o0) := lim F(x) and F(—o0):= lim F(z).

T—00 T——00

Then there exists a unique pre-measure pg on A such that

po((a,b]) = F(b) — F(a)

for all —oo < a < b < oo, where (a, o] denotes (a,00), and po() = 0.

Proof. Define pg : A — [0,00] by po(0) = 0 and
to (U(ai, bi]) => (F(b) - F(a))
i=1 i=1

whenever the intervals (a;, b;] are pairwise disjoint. To see that this is independent of the chosen
representation, take the finite collection of all endpoints in two such representations and use them
to form a common refinement. On each resulting half-open interval, both sums contribute the
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same increment of F'; summing those increments proves that the two totals agree. Thus pug is
well defined. Finite additivity is immediate from the definition. It remains to prove countable
additivity in the case where a disjoint union still belongs to A.

Let (I,)22; be pairwise disjoint h-intervals such that | J,- | I, € A. Each I, lies in exactly one of
the finitely many connected components of the union, so we may regroup the series component by
component. It therefore suffices to consider the case in which

U I, = (a,b)

is itself an h-interval. Write I,, = (an, b,]. We must show that

,UO((av b]) = Z ﬂO((an, bn])
n=1

For every N > 1,
N

N
/1/0((@7 b]) Z MO(U (anybn]) = ZMO((anvbn])7

n=1

SO

Z IUO((an? bn]) < ,UO((av b])
n=1

It remains to prove the reverse inequality.
Case 1: a,b € R. Let € > 0. Choose § > 0 such that
F(a+6)— F(a) < e.

For each n > 1, choose §,, > 0 such that

3
Then the open intervals (ay, b, + 9,,) cover [a + 0, b]. By compactness, there exist indices 1,..., N

whose corresponding intervals still cover [a + §,b]. Reindexing if necessary, we may assume

iyl < b+ 0; <biy1+ 0041 for 1 <i< N -1
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Therefore

po((a,b]) = F(b) = F(a) < F(b) — Fa+6) +¢

< F
< F(by +6n) — F(a1) +¢
N-1
F(by +6n) — )+ Z (aiv1) — F(a;)) +¢
=1

N
< Z(F(bz + 51) — F(az)) + €

i;l N ]
<D (Fb) = Fla)) + Y 5+
=1 =1

N
S Zuo((ai, bl]) + 2e.

Since € > 0 is arbitrary,

o
E am n

Case 2: a € R and b = c0. Fix M > a and set
J; = (ai,bi] n (a,M}.

The nonempty sets J; are pairwise disjoint h-intervals whose union is (a, M]. Applying Case 1 to
this truncated decomposition and using monotonicity gives

F( Z,UJO <ZNO a;i,b z

Letting M — oo yields the claim.

Case 3: a = —oo. If b < oo, intersect the intervals (a;, b;] with (M, b] and apply Case 1 as above.
This gives

F(b) - F(M) < ZMO((CLz’,bz‘]%

and the desired inequality follows as M — —oo. If b = oo as well, apply Case 1 to the intersections
with (M, L], and then let M — —o0 and L — oo.

Thus pg is a pre-measure on A. Uniqueness is immediate because every element of A is a finite
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disjoint union of h-intervals. O

Theorem 6.4

1. If F: R — R is increasing and right-continuous, then there exists a unique Borel
measure x4 on R such that

u((a,b)) = F(b) — F(a)
for all a,b € R with a < b.

2. If p is a Borel measure on R which is finite on compact sets, then there exists an
increasing right-continuous function F : R — R such that

p((a, b]) = F(b) — F(a)

for all a,b € R with a < b. If G is another such function, then G — F' is constant (i.e.,
F' is unique up to an additive constant).

Proof. For (1), Proposition 6.3 yields a pre-measure g on A satisfying
to((a, b)) = F(b) — F(a).

By the Carathéodory extension theorem, pg extends to a measure p on Br. To prove uniqueness,
it suffices to show that pg is o-finite. This is immediate because

R= U (—n,n] and po((—n,n]) = F(n) — F(—n) < co.

n=1

For (2), define F : R — R by
p((0,2]) x>0
F(x)=<0 z=0,
—p((2,0]) x <0
which is the distribution function associated with u. The function F' is increasing. Moreover, for
0<h<1,
F(x+h)— F(x) = p((z,x + h]).

The intervals on the right decrease to the empty set as h | 0 and are contained in the compact
interval [z, z+1], which has finite measure. Continuity from above therefore shows that F'(z+h) —
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F(z), so F is right-continuous.
Now let G be another increasing right-continuous function with

p((a, b)) = G(b) — G(a)

forall @ < b. If z > 0, then
G(x) = G(0) = p((0, z]) = F(x).

If x < 0, then
G(0) = G(z) = p((x,0]) = —F(x),

so again G(x) — F(xz) = G(0). Therefore G — F' is constant on R. O

Lecture 7— Tuesday, January 19, 2016

2. Measurable Functions and Integration

Radon Measures

Definition 7.1 A Radon measure on R is a Borel measure p such that pu(K) < oo for
every compact set K C R.

By Theorem 6.4, Radon measures on R are in bijection with increasing right-continuous functions
on R, modulo additive constants. That should be quite useful.

Notation 7.2 Given a Radon measure p on R, define the outer measure p* : P(R) — [0, oo
by

w*(E) = inf {iM(Az) tA; € Br, EC [j Az} .
i=1

i=1

Let M,, denote the p*-measurable sets, and set

Bi=p M,
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Then Br C M,, and fi|g, = p. The measure i is called the completion of p.

FIGURE 4

The inclusions and their associated measures are summarized in Figure 4.

Usually we do not distinguish notationally between p and its completion  unless the distinction
is relevant.

Example 7.3 Take F(x) = x. The corresponding Radon measure m satisfies
m((a,b]) =b— a.
This is Lebesgue measure on R. We write
Lr := M,

and the sets in Lr are called Lebesgue measurable.

Lemma 7.4 The o-algebra generated by a countable family has cardinality at most 2%0.

Proof. Let F = {A, : n > 1} be a countable family of subsets of a set X. Every element of
M(F) can be described by a countable Borel code: the code records which generators are used
and the countable sequence of complement and countable union operations used to form the set.
There are only 28 such countable codes, since each code can be encoded by a subset of N. Hence
there is a surjection from a set of cardinality 2% onto M(F), and therefore

IM(F)| < 2%,
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Proposition 7.5 There exist Lebesgue measurable sets which are not Borel measurable.

Proof. Let C denote the standard Cantor set. Starting from Cy = [0, 1], form C,, by deleting the
open middle third of every interval in C,_1, and set

C= ﬁ Ch.
n=0

The Cantor set is closed, nowhere dense, and has Lebesgue measure m(C) = 0; indeed, C' is
covered by the 2" intervals in C,,, each of length 37", so

m(C) <2"-37" = (2/3)" — 0 as n — oo.

Since C is a null set for m, every subset £ C C' is m*-measurable by completeness of the extended
measure m, and m(E) = 0. Thus every subset of C' is Lebesgue measurable.

Now, C' is uncountable with |C| = 2%, Therefore,
IP(C)| = 2/¢ = 22",

On the other hand, there are only 2% many Borel subsets of R. This is because the Borel o-
algebra B is generated by countably many sets (the open intervals with rational endpoints), and
the o-algebra generated by a countable family has cardinality at most 280 by Lemma 7.4; on the
other hand, Bg contains all singletons {x} for z € R, so |Bg| = 2%°.

Thus there are [P(C) \ B(R)| = 22° sets that are Lebesgue measurable but not Borel measurable.
O

Example 7.6 Fix a € R and define

Pla) = {1, T > a,

0, xz<a.
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Let §, denote the corresponding Radon measure. Then

1, aeFE,
R N

and in this case every subset of R is §,-measurable, so
Méa - P(R)

This measure is called the Dirac measure at a.

Regularity of Radon Measures

Lemma 7.7 Let p be a Radon measure. If £ € M, then

w(E) =inf{u(U) | E C U,U open}.

Proof. If u(E) = oo, the claimed identity is immediate: every open set containing F also has
infinite measure. Assume pu(FE) < oco.

(CLi, bz] } .

1

Fix € > 0 and choose intervals (a;, b;] with E C |72, (a;, b;] and

We know that

s

W(E) = inf {Z n((ai,bi]) | B C
=1

1

> pl(ai, bi]) < p(E) +e.
=1

Let F : R — R be the function corresponding to p. For each ¢ with b; < oo, choose d§; > 0 such
that

F(bz+5z) —F(bz) < E,

and set
g _ {(ai,bi +5i), b; < o0,

(a;,0), b; = oo.
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The set U = J;2, J; is open and contains E. Moreover,

u(U) < Zu(Ji)

< N (F(bi+6) = Flai) + Y (F(o0) — F(a;))

b;<oo b; =00

= (F(bi+06:;) = F(b:)) + > _(F(bi) — F(a))
b;<oo i=1

<> 5+ > nllaib))
=1 i=1

< w(E) + 2e.

Thus there is an open set containing E whose measure is less than p(F) + 2e. Since ¢ > 0 is
arbitrary, this proves

w(E) =inf{u(U): E C U, U open}.

Theorem 7.8 Let 1 be a Radon measure on R and let £ € M, be given. Then the
following hold:

1. w(E) =inf{u(U) | E CU,U open}.
2. u(F)=sup{u(K)| K C E,K compact}.

These are called regularity properties of p.

Figure 5 gives the geometric form of regularity: we can squeeze a measurable set between a compact
core and an open neighbourhood while making both measure errors arbitrarily small.

Proof. (1) follows from Lemma 7.7.

For (2), first assume that F is bounded. Choose a compact interval Ky with £ C Kj. Since K
is compact, u(Ky) < co. By outer regularity, there is an open set U 2 Ky \ E such that

u(U) < u(Ko \ E) +=.
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KCECU

p(E) — p(K) <eand p(U) — u(E) <e
FIGURE 5
Set K = Ko\ U. Then K is compact and K C E. Moreover,
u(K) = p(Ko) — p(Ko NU) = u(Ko) — p(U) > p(Ko) — u(Ko \ E) — e = p(E) —e.

Thus the supremum over compact subsets of E is at least u(E). The reverse inequality is immediate
from monotonicity, so (2) holds for bounded E.

Now let E be arbitrary. If u(F) < oo, choose N large enough that
w(EN[=N,N]) > u(E) —¢/2
by continuity from below. By the bounded case, there is a compact set K C E' N [—N, N] with
W) > p(E 0 =N, N]) — £/2 > p(E) — <.
If u(E) = oo, then for every M > 0 there is an N such that u(EN[—N,N]) > M + 1. Applying

the bounded case gives a compact set K C E'N[—N, N| with u(K) > M. Hence the supremum
over compact subsets of F is infinite. This completes the proof. O

Lecture 8 — Thursday, January 21, 2016

We assume the axiom of choice throughout.
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Theorem 8.1 Let p be a Radon measure on R and let & € M. Then the following
statements are equivalent:

1. The set F is equal to a Borel set up to a null set.
2. There are a G5 set V and a set N € M, with ;1(N) = 0 such that £ =V \ N.
3. There are an Fy; set H and a set N € M, with ;(N) = 0 such that £ = HUN.

Proof. (2) implies (1). This is immediate because every Gy set is Borel.
(3) implies (1). This is immediate because every F, set is Borel.

(1) implies (3). In fact, the following argument proves the conclusion directly for every £ € M,,.
Assume first that pu(F) < co. By (2), choose compact sets K, C E such that

H(E) < plKo) +

Set H=J,~, K,. Then H C E is an F, set and

WH) z p(Kn) = p(E) = —

for every n. Hence u(H) = p(E),so N =FE\ H isnull and F = HUN.

For general F, apply the finite measure case to each set E N [—k, k]. Choose F, sets Hj and null
sets Ni such that

E”W[—k,k}::fﬁcLJA@
for every k € N. Then H = |J;2 | Hy, is an F, set and N = J;—; Ny is null. Also

E = D(Em [—k, k]) = D(HkuNk) =HUN.
k=1 k=1

(1) implies (2). Apply the previous implication to E¢. Then E¢ = H U N for some F, set H and
some null set N. Therefore

E=(HUN)®=HNN®=H"\N.

Since H is an F, set, H® is a G set, and N is null. O
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Remark 8.2 Theorems 7.8 and 8.1 remain valid for Radon measures on separable locally
compact metric spaces. We will return to that generality later in the course.

Measurable Functions

Definition 8.3 Let (X, M) and (Y, N) be measurable spaces. A function f : X — Y is
called measurable if

fUE) e M
for every E € N. We also say that f is (M, N )-measurable.

Fact 8.4 Compositions of measurable functions are measurable.

Proof. Suppose f : X — Y is (M, N)-measurable and g : Y — Z is (N, P)-measurable. If
E € P, then

(go /)™ (E) =1 g™ (E) e M,
so go f is (M, P)-measurable. O

Proposition 8.5 Let (X, M) and (Y, N') be measurable spaces, and suppose that N' = (&)
for some family £ CN. If f: X — Y satisfies

fHE)eM

for every FE € &, then f is measurable.

Proof. Define
F:={ECY:fYE)eM)}.

Then F is a o-algebra. Indeed, Y € F because f~1(Y) = X € M. If E € F, then

FHE) =X\ fTHE)eM,
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so K¢ e F. If E, € F for all n, then
f_1<U En) = U f_l(En) S ./\/l,
n=1 n=1

so Uy2 | En, € F. By assumption, & C F. Since F is a o-algebra containing &, it also contains
o(€) = N. Therefore f~1(A) € M for every A € N/, so f is measurable. O

Corollary 8.6 If X,Y are metric spaces and f : X — Y is continuous, then f is (Bx, By )-
measurable.

Proof. If U C Y is open, then f~1(U) is open and so f~}(U) € Bx. Now apply Proposition 8.5
with € ={U CY : U is open}. O

For functions with codomain R or C, we always equip the codomain with its Borel o-algebra.

Definition 8.7 A function f : R — R is Borel measurable if it is (Bg, Br)-measurable.
It is Lebesgue measurable if it is (Lg, Br)-measurable.

Warning If f,¢g: R — R are both Lebesgue measurable, then f o g need not be Lebesgue
measurable, even when ¢ is continuous!

Fact 8.8 If f: R — R is Borel measurable and g : R — R is Lebesgue measurable, then
f o g is Lebesgue measurable.

Proof. Suppose U C R is open. (fog) Y (U) =g~ (f~1(U)). Since f is Borel, f~1(U) is Borel.
So g7 f~HU)) € Lr. O

Lemma 8.9 Let (X, M) be given. If f,¢g: X — R are measurable, then fxg: X - RxR
is measurable, where z — (f(x), g(x)).
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Proof. Bryr is generated by {(a,b) x (¢,d) | a,b,c,d € R}. Then

(f x 9)7((a,b) x (¢,d)) = f((a,0)) g~ ((c,d)) € M.

Proposition 8.10 If f,g : X — R are measurable, then f 4+ g and fg are measurable as
functions from X to R.

Proof. Let A:RxR — R be (a,b) —wa+band M :R xR — R be (a,b) — ab. A and M are
both continuous. We have that f+¢g = Ao (f xg) and fg = M o (f X g) are both measurable by
Lemma 8.9 and Corollary 8.6. O

Lecture 9 — Friday, January 22, 2016

Notation 9.1 Let R = [—00, 00] with metric d(x,y) = | arctan(z) — arctan(y)|. Every open
set is a countable union of intervals of the forms [—o0, a), (a, 0], and (a,b), where

—0<a<b<co.

The Borel o-algebra is generated by the sets [a, 00| with a € R.

Proposition 9.2 Let (X, M) be a measurable space and let {f; }?11 - R™ be measurable.
Then sup f;,inf f;,limsup f;,liminf f; are measurable.

Proof. Set g = sup; f; and fix a € R. We need to show g~!((a, o] If v € X, then
g(x) > a if and only if f;(z) > a for some j € N. Now, g~'((a,00]) = UJ 1f Y((a,]) € M.
Note inf(f;) = —sup(—f;) and
lim sup f; = inf sup f;,
321l k>j

and

liminf f; = sup mf fk.
j>1
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Since measurability is preserved under negation, countable suprema, and countable infima, the
remaining functions are measurable as well. O

Proposition 9.3 If f,g: X — C are measurable, then f + g, fg, f, Re(f), and Im(f) are
measurable. Moreover, if ( fj)JO-’;l is a sequence of measurable functions converging pointwise
to a function f: X — C, then f is measurable.

Proof. The maps
(z,w) = z + w, (z,w) = zw, Z 7, z +— Re(z), and z +— Im(z2)

are continuous, hence Borel measurable. Therefore the first claim follows from the real-valued case
together with the fact that

z = (f(x),9(x))

is measurable.

Now suppose f; — f pointwise. Then Re(f;) — Re(f) and Im(f;) — Im(f) pointwise. By the
real-valued part of this proposition, Re(f) and Im(f) are measurable. Since

f=Re(f) +iIm(f),

the function f is measurable. O

Definition 9.4 Let £ C X. The characteristic function of F is the function 15 : X — R

defined by
1, €k,
Lp(x) =
0, z¢E.

Fact 9.5 1 is measurable if and only if E is measurable.

Proof. Forward implication. If 1 is measurable, then

E=13'({1})

is measurable.
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Reverse implication. Assume E is measurable, and let B C R be a Borel set. Then 1]_51 (B) is one
of the sets
0, E, E°, and X.

All four sets are measurable, so 1 is measurable. O

Definition 9.6 A measurable function ¢ : X — C is called a simple function if its image
is a finite set.

Fact 9.7 If ¢,¢ : X — C are simple, then so are ¢ 4+ v and ¢ - 1.

Proof. If p(X) = {ai,...,a,} and ¥(X) = {b1,...,bn}, then
(p+¥)(X) C{a;+b;:1<i<n,1<j<m}

and
(p-¥)(X) C{aibj:1<i<n,1<j<m}

so ¢ + ¢ and ¢ - 1) are simple. O

Theorem 9.8 Let (X, M) be a measurable space and f : X — [0,00] be a measurable
function. Then there are simple functions ¢, on X such that the following hold:

1. We have
0<p1 <2< < fe

2. We have ¢, (z) — f(x) for all z € X.
3. If E C X with f|g bounded, then ¢, — f uniformly.

Proof. For each n € N and each integer k with 0 < k < n2" — 1, define

E,(cn) = f_1<[2kn, k;_nl)) and F, = fY([n, 0)).
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All of these sets are measurable because f is measurable. Now define

n-2"—1

On = Z 2—n]1El(€n)+n]1Fn.
k=0

Then each ¢, is a simple function and, forn > 2, 0 < p,—1 < @, < f.

If f(x) > n, then p,(z) =n. If f(x) < n, then there is a unique integer k with

k k+1
— <
on < f(2) < —p=,
and hence
(2) = =
Pn ~ on”
Therefore

0< F(a) ~ oula) < o

whenever f(x) < n. It follows that ¢, (x) — f(z) for every x € X.
The functions are increasing in n: each refinement replaces ¢, (z) by a finer lower approximation

to the same value f(z), so
0<p1 <pa<---<f

This proves (1) and (2).

For (3), suppose f|g is bounded, say f(z) < M for all x € E. If n > M, then the truncation term
does not occur on F, and for every x € E we have

05 f(2) ~ on(e) < 5

Hence

S0 ¢, — f uniformly on E. O
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Integration

Notation 9.9 Let (X, M, u) be a measure space. Define

LT =LT(X,M,pu) = {f: X —[0,00], f measurable}.

Definition 9.10 Let ¢ : X — [0,00) be simple. Write

n
o= Zaj]lEj,
j=1

where the E; are measurable, disjoint, and U?zl E; = X. Define the (Lebesgue) integral

/ pdp =" a;u(E;).
X =

of ¢ with respect to u by

Remark 9.11

1. Throughout, we adopt the convention 0 - co = 0. This just makes everything work.

2. We will often suppress some of the notation. All of the following are valid notations
for the integral of ¢:

/soduz/sodﬂz/ 902/902/ o(x) du(z).
X X X
3. If A€ M is measurable,

/@du—/ pladp.

A X

Proposition 9.12 The integral of a simple function is well-defined. That is, if ¢ can be
represented as a linear combination of characteristic functions in two different ways, then
the two representations give the same value for the integral.
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Proof. Suppose that
n m
o= ajle =) bilr,
j=1 k=1

with (E;), (Fy) being measurable partitions of X. We need to show

Zajﬂ Zbkﬂ Fy).

We have
n m
Zaj,u Za]u<U E-ﬁFk)>: Za],uE N Fy)
7j=1k=1
Similarly,
n m
S ) = 33 s 1 )
= 7j=1 k=1
We need
n m n m
> (BN F) =3 a;u(B; N Fy).
Jj=1k=1 Jj=1k=1
Fix j, k. If u(E; N Fy) =0, then aju(E; N Fy) = bpu(E; N Fy,) = 0. Otherwise, E; N Fy, # 0, so fix
x € E;jN Fy. Since x € Ej, () = a;. Since x € Fy, ¢(z) = by. So aj = by. O

Proposition 9.13 For simple functions ¢, € LT and ¢ > 0, the properties hold:

1. The integral is homogeneous in the sense that

/cgpd,u:c/cpd,u.

2. The integral is additive in the sense that

/(«p+¢)du=/¢du+/wdu-

3. The integral is monotone in the sense that if ¢ <), then

/wdu§/¢du-
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4. The function v : M — [0, oo] defined by

is a measure on X.

Remark 9.14 The identities (1) and (2) together imply that

[ Y aite du= " an(s)
X j=1 j=1

Lecture 10 — Tuesday, January 26, 2016

Proof of Proposition 9.13. (1) is immediate.

For (2), write
n
Y= Z a;Llg;
j=1
and

Y= Z bilp,
k=1

where (E;) and (F};) are measurable partitions of X. Then

/(80+¢ / ia'ﬂEj-i-ki:lbk]le

7j=1

m
§ aj + bx)1g;nF,
1 k=1

L
NER

3

i
Mﬁ EMS T

(aj + bi)u(E; N Fy)

n m
ajp(E; O FR) + > 0 bppu(Ey N Fy)
j=1 k=1

I

<

Il
—
=

Il
i
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= aju(By) + Y bpu(Fr)
j=1 k=1
Joefe

For (3), as above, write

n
p=2 ajlp,
j=1

and .
¢’::§£:bkﬂfk~
=1
Then o
[e=3 3 wuE;nR)
=1 k=1
and o
/¢“=§:§:%M@%ﬂfwo
P

It is enough to show that for each j, k, a;u(E; N Fy) < bpu(E; N EFy). If p(E; N Fy) = 0, this holds.
Otherwise, Ej N Fy, # 0, so fix x € E; N Fy,. Then

aj = p(z) < Y(x) = by,

so the inequality holds.

For (4), let
v(E) = / wdpu.
E
We have v(0)) = 0. Now fix disjoint (A,) € M and set A =J,;~; A,. Then
v(A)= [ pdu
A
= / eladp
X
=) _a;u(E;NA)
J=1
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o)

(e e

I

=1
S

.

w(E; N Ay)

—

]:1 n—=

:i a;ju(E; N Ay)

j=1

3

Il

—
<.

Thus v is a measure. O

Definition 10.1 If f : X — [0, 00] is measurable, define the (Lebesgue) integral of f
with respect to u by

/fduzsup{/gpdu:()Sgogf,gosimple}.

Theorem 10.2 (Monotone convergence theorem) If (f,) C Lt with

0<fi<fa<

then
/ lim f, = lim | f,.

n—oo n—oo

This is essentially why the Lebesgue integral is defined the way it is.

Proof. Set f =lim, o fn. Note
< fo<---<f

Therefore

i [ f< [ £

n—o0
Fix o € (0,1) and a simple function ¢ with 0 < ¢ < f. Define E,, = {x € X : fp,(z) > ap(z)}.
Note E,, is measurable, 1 C Ey C ..., and |72, E,, = X. The function

v(A) = /Awdu
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is a measure. By continuity from below,

fooo e
/fnZ/EnfnZ/EnOéQOZOt/EnQO.

i >
fim [ hza [

Now,
Letting n — oo,

Letting o — 1,
. > ‘
Jm [z e
Thus
i [ £ [ £

n—oo

Theorem 10.3 If (f,)>°, C LT, then

This is much nicer than linearity, since it allows us to exchange an infinite sum and an integral.

Proof. We first establish additivity for two nonnegative functions. Choose simple functions ()
and (¢y) with 0 < ¢ 1 f1 and 0 < ¢ T f2. Then 0 < ¢ + ¢ T f1 + f2, and

/(f1+f2):lilgn/(@k+1/1k):111?(/90k+/¢k):/f1+/f2,

where the first equality follows from the monotone convergence theorem. Induction now gives
additivity for every finite sum. Finally, the partial sums satisfy

N 00
St
n=1 n=1
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as N — 00, so

/;fn—]vlgnw/;fn
N
- 3 [ 5

The first equality again follows from the monotone convergence theorem.

In general,
lim [ f, # / lim f,.
Consider Lebesgue measure m on R. Set f, = (1/n)1,). Then

/fnzlforalanL

but lim, 0 fr, = 0 so

/ lim f, =0.
n—oo

Theorem 10.4 (Fatou’s lemma) If (f,) C L™, then

/lim inf f,, <lim inf/fn.
n—o0 n—o0

Proof. Fix k € N. Set gy, = inf,,> f,. Forn >k, gr. < fy, so

/gké/fn-
/ngTiLIZlfk/fn-

In particular,

Note
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and limg_ oo gx = liminf,, o fn. So, by the monotone convergence theorem,

/ liminf f,, = lim / gr < liminf inf / fn = liminf / fn-
n—o0 k—o0 k—oo n>k n—00

Lecture 11 — Thursday, January 28, 2016

Definition 11.1 Let (X, M, 1) be a measure space. Define
L= LE(X, M, p) = {f : X — R | f is measurable and /]f| < oo},

and similarly E(lc.

Before passing to equivalence classes, we often write £! for either [,]%{ or E(lc when the scalar field
is clear from context. A function in £! is called integrable.

Definition 11.2 If f: X — R is a function, define
fT =max{f,0} and f~ = —min{f,0}.

Then f*,f~ 20, ff = f~ = f and f*+ f~ =|f].

g dath

FIGURE 6

Figure 6 shows the positive and negative parts of f, together with their difference and sum.
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Fact 11.3 If f is measurable, so are f* and f~. Moreover, if f € L4, then f*, f~ € L]

since
[rfr<[in<x

fT and f~ are called the positive and negative parts of f.

Definition 11.4 If f € £]}§, define
/f:/f+—/f‘eR.

Definition 11.5 If f € E(lc, define

ey
2

Re(f) and Im(f) = o

which are both R-valued. Then f = Re(f) + iIm(f).

Fact 11.6 If f is measurable, so are Re(f) and Im(f). Moreover, |Re(f)| < |f| and
Im(f)| < |f]. 1t f € £, then Re(f), Im(f) € £}

Proof. Since f is measurable, f is measurable, so Re(f) and Im(f) are measurable. We have

re()| = | 132 < ML

e F=F|_ 1A+
- +
()= | L5 < H .

If fe E}C, then monotonicity gives

[1retni= [1r1 <o
and

[imni< [ir1< o,
so Re(f),Im(f) € L. O
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Definition 11.7 For f € E%:, define

[ 1= [ren)+i [ i)
R{/Qz/mw> and m{/ﬁz/mw»

Proposition 11.8 E]ﬁ and E%: are vector spaces, and

/ﬂch+c

(or £! — R) is a linear functional on L.

Note that

Proof. The set of all functions X — C is a vector space, so it is enough to show that £ is a
subspace. The zero function belongs to £'. If f,g € £, then f + g is measurable and

If +al < |fl+ 9],

[1s+a1< [11+ [161= [151+ [ 191 <o

If ce Cand f € L', then
/|cf|=/|c|~|fr=|c|/|f|<oo.

Thus £! is a vector subspace.

SO

We now prove linearity of the integral. First suppose f,g € £, and set h = f + g. Since
Wt —hm=f"—f"+g"—g,

we have
W+ f~+g =h"+f"+g"

All four functions belong to L™, so integrating both sides gives

/ﬁ*+/}+/@—/ﬁ+/}*+/gﬁ
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Rearranging yields
T L Ey B E Ey EaY
Thus the integral is additive on ﬁ]ﬁ'

Now let f,g € [,(IC. Using the real case for real and imaginary parts, we obtain

[r+9) = [Retr )+ [1mis+g)

_/Re(f)+/Re(g)+z‘/1m(f)+i/1m(g)
:/f+/g-

For scalar multiplication, let ¢ € R and f € E]ﬁ. If ¢ > 0, then

fo-efs

by definition of the integral. If ¢ < 0, then
(=HT=f" and  (=f)" = [T,
so [(—f) = — [ f. Consequently,
[er=[(atm=co [cn=c[+
Hence scalar linearity holds on £L.

Finally, let c=a +ib € C and let f € E<lc- Since

cf = (aRe(f) —bIm(f)) + i(aIm(f) + bRe(f)),

the real case gives

[ef = [(aRets) ~ b)) + i [(atm(s) + bRe()

:a/Re(f)—b/Im(f)+i(a/lm(f)+b/Re(f)>
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— (a+ib) (/Re(f)+z’/1m(f)>
:c/f.

Therefore the integral is linear on both [,%K and E<lc-

Proposition 11.9 If f € £!, then

[1|= [

Proof. If f € L}, then

&

Now assume f is C-valued and

[0
[
/]

T,
=iV

Define

o =

Then |a| =1, and
2

eR.

[1|= [retan < [tan=tal [151= [1s1
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Proposition 11.10 Let f € £! be given. Then

[1n1=0

if and only if f = 0 almost everywhere.

Proof. Forward implication. Assume

[1n=o

E,={ze X :|f(x)| >1/n},

For each n € N, set

and let

3

E:DE.

n=1

Then f =0 on E° so it suffices to prove that u(E) = 0. It is enough to show that p(E,) = 0 for

every n. Since
/L;</MH—n/Urﬂl

Thus u(E,) = 0 for every n, and consequently u(E) =

Reverse implication. Assume f = 0 almost everywhere. Let

N={xe X : f(x)#0}.

Then pu(N) = 0. If ¢ is any nonnegative simple function with ¢ < |f], then ¢ = 0 on N¢ and
hence [ ¢ = 0. Taking the supremum over all such ¢ in the definition of the nonnegative integral

gives [|f| =0. O

Fact 11.11 Suppose fi, fa,g1.92 € L', ¢ € C, fi = fo almost everywhere, and g1 = g9
almost everywhere. Then the following hold:

[r=[t

2. f14+ g1 = fo + go almost everywhere.

1. We have
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3. c¢f1 = cfz almost everywhere.

Proof. For (1),

’/fl—/f2 Z‘/(fl—h)

since f; — fo = 0 almost everywhere, by Proposition 11.10.

For (2), we have

(fi+g)—(fa+g2)=(fi—fo) +(91—92) =0

almost everywhere, so fi1 + g1 = f2 + g2 almost everywhere.

For (3), we have
cfr—cfa=c(fi—f2) =0

almost everywhere, so cf; = cfo almost everywhere.

S/\fl—fﬂ:(],

functions. Define

/:L1—>(C.

Definition 11.12 Let £!'(X, M, 1) denote the vector space of complex-valued integrable

L' =LY X, M, p) =LY X, M, 1)/ ~,

where f ~ g if and only if f = g almost everywhere. We still write f € L' to denote the
equivalence class represented by a function f : X — C. The previous fact shows that L' is
again a vector space, and the integral descends to a well-defined linear functional

Here is an annoying fact: it can happen that f = ¢ almost everywhere and f is measurable, but ¢

is not measurable. We will see an example of this later. This is why we need to pass to equivalence

classes to get a well-defined integral on L.
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Lecture 12— Friday, January 29, 2016

Definition 12.1 Let
LYX, M, p):={f: X — C| f is measurable and /\f| < 00}

We define
LYNX, M, p) = LYX, M, )/ ~,

where f ~ g if and only if f = ¢g almost everywhere.

If f,g: X — C with f measurable and f = g almost everywhere, g is not necessarily measurable,
unfortunately.

Example 12.2 Consider (R, Bg,m). Let C' C [0,1] be the Cantor set. Then C' € Bg and
m(C) = 0. Also, there is a subset A C C which is not Borel (that is, A ¢ Bg). Then
Talce =0, s0 14 = 0 almost everywhere. However, 1 4 is not measurable.

Definition 12.3 The measure space (X, M, u) is complete if whenever E € M satisfies
w(E)=0and F C E, we have F € M.

Proposition 12.4 If (X, M, p1) is a measure space, define
M={EUF :E € M, there exists N € M with u(N)=0and F C N}.

Define fi : M — [0, 0] by

(B U F) = u(E)
whenever E € M and F is contained in a measurable null set. Then (X, M, ji) is a complete
measure space. We call it the completion of (X, M, p).

Proof. First, M is a o-algebra containing M. The containment M C M follows by taking
F=0.f A= FUF with E € M and F' C N for some measurable null set N, then

A°=(E°NNY)U((E°NN)\ F).

59



PMATH 451 MEASURE AND INTEGRATION WINTER 2016

The first set is measurable, and the second set is contained in the measurable null set IV, so
A¢e M. If Aj = E; UF; with E; € M and F; C N;, where u(N;) = 0, then

oo o0 o
Udi=|Us (U5 ]
j=1 j=1 j=1
and (J;Z; Fj is contained in the measurable null set (J;Z; N;. Hence J7Z; A; € M.
Next, i is well defined. If Ey U F} = E3 U Fy with E; € M and F; C N;, where p(N;) = 0, then
FE1AFEy C N1 U No,

so u(E1AEy) = 0. Therefore p(Eq) = pu(E2).

To prove countable additivity, let (A;)%2 521 be a pairwise disjoint sequence in M. Write Aj = E;UF;
with E; € M and F; C Nj, where (N;) = 0. Since the sets A; are disjoint and E; C AJ, the sets
E; are disjoint. Hence

U4 =n UE =D uE) =3 R(4)).
=1 =

Finally, let A € M satisfy ji(A) = 0, and let B C A. Write A= FEUF with E € M and F C N,
where p(N) = 0. Then p(E) = 0, so B C EU N is contained in a measurable null set. Thus
B € M, and the completed space is complete. O

Example 12.5 Let i be a Radon measure on R. The completion of (R, Bg, u) is (R, M,,, 11).
In particular, the completion of (R, Bg,m) is (R, Lg, m).

Proposition 12.6 If (X, M, u) is a complete measure space, then the following hold:

1. If f,g: X — C, f = g almost everywhere and f is measurable, then g is measurable
too.

2. If (fn)52, is a sequence of measurable functions and f,, — f almost everywhere, then
f is measurable.
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Proof. For (1), there is a set E € M with pu(F) =0 and f|ge = g|ge.
That is, f - 1ge = g- 1 ge, so g - 1 ge is measurable. Since
g=9-lge+g-1g,
it remains to show that ¢ - 1 is measurable. Let B C C be Borel. If 0 ¢ B, then
(9-1p)"'(B) C B,
which is measurable by completeness. If 0 € B, then (g-1g)"'(B¢) C E, so (g-1g)~Y(B°) is

measurable by completeness, and hence (g - 15)~'(B) is measurable. Thus g - 1 is measurable,
and therefore g is measurable.

For (2), if f, — f almost everywhere, there is some set £ € M such that u(E) = 0 and
fn|EC - f|E°

Each f,, - 1 ge is measurable, and
f- ﬂEc = lim fn . ]lEc
n—oo

pointwise. Hence f - 1ge is measurable. Since f = f - 1ge almost everywhere, (1) implies that f
is measurable. O

Theorem 12.7 Let (X, M, ) be a measure space and let (X, M, 1) be its completion.
Then the following hold:

1. LN(X, M, p) C L'(X, M, ).
2. For every f € LY(X, M, u), we have

[rau=[san

3. If g : X — C is M-measurable, there is some f : X — C which is M-measurable

and f = g almost everywhere (with respect to ). In particular, we may identify
LY(X, M, p) with L*(X, M, fi).

Proof. First, note M C M, so every M-measurable function is already M-measurable. If
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E € M, then p(FE) = a(E) by the way we defined fi. In particular,

soif 1 € LY(X, M, p), then 1 € L'(X, M,fi). L' is a vector space, so that holds for linear
combos too. So if f € L'(X, M, ) is simple, then f € L*(X, M, i) too and

[ an= [ ran.

Now if f € LY(X, M, i) with f > 0, there are simple M-measurable functions h,, with
hy <hy <---<f

where lim,, oo hy, = f. Then

/fdu:nll_{rgo hndu:nh_{go/hndﬂ:/fdﬂ.

Hence f € LY(X, M, i). Now, every function in L!(X, M, u) is a linear combo of positive func-
tions.

The statements (1) and (2) both follow.

For (3), first consider g = 14 with A € M. Choose E € M such that AAE is contained in a
measurable null set. Then 14 = 15 almost everywhere, and 15 is M-measurable.

Now let g be an arbitrary M-measurable complex-valued function. Choose simple M-measurable
functions s, such that s, — ¢ pointwise. By the characteristic function case, for each n there is
an M-measurable simple function ¢,, such that s, = t,, outside a measurable null set. Outside the
countable union of these null sets, the sequence ¢, converges to g. Define f to be the pointwise
limit of ¢,, where this limit exists and define f = 0 elsewhere. Then f is M-measurable and f =g
almost everywhere. This proves (3). O
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The Dominated Convergence Theorem

Theorem 12.8 (Dominated convergence theorem) Let (f,)°%; C L!, and let f :
X — C be measurable. Suppose the following hold:

1. We have f, — f almost everywhere.

2. There exists a function g € L' with |f,| < ¢ for all n.

Then f € L' and
/ f=tim [ fo
n—oo

Example 12.9 Take f, = (1/n)1jy,. Then f, — 0 but

/fn—>1.

What is the problem? The sequence (f,) is not dominated. Indeed, a dominating function
would satisfy g(xz) > 1/[z] for = > 0, and that lower bound is not integrable on [1, c0).

Proof of Theorem 12.8. Since f is measurable and |f| < g almost everywhere,

Jis1s [9<w.

Thus f € L'. It remains to prove convergence of the integrals.

Assume first that the functions are real-valued. Since |f,| < g, we have g+ f,, > 0and g— f, >0
for every n. By Fatou’s lemma,

Jo+n= [ g+ p) <tmint [+ £)= [g+timint [ 1.

/(g—f)S/g+1inrgiogf/(—fn):/g—liﬂsogp/fn.

Similarly,
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Subtracting [ ¢ from both inequalities gives

and

—/fg—limsup/fn.
n—oo
limsup/fng/fgliminf/fn.
n—00 n—o00

i [

Therefore

It follows that

For complex-valued functions, apply the real-valued case to the real and imaginary parts. Since
|IRe(fn)| < |ful < g and |Im(f)| < |fu| < g, both parts are dominated by g, and the result
follows by linearity of the integral. O

Lecture 13 — Tuesday, February 02, 2016

Theorem 13.1 If (f,)%°, C L' and

o0
> 15 <
n=1
then
oo
> fn
n=1
converges almost everywhere and
o0
> faelLl.
n=1

Moreover,

=% [
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Proof. First,
[X181 =3 [ 15 <=
n=1 n=1

by the monotone convergence theorem. In particular,

S fula)] < o0
n=1

for almost every x, and hence
[e.e]
> fula)
n=1

converges almost everywhere. Moreover,

/nifn

< [Yinl<w.
n=1
SO .
> fnelLl
n=1

Let
o0
g ::jz:‘fn|E-L1'

n=1

For every n,
n n
> Rl <D IRl <9
k=1 k=1

By the dominated convergence theorem,
o0 n
[ b= [m>h
n=1 k=1
n
= Jim [
k=1
oo
=3 [
n=1
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3. Convergence and Product Integration

Convergence of Functions

Definition 13.2 We say that f, — f in L' if f,, f € L' and

[15= 110

as n — o0.

Definition 13.3 Let f,, f be measurable. We say that f, — f in measure if, for every
e >0,

p{z € X | [fulz) — f(2)] Z €}) =0

as n — oQ.

Example 13.4 Let f, € L'(R,m) be given by f,(x) = L}, 1. Then f,, — 0 pointwise.
However, f,, does not converge to 0 in measure, since for 0 < € < 1 we have

m({z € R[[fu(z)] = e}) =1

for every n. The sequence also does not converge to 0 in L', since

[1ni=1

In fact, (f,) does not converge to anything in L. Nothing at all... NOTHING AT ALL.

Proposition 13.5 If f, — f in L', then f, — f in measure.

Proof. Fixe > 0. Set E,, = {z € X | |fn(z) — f(z)| > €}. We have that

w(E) = [ 16, < [ fite, <2 [ 15110
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Definition 13.6 A sequence of measurable functions (f,)>2; is Cauchy in measure if,
for every € > 0,

p{z € X | [fulz) = fm(2)] = €}) = 0

as m,n — oo. Equivalently, for every € > 0 and every § > 0, there exists N € N such that
if m,n > N, then
pn({z € X [ |fu(z) — fim(z)] = €}) <6

Theorem 13.7 If (f,,) is Cauchy in measure, then there is a measurable function f : X — C
such that f, — f in measure, and there is a subsequence (f,,) converging to f pointwise
almost everywhere. Moreover, if f,, — ¢ in measure, then f = g almost everywhere, so limits
in measure are unique almost everywhere.

Corollary 13.8 If (f,)%%; C L' and f,, — f in L', then there is a subsequence (f,,, ) with

n=
fn, — [ pointwise almost everywhere.

Proof. Since f, — f in L', the sequence converges to f in measure. Apply Theorem 13.7. [

Proof of Theorem 13.7. Choose a subsequence (fy, ) of (fy) such that

pl{z € X | |y (@) = far(2)| 2 277} < 27F

for every k. Set

Ey={2€X ||fu (@)~ fu(@)| 227"} and  F=JE.
k=j

Then - -
pFy) <D u(Ey) <y 27 =21
k=j k=j
If ¢ Fj and k > j, then
k—1 k—1 ' 4
’fnk(x) - fn](x)‘ S Z ’fnz+1(x) - fnz(x)| S 27" S 21_J'
=7 =7

Set I = ;2 Fj. Since F1 2 F 2 -+ and pu(Fy) — 0, continuity from above gives u(F') = 0. If
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x ¢ F, then x ¢ Fj for some j, so the preceding estimate shows that (fy, (z))z2, is Cauchy in C.
Define
0, x € F.

Then f,, — f pointwise almost everywhere, and f is measurable because
k—o00
pointwise.

The subsequence also converges to f in measure. Indeed, given € > 0 and § > 0, choose j with
2177 < min{e, §}. For k > j,

{z e X ||fn(x) - f(2)| = €} C Fy,

n({a € X | |fu, (0) = f(@)] 2 }) < 6.

Finally, we show that the full sequence converges to f in measure. Fix ¢ > 0 and § > 0. Since
(fn) is Cauchy in measure, there exists N such that

p{z € X | [fn(@) = fm(z)] 2 £/2}) < 6/2

whenever n,m > N. Now choose k large enough that n; > N and

p{z € X | [fn(2) = f(2)] = €/2}) < /2.

For every n > N,

{r e X[|fn(z) - f(@)| 2 e} S{w € X |[fu() = fn, ()| = €/2}
Uiz € X | [fu,(2) = f(2)] = €/2},

so p({z € X | |fu(x) — f(x)| > €}) < 0. Hence f, — f in measure.

The uniqueness assertion follows from Proposition 14.1. O
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Lecture 14— Thursday, February 04, 2016

Proposition 14.1 If f g : X — C are measurable, f, — f in measure, and f, — ¢ in
measure, then f = g almost everywhere.

Proof. Let e > 0.

{reX|[f(x)—g@)|ze C{ze X ||f - fal Ze/2}U{z e X |[fu—gl 2 ¢/2},

SO
w(f =gl =e) <ullf—fal >e/2) + p(|fa— gl >€/2) =0

as n — 0o. Thus u(|f —g| > ¢) =0. Now,

{ze X | f(x) #9(x)} = J{z € X | |f(2) - g(x)| = 1/n}.
n=1
Hence u(f # g) =0, and so f = g almost everywhere. O]

Theorem 14.2 (Egoroff’s theorem) Suppose u(X) < co. If (f,)02, is a sequence of
measurable functions and f, — f pointwise almost everywhere, then for every € > 0, there
is a measurable set £ C X such that u(E) < € and f,, — f uniformly on E°.

Proof. For k,n € N, let
En(k) = J{z e X | |fm(@) = f(2)| = 1/k}.

For each fixed k, the set ()2, E, (k) has measure zero because f,, — f pointwise almost everywhere.
Also
Ei(k) 2 Ex(k) 2 E3(k) 2 -+,

and pu(Eq(k)) < p(X) < oo. By continuity from above,

p(En(k)) =0
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as n — oo. Choose n(k) € N such that
€
and set -
E = Eup(k).
k=1
Then pu(E) <e. If x ¢ E, then x ¢ E, ;) (k) for every k& > 1. Therefore, whenever m > n(k),

() = f(a)| < .

It follows that
sup |fm(z) — f(z)] <

zeke

e

for all m > n(k). Hence f, — f uniformly on E°. O

The main implications assembled so far are recorded in Figure 7. The dashed arrows require either
a subsequence or the finite-measure hypothesis displayed beside them.

[ L' convergence ]—> convergence in measure

T
1
1
1
1 subseql ience
1

1
Y

[ almost uniform [<------ ~[ pointwise a.e.
w(X) < oo

the modes are related, but they are not interchangeable
FIGURE 7
The conclusion of Egoroff’s theorem can still hold when (X)) = oo under an integrable domination

hypothesis. Suppose f, — f pointwise almost everywhere and there is a function g € L' such
that |f,| < g for every n. Then |f| < g almost everywhere. For each j > 1, the set

Xj={reX|g(x)>1/(3))}

has finite measure because p(X;)/(35) < [ g. Applying Theorem 14.2 on X, choose aset E; C X
with u(E;) < €/27 such that f, — f uniformly on X; \ E;. Enlarge E; by the null set where
|f| < g fails, and set B = J;2, Ej. Then u(E) < e. For a fixed j, the convergence is uniform on
X; \ E, while on X \ X; we have |f,, — f| <2/(3j) for all n. Hence f,, — f uniformly on E*.
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Product Measures

Let (X, M) and (Y, N) be measurable spaces. Our goal is to construct a measure space (X X
Y, M &N, xv) and give meaning to the integral

/ F(,y) (e x )2, ).
XxY

Definition 14.3 Let M ® N denote the o-algebra generated by ¥ = {Ax B| A€ M,B €
N}. The sets in ¥ are called measurable rectangles.

Proposition 14.4 Let (X, M), (Y,N), and (Z,P) be measurable spaces, and let my :
XxY = X and 1y : X XY — Y be the projection maps. A function f: 72 — X xY is
measurable if and only if rx o f : Z — X and my o f : Z — Y are both measurable.

Proof. Forward implication. It is enough to show that the projection maps mx and my are
measurable.

If E € M, then
TY(E)=EXY e M@N,

so wx is measurable. Similarly, 7y is measurable.

Reverse implication. Let
Y={ExF:EeM, FeN}

For every rectangle ¥ x F' € X,
JTHE x F) = (nx o [)"{(E) N (zy o f)H(F),

which is measurable by assumption. Since ¥ generates M ® N, the generator criterion for mea-
surability implies that f is measurable. O

In general, there is no analogous statement for functions X x Y — Z.
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Example 14.5 If X and Y are separable metric spaces (or second-countable topological
spaces if we want), then By ® By = Bxxy. Here, the product metric is

d((x1,1), (2, 92)) = V(w1 32)2 + d(y1,2)>-

When X =Y =R, this is the usual metric on R2.

Proof. Consider the identity map
id : (X X }/,BXXy) — (X X Y,BX ®By).

The compositions mx oid and 7y o id are continuous, and hence they are Bxxy-measurable. By
the preceding proposition, id is Bxxy, Bx ® By-measurable. Therefore Bx ® By C Bxxy -

Reverse implication. Let W C X X Y be open. By separability, we may write

[e.e]
W= Unx Vi,

n=1

where each U, € X and each V;, C Y is open. Then U, x V,, € Bx ® By for every n, so
W € Bx ® By. Hence Bxxy C Bx ® By, and the two o-algebras are equal. O

Our short-term goal is to construct a measure p x v on (X x Y, M ® N) satisfying
(1 x v)(Ax B) = pu(A)v(B)

for measurable rectangles A x B (think length times height). If p and v are o-finite, then p x v
will also be unique and o-finite.

Lecture 15— Friday, February 05, 2016

Definition 15.1 An elementary family on a set X is a set £€ C P(X) such that the
following hold:
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1. The empty set belongs to &£.
2. f E,F €&, then ENF €€&.

3. If £ € &£ then E° can be written as Fy U Fo, U --- U F),, where Fy,...,F, € £ are
disjoint.

Proposition 15.2 Let £ be an elementary family on X, and let A(€) be the algebra
generated by €. If A € A(E), then A= FE,UFE>U---U E, for disjoint F; € &.

Example 15.3 If A and B are algebras on X,Y respectively, then define € = {Ax B | A €
A, B € B}. Then £ is the elementary family we care about.

Proof. We verify the three properties in the definition. First,
D=0x0ek.
Second, if A,C' € A and B, D € B, then
(AxB)N(CxD)=(ANC)x (BND)e¢&.
Finally, for A € A and B € B,
(Ax B)¢ = (A°x B)U (A° x B°)U (A x B°),
which is a finite disjoint union of elements of £. Thus £ is an elementary family. O

Proof of Proposition 15.2. Let B be the collection of finite disjoint unions of elements of &£.
Then £ C B C A(E). It is enough to show that B is an algebra, since then B = A(E).

First let B, F € £. Then
EUF=FU(F\E),

where E and F'\ E are disjoint. Since F'\ E = F N E° and E° is a finite disjoint union of elements
of £, the set F'\ E belongs to B. Hence EU F' € B.
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By induction, if Aq,..., A, € &, then U?Zl A; € B. Indeed, assuming U?:_ll Aj € B, we have

n n—1
U4, =40 JA4\4 |,
=1 j=1

and the two sets on the right can be written as a finite disjoint union of elements of £. Therefore
arbitrary finite unions of elements of £ belong to B. It follows that if A, B € B, then AU B € B.

It remains to check complements. Let A € BB, and write
A=FU---UFE,
with E1,..., E, € &£ disjoint. For each 1 < k < n, write
Ei=FfU---UF},

where the sets Flk, ... ,ijl(k) belong to £ and are disjoint for fixed k. Then

k=1
n [ m(k)

_ k
- ﬂ FJ

k=1 \ j=1

1 2

= (Fjlthm'”ﬂFﬁ)‘

1<K <m(k)

The last expression is a finite union of elements of £, and hence it belongs to B. Thus B is an

algebra, so B = A(E). O

Definition 15.4 A monotone class on a set X is a set C C P(X) such that the following
hold:

1. If (An>$bo:1 C C with A1 C Ay C .. ., then U;L.ozl A, €C.
2. If (Ap)52, CC with A D Ay D ..., then 2, A, €C.
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Fact 15.5 If A is an algebra, then A is a monotone class if and only if A is a o-algebra.

Proof. Forward implication. Given (A,)5%; C A, the sets

belong to A because A is an algebra, and By C By C ---. Since A is a monotone class,

Ua-U (UA> ca

k=1

Reverse implication. Every o-algebra is obviously a monotone class. O

Theorem 15.6 (Monotone class lemma) Let A be an algebra, let M be the o-algebra
generated by A, and let C be the monotone class generated by A. Then M = C.

Proof. Since M is a monotone class containing A, we immediately have C C M. It therefore
remains to show that C is a o-algebra.

Fix F' € C and define
C(F):={E€C:ENF, E\F, F\E, EUF €C}.
We first check that C(F') is a monotone class. If E,, 1 E with every E,, € C(F'), then
E,NF1ENF, E,\F+E\F, F\E,|F\E,

and E, UF 1T EUF. Since C is a monotone class, all four limiting sets belong to C, so E € C(F).
The same argument for E, | E reverses each of these arrows and again gives F € C(F)).

If A€ A, then for every B € A the sets
ANB, A\ B, B\ A, and AUB

all belong to A C C, so A € C(B). Hence A C C(B), and by minimality of C we obtain C C C(B)
for every B € A. Reversing the roles of A and B shows that C C C(E) for every E € C.
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Consequently, if E, F' € C, then
ENF, E\ F, F\E, and EUF
all belong to C. In particular, C is closed under complements and finite unions.

Now let (E,)22; C C. Since C is closed under finite unions, the sets

k
By = U E,
n=1
belong to C, and B; C By C ---. Because C is a monotone class,

8

o
E, = UBk eC.
1 k=1

n

Therefore C is a o-algebra. Since it contains A, it must contain o(.A) = M. Hence M = C. O

Lecture 16 — Tuesday, February 09, 2016

Let (X, M, ) and (Y, N,v) be measure spaces. Define € = {Ax B| A€ M,B € N}. Let A be
the algebra generated by &, and let M ® N be the o-algebra generated by € (or by A if we like).

s N

Remark 16.1

1. The elements of £ are called the measurable rectangles.
2. Every set in A is a finite disjoint union of sets in €.

3. By the monotone class lemma, the o-algebra M ® N is the monotone class generated
by A.

Question 16.2 The product measure construction raises two questions:

1. Why is E, measurable?
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2. Why is the function = — v(FE,) measurable?

It turns out that the second property often fails without additional hypotheses.

~

Definition 16.3 Fix E C X x Y. For z € X, define

E,={yeY|(z,y) € E}.

For y € Y, define
EY={ze X |(z,y) € E}.

Given f: X xY — Z, define f, : Y — Z by f.(y) = f(z,y) and define f¥ : X — Z by
[ (@) = f(z,y).

Y
E,CY
FCXxY
Y+----- | EYC X
; X
XT
FIGURE 8

The vertical and horizontal sections of E are shown in Figure 8.

Proposition 16.4 Let X, Y, Z be measurable spaces. Assume F C X xY and f: X xY —
Z are measurable. Then the following hold:

1. Forevery z € X, £, CY and f, : Y — Z are measurable.

2. Forevery y € Y, EY C X and fY: X — Z are measurable.

Proof. Fix x € X, and define j : Y — X xY by j(y) = (z,y). Let 7x : X xY — X and
my : X XY — Y be the projection maps. To show that j is measurable, it is enough to show that
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mx o j and 7wy o j are measurable. The map 7wx o j is the constant map y — x, and 7y o j is the
identity map y — ¥, so both are measurable. Hence j is measurable.

Now
E,={yeY|(x,y) € E} = '(E),

so F, is measurable. Also, f, = f o j, so f, is measurable.

The proof of (2) is analogous. O

Theorem 16.5 For E € A, the functions fg : X — [0,00] and g : Y — [0, oo] defined by
fe(x):=v(Ey) and  gp(y) = u(EY)

are both measurable. Furthermore,

/fEdMZ/gEdV-
X Y

Proof. Let C be the collection of sets E € A for which the theorem is true. We show that C = A.

Suppose A € M and Be N, andset E = Ax Be&. Then B, = Bif v € A, while E, = () if
x ¢ A. Hence fp = v(B)14 is measurable. Similarly, gr = p(A)1p is measurable. Moreover,

/ frdu = / V(B)1adu = u(A)(B)
X X

and

/ gpdv = / (AL dv = u(A)u(B),
Y

1%
/fEdMZ/gEdl/-
X Y

Now suppose E, F € C and ENF ={. For z € X, we have (FUF), = E,UF, and E, N F, = .
Hence

SO

feor(x) = v((EU F)2) = v(Ex U Fy) = v(E) +v(F:) = (fe + fr)(z).

Therefore fpur = fr + fr is measurable. Similarly, geur = g + gr, SO grur is measurable.
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Finally,

/fEUquzj fEdu+/ fpduzfgEdu+/ngu=/gEuqu.
X X X Y Y Y

Thus EU F € C. Since every set in A is a finite disjoint union of measurable rectangles by (2), it
follows that A C C. Hence C = A. O

Definition 16.6 Define u x v : A — [0, 00] by

G o)(B)i= [ fodu= [ gpav.

By Theorem 16.5,
(1 x v)(Ax B) = pu(A)v(B)

for every measurable rectangle A x B.

Proposition 16.7 pu x v is a premeasure on A.

Proof. (u x v)(0) = 0 is clear. Suppose (A4,)5 is a disjoint sequence and A = |J;2, 4, € A.

n=1

We need to show
o0

(1 v)(4) = 3 (1 x )(An).
n=1
Define f,, f : X — [0,00] by fu(z) = v((An)z), f(z) = v(Az). Note that A, = (Up=y An), =
Uo2(Ay)z and (A,), are all disjoint. Now

n=1

n= n=1 n=1
SO .
f = Z fn
n=1
So [e'e) [e%S) )
x)(A) = [ fdu= [ fadu=3" [ fadu=3"(ux v)(4n).
Jran= [Sian=3 -3
So i X v is a premeasure. O
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Definition 16.8 Define the product measure of g and v by u x v: M@ N — [0, 00] by

(1 x v)(A) = inf {Z(M xV)(An) |AC | An, Ay € A} :
n=1 n=1

\ J

By the Carathéodory extension theorem, u x v extends to a measure on M ® N. Moreover, if the
premeasure p X v is o-finite on 4, then this extension is unique.

Under the o-finite hypothesis, the extension to a measure on M ® N is unique by Theorem 5.4.
We will show that if 4 and v are o-finite, then the maps M @ N' — [0, o],

Jop / (B, dp(z)
and
B [ dvy)

are both measures and are equal to u x v on A. Hence all three measures are equal on M ® N.

Lecture 17— Thursday, February 11, 2016

Let (X, M, ) and (Y, N, v) be measure spaces. Recall the product measure construction as follows.
Set
E={AXxB|AeM,BeN},

let A be the algebra generated by £, and let M ® N be the o-algebra generated by A. There is a
unique premeasure pu X v : A — [0, 00| satisfying

(nx v)(Ax B) = u(A)v(B) (17.1)

for all A € M and B € N. The induced measure on M ® N satisfies

(o) o0
(1 % v)(A) = inf {Z(“ xv)(An) | AC | An, An € A} .
n=1 n=1
If © and v are o-finite, then p X v is a o-finite premeasure on A. In this case, any measure A on

M @ N satistying (17.1) for all measurable rectangles satisfies A\ = u x v.
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Theorem 17.1 Assume p and v are o-finite. Then the following hold:

1. For every E € M ® N, the functions x — v(E,) and y — pu(EY) are measurable.
2. The functions M @ N' — [0, oo,

E— /Z/(Ex) dp(x)

and
Eo / u(EY) dv(y)

are measures.

3. For every E € M@ N,
(s x V(E) = [ v(En) due) = [ (B (o).
4. For every E € M QN

[ B ant@) = [ (B ave).

Y

We have already shown these assertions for £ € A.

Proof. For (1), we only prove the measurability of = +— v(E,).

Since v is o-finite, choose sets Y, € N such that
o
YiCYsC---, u(Yi)<ooforeverykeN,  and Uw=Y
k=1

Fix k € N, and define
Ch={E e MN |z~ v(E;NY}) is measurable}.
Claim: C, = M QN.

Verification: By Remark 16.1(3), it is enough to show that Cj is a monotone class and that A C C.
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If £ €A then EN (X x Y;) € A and
(EN (X X Yi))z = By N Y.
Thus x — v(E,; NY}) is measurable by Theorem 16.5, so E € C.

For F € M ® N, write
fer(x) i=v(F; NYy).

Suppose (E,)22, C Cp with By C E; C---, and set E = J,2 | E,. Then
(El)a: N Yk g (EQ)I N Yk g

and

oo
U )2 NYy) = E, NY.

n=1
By continuity from below,
v((Ep)e NYy) = v(Ey NYy)

for every x € X. Hence fi g, — fr, g pointwise. Since each fi g, is measurable, fi g is measurable,
and therefore E € Cp..

Now suppose (E,)22, C Cp with Ey D E; D ---, and set E = (), E,. Then
(Er)eNYyr 2 (E2),NYE 2

and

oo
ﬂ 2N Yk =F,NY..
Since v((E1); NYx) < v(Yy) < oo, continuity from above gives
v((En)z NYy) = v(Ey NYy)

for every x € X. As before, fi g, — fr E pointwise, so fi g is measurable and E € C;. Thus C,
is a monotone class containing A, which proves the claim.

Now fix £ € M ®@ N. For every k € N, the function
gr(z) = v(E; NYy)

is measurable. Define g : X — [0, 00] by g(z) = v(E;). Since Y1 C Yo C -+ and Upe Y =Y, we
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have
x

E.,NY,CE,NY,C---  and UE:n1) = E..
k=1
Using continuity from below again, g — ¢ pointwise. Hence g is measurable. This proves the
asserted measurability of = — v(FE,), and the argument for y — p(EY) is symmetric.

For (2), define A : M ® N' — [0, oc| by

NE) = [ v(B) duto).

Certainly A(0) = 0. Now suppose (E,)>2; C M ® N is a disjoint sequence. Set E = J>2 | Ep.
The sets (E,), are disjoint and E, = |J72(E}y).. Therefore

n=1
o0
v(Eg) = Z v((En)z)
n=1
for every z € X. By the monotone convergence theorem,

NE) = [ (B du(o)

Thus X is a measure. The proof for E +— [, u(EY)dv(y) is identical.

For (3), note that for A € M,B € N, (ux v)(A x B) = u(A)v(B). Also
[ B dnte) = w(a(B)

because

v(B), z €A,

V(A x B),) = {07 i

83



PMATH 451 MEASURE AND INTEGRATION WINTER 2016

Similarly,
/Y W((A x B)Y) du(y) = pu(A)p(B).

These three measures agree on &, so they agree on A. Since u X v is o-finite, the uniqueness clause
in Theorem 5.4 implies that these measures agree on M @ N.

For (4), note that

/ L(z,y) dv(y) = v(Ey),
Y

because 1g(x,y) = 1g,(y) when z is fixed. Similarly,

/ 1p(z,y) du(z) = p(EY).
X

The equality in (4) is therefore exactly the equality in (3). O

Lecture 18 — Friday, February 12, 2016

Theorem 18.1 (Fubini—Tonelli theorem) Suppose (X, M, ) and (Y, N, v) are o-finite
measure spaces. Then the following hold:

1. (Tonelli’s theorem) If f: X x Y — [0, 00] is M ® N-measurable, then

g: X 50,00, gla) = /Y f(,y) du(y)

and
h:Y — [0, 00], h(y) = /X f(z,y) du(x)

are measurable and nonnegative. Moreover,

/Xxyfd(uxy):/xgdu:/yhdu.

2. (Fubini’s theorem) If f € L'(u x v), then f, € L'(v) for almost every z € X, and
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fY € L*(n) for almost every y € Y. In this case,

o(z) = /Y f(,y) du(y)

and

h(y) = /X f(x,y) du(z)

are defined almost everywhere. After assigning the value 0 on the exceptional null sets,
they are measurable, with g € L!(u) and h € L*(v). Moreover,

/Xxyfd(uxy):/xgd,u:/yhdy.

Proof. For (1), the result holds for characteristic functions. Suppose f is a simple function with

f>0. Write
f = Z)\j]lEja
j=1

where A\; > 0. Now, the function

o(x) = /Y F ) du(y) = 3 A /Y 15 (z,9) du(y).

n
=1

Hence ¢ is measurable since each

z /Y 15, (2, y) dv(y) = v((Ey).)

is measurable. Similarly, h is measurable. Now,

/X gdu = /X ;Ajv«Enadum
= Aj V((Ej)z) dp(z)
=" N x v)(E))
j=1

Z/Xnyd(uXV)-
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Similarly,

/Yhdu:/)(xyfd(,uxz/).

Now suppose that f : X x Y — [0,00] is an arbitrary measurable function. There exist simple
functions f,, : X x Y — [0, o0] such that

0<faisfo<l---<f,
and f, — f pointwise. Define
(@)= [ faen)d(o)  and o) = [ folo) duo)
Y X

Then

where

o(z) == /Y f@,y)dv(y)  and  h(y) = /X F(2,y) du(e).
By the monotone convergence theorem,

g(z) = lim gn(z) and h(y) = lim hy(y).

n—oo n—o0

Hence g and h are measurable as pointwise limits of measurable functions. Applying the monotone
convergence theorem once more,

[adn=[ (Jimo)du=tim [ gdu=tim [ pax)= [ fa@xo)
X X n—oo n—oo X n—oo XXY XXY

and similarly

/ hdy:/ (lim hn> dv = lim | hpdv = lim Fad(p x v) :/ Fd(u < v).
Y Y n—oo n—oo Y n—o0 XxY XxY

For (2), suppose f € L'(u x v). Then

| Ifldtexn) <o,
XxY
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Since | f| is positive and measurable,

/X(/y|f|dy>du(x):/XXy|f|d(M><V)<oo.

/Y]f\du<oo

for almost every x € X, so f, € L'(Y,v) for almost every x € X, and f¥ € L*(X, ) for almost
every y € Y. First assume that f is R-valued.

o) = [ geav= [ grav= [ (g av= [ (= [ )

Now fT and f~ are positive and measurable, so g is measurable on the set where the section is

So

integrable. This set is measurable and has full measure; define g = 0 on its complement. Also,

/Xlglduz/x /Yfde

So g € LY(X, j1). Moreover,

/nguz/x/yfmdvdu(x)
+

[t =)
XxY

:/Xnydw v),

where the second equality uses Tonelli’s theorem in (1). Similarly,

/Yhdu:/Xxyfd(,uxz/).

When f is C-valued, apply the real-valued result to Re(f) and Im(f). The results for

du(z) < /X /Y [fol dvdp(a) < oc.

h(y) = /X fYdp

are identical. O
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These theorems are normally used together. For example, to integrate f : X x Y — C, we first
prove that f is measurable (which is always very easy or very hard — there is no middle ground)
and then prove that f € L'(u x v) by showing

[151= [[1r1dnay <.

and then use Fubini’s theorem in (2) to write

/Xxyfd(uxu)_//fdudu.

Then integrate!

Remark 18.2 If ;4 and v are complete measures, then @ X v need not be complete. Take
X =Y =10,1], M =N = Ly, and p = v = m, where m is Lebesgue measure. Set A = {0}
and choose B C [0,1] with B ¢ Lg. Then A x B is not in Lr ® Lg, but

Ax B C {0} x[0,1],
and the right-hand side has product measure zero.

The completion (X x Y, M @ N, i X v/) repairs this issue, although the notation is not com-
pletely standard. The Fubini—Tonelli theorem holds in this completed setting with slight
modifications: the sections f, and fY are only measurable for almost every x and almost
every y. In particular, the completion of

LrR®: @ Lg

with respect to m x --- x m is Lgr, and the completed product measure is m”, Lebesgue
measure on R"”.

Lecture 19 — Tuesday, February 23, 2016

4. Signed Measures, Differentiation, and Bounded Variation
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Signed and Complex Measures

Definition 19.1 A signed measure v on a measurable space (X, M) is a function v :
M — [—00, 00] such that the following hold:

1. v(0) =0.
2. At least one of +00 and —oo is not in the range of v.
3. If (E,)22, is a sequence of disjoint sets in M, then
o0 o
l/(U En> = Z v(Ey)
n=1 n=1

with convergence in R U {+o0}.

Remark 19.2 In (3), convergence of the series is part of the countable additivity require-
ment. Every measure in the previous sense is automatically a signed measure; in this context,
such measures are often called positive measures.

Definition 19.3 A signed measure v is finite if v(E) # oo for every E € M.

Definition 19.4 A complex measure on (X, M) is a function v : M — C such that, for
every disjoint sequence (E,)>°; C M,

(05)- S

n=1 n=1

Remark 19.5 -
v(0) => v®) =v®) +v®)+...,
n=1
and this series converges in C only when v(()) = 0. Thus, for complex measures, v(f)) = 0 is
a consequence of countable additivity rather than a separate assumption.

\ J

Every finite signed measure is a complex measure, but neither class contains the other in general.
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Counting measure on N is a signed measure that is not complex-valued. Conversely,

v(E)=iY 27", ECN,
nek

defines a complex measure whose values are not real, so it is not a signed measure.

s N

Remark 19.6 Let X be a compact metric space, and let M (X) denote the set of complex
Borel measures on X. Then M (X) is a C-vector space with

(4 +)(E) = w(E) + v(B)  and  (a)(E) = ap(E)
for all p,v € M(X), all E € Bx, and all a € C. Let
C(X)={f:X —C| f is continuous}.

Then C(X) is a C-vector space with pointwise addition and scalar multiplication. One
version of the Riesz representation theorem says that (C(X))* =2 M(X) as Banach spaces.
In particular, a measure p € M(X) corresponds to the functional

C(X)—)(C,fn—>/fdu

after integration with respect to a complex measure has been defined.

Example 19.7 The following are basic examples of signed and complex measures:

1. If p1 and po are positive measures and at least one is finite, then v : M — [—00, 0],
V(E) = 1 (E) — pa(F) is a signed measure.

2. If v; and vy are finite signed measures, then v : M — C, v(E) = v1(F) + irn(E) is a
complex measure.

3. Suppose f: X — [—00, 0] is measurable, u is a positive measure, and either

/f+du<oo

or

JE
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holds. Then v : M — [—o0, 00| defined by

V(E)Z/EfdMZ/Ef*du—/Ef_du

is a signed measure by the monotone convergence theorem.

4. If p is a positive measure and f € L'(p), then v : M — C,
w(B) = [ 1du
E
is a complex measure by the dominated convergence theorem.

All four examples in Example 19.7 have converses. In this sense, they describe the basic ways to
build signed and complex measures.

Proposition 19.8 Let v be a signed or complex measure. Then the following hold:

1. If By C Ey C ... are measurable, then v(| 22| Ey) = limy, 00 V(Ep).

n=1

2. If By D Ey D ... are measurable and |v(E)| < oo, then (02, Ey) = limy,_y00 v(Ey).

Proof. For (1),set A = E; and A,, = E,\ E,,—1 for n > 2. These sets are disjoint, and countable

additivity gives
(o) o
I/(U En) = Z v(Ay,).
n=1

n=1
If v(Ey) is finite, the Nth partial sum is v(FEy), so the displayed series proves the assertion. If
v(Ey) = 400, then finite additivity forces v(En) = +o0o for every N and also gives v(|J,, En) =
+o00; the case v(E;) = —oo is analogous.

For (2), let F,, = E1 \ E,,. Then F} C F, C ...,
o oo
UR:EA<HEJ,
n=1 n=1

and

nh_)rglo v(F,) = 1/(6 Fn> =v(Ey) — I/(ﬁ En> )

n=1 n=1
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Since |v(FE1)| < oo, we may subtract from v(E}) to obtain

nh_)Igo v(E,) = V(ﬁ En> .

n=1

Definition 19.9 Let v be a signed measure on (X, M). A set E € M is called a positive
set for v if v(F) > 0 for every F' € M with F' C E. It is called a negative set for v if
v(F) < 0 for every such set F. Finally, E is called a null set for v if v(F') = 0 for every
such set F'.

Theorem 19.10 (Hahn decomposition theorem) If v is a signed measure on (X, M),
there is a positive set P and a negative set N both contained in X such that X = PUN
and PN N = (. If P/, N’ are two other such sets, then PAP" = NAN’ is null. The pair
(P,N) is called a Hahn decomposition for v.

Definition 19.11 Given two signed measures 1 and vo, we write 11 L 15 and say that they
are mutually singular if there exist £, F € M such that X = FUF, ENF = (), F is null
for 9, and F is null for v.

Theorem 19.12 (Jordan decomposition theorem) If v is a signed measure on M,
there are unique positive measures v, v~ such that v = v* — v~ and v+ L v™.

. J

Figure 9 places the two decompositions side by side: the Hahn theorem separates the underlying
space, while the Jordan theorem separates the signed measure into mutually singular positive
measures supported on those pieces.

—~{ v*(B) =v(ENP) |

P positive N negative

LN ﬁ[y‘(E):—u(EﬁN)]

J

v=vt —v= withvt L v~ }

FIGURE 9
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Lecture 20 — Thursday, February 25, 2016

For a signed measure v on (X, M), a set £ € M is positive, negative, or null according as every
measurable set F' C F satisfies v(F') > 0, v(F) <0, or v(F) = 0.

Example 20.1 Let X = [-1,1], let M = B|_; y}, and define
v(E) =—-m(]-1,0] N E) +m([0,1] N E),

where m is Lebesgue measure. Then v is a signed measure. The set [—1,0) is negative and
the set (0,1] is positive. There are also many sets E € M with v(E) = 0 that are not null
sets; for example,

v(X)=0

even though X is not a null set.

Lemma 20.2 If £ C X is a positive set and F' € M with F C E, then F is positive. If
(En)2, € M are positive sets, then (J,~, Ey, is a positive set. The same result holds for
negative and null sets.

Proof. The first statement follows directly from the definition. For the second claim, set F;, =

E,\ (U;L:_II Ej>. Then F,, € M, F,, C E, and so F, is positive. Also, F;,, N Fj = for n # j and

o oo
U E, = U F,.
n=1 n=1

Suppose G € M and G C | o2 E,,. Then G

n

GNEF,CF,, v(GNF,)>0. Hence

U2, (GNF,) and the GN F,;’s are disjoint. Since

iy(Gﬂ F,) > 0.

n=1

v(G)

Proof of Theorem 19.10. We may assume that v(F) < oo for all E € M; otherwise, replace
v by —v. This is legitimate because a signed measure cannot take both +o0o and —oo as values.
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Define
m =sup{v(E) | E C X is positive}.

For each k € N, fix a positive set P, C X such that v(FP;) > m — 1/k. Then

oo
P:=J P
k=1
is positive by the preceding lemma. For each k € N,
v(P)=v(P\ Py) + v(FPg).

Since P is positive, v(P\ P) > 0, and therefore v(P) > v(Py) for all k£ € N. Letting k — oo gives
v(P) > m, and hence v(P) = m. In particular, m < co. Set N = X \ P. It remains to show that
N is negative.

We use the following two facts:

1. f Fe M, EC N, and F is positive, then F is null.

2.If Ee M, EC N, and v(E) > 0, then there is a measurable subset F' C E with v(F) >
v(E).

To prove (1), suppose E is positive and not null. Then there is a measurable set F' C E with

v(F) > 0. The sets P and F are disjoint, and P U F' is positive. Also,
v(PUF)=v(P)+v(F)=m+v(F)>m

because m < oo. This contradicts the maximality of m.

To prove (2), suppose E € M, E C N, and v(F) > 0. If E were positive, then (1) would imply
that £ is null, contradicting v(E) > 0. Hence there is a measurable set G C E with v(G) < 0.
Set ' =FE\G. Then v(E) =v(F) +v(G) < v(F).

Now suppose, for a contradiction, that N is not negative. Choose Ag C N with v(Ay) > 0. Once
Aj._1 has been constructed, define

e, = sup{v(B) — v(Ag_1) | B C Ai_1 is measurable}.

By (2), ¢x > 0. Let ngx € N be the smallest positive integer such that 1/n; < c¢x. Choose
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Ak Q Ak,1 with

1
v(Ag) —v(Ag-1) > —.
ng
Finally, define A = (1,2, Ax. Then
1 1
v(Ag) =v(Ag_1) + v(Ax) —v(Ak_1) > v(Ap_o) + — +
ng—1 = Mk
> .
A
7=1
Since Ag O A; D Az D --- and |v(Ap)| < oo, continuity from above gives v(A;) — v(A).

Therefore,

— 1
Z—S lim v(Ag) = v(A) < oo,
nj

k—o0

so the series converges, and in partlcular ny — 0o0. Moreover,
oo
>3 5
— n;

By (2), there is a measurable set B C A with v(B) > v(A). Let 6 = v(B) —v(A) > 0. Since
ng — 0o and v(Ag_1) = v(A), we may choose k large enough that

1 0 4]
1 <3 and v(Ak—1) <v(A)+ 7
Then B C AC A,_1 and
0 1
V(B) — V(Ak_l) > B > —— T

Thus ¢; > 1/(ng — 1), contradicting the minimality of ny. Therefore N is negative.

It remains to prove uniqueness. Suppose (P,N) and (P’, N’) are Hahn decompositions. Then
P\ P C P,so P\ P is positive. Also P\ P’ C N’, so P\ P’ is negative. Hence P\ P’ is null.
Similarly, P’ \ P is null. Therefore

PAP' = (P\P)U(P'\P)

is null. Since N = X\ P and N' = X \ P’, we also have NAN’ = PAP’. This proves uniqueness
up to null sets. O
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Lecture 21 — Friday, February 26, 2016

Definition 21.1 Given signed or complex measures v; and vs, we write v; 1 vy and say
that they are mutually singular if there exist F, F' € M such that X = EUF, ENF = (),
FE is null for v5, and F is null for v4.

Proof of Theorem 19.12. Let (P, N) be a Hahn decomposition for v. For E € M, define

vH(E) :=v(ENP) and v (E):=—-v(ENN).

+

Since P is positive and N is negative, v™ are positive measures. Also

v(E)=v(ENP)+v(ENN)=v"(E)—v (E).

Moreover, v~ (P) = 0 and v*(N) =0, so v+ L v~. For uniqueness, suppose v = u*

— u~, where
p* are positive and ut L p~. Choose disjoint sets E,F € M with EUF = X, u~(E) = 0,
and put(F) = 0. Then every measurable subset of E has nonnegative v-measure, so F is positive
for v; similarly, F' is negative. Hence (E, F') is a Hahn decomposition. By uniqueness of Hahn
decompositions up to v-null sets from Theorem 19.10, the sets EAP and FAN are v-null. Now,
for A e M,

pt(A) = (ANE)=v(ANE)=v(ANP) =vT(4),

where the middle equality uses p~ (AN E) = 0, and the last equality uses the fact that EAP is
v-null. Similarly, 4~ (A) = v~ (A). Therefore u* = v*. O

Definition 21.2 The pair (v, 7) in Theorem 19.12 is called the Jordan decomposition
of v. The measures v and v~ are the positive and negative variations of v.

Theorem 21.3 If v is a complex measure, then there exist unique signed measures Re(v)
and Im(v) such that
v =Re(v) +ilm(v).
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Proof. For E € M, define
Re(v)(E) := Re(v(F)) and Im(v)(E) := Im(v(E)).

Countable additivity of v implies countable additivity of real and imaginary parts, so Re(v) and
Im(v) are signed measures. Also,

v(E) = Re(v)(E) +i Im(v)(E) foral E € M.

If v = 01 + {09 with signed measures o1 and o9, then taking real and imaginary parts gives
o1 = Re(v) and o2 = Im(v). Hence the decomposition is unique. O

Corollary 21.4 Every complex measure is a linear combination of (four) positive measures.

Proof. If v is a complex measure, then by Theorem 21.3, v = Re(v)+iIm(v). By Theorem 19.12,
Re(r) = Re(v)™ — Re(v)™ and Im(v) = Im(v)* — Im(v)~. Hence

v=Re(r)" —Re(v)” +ilm(v)" —iIm(v)".

Definition 21.5 Let v be a signed or complex measure on (X, M). Define |v| : M — [0, o0
by
n n
lv|(E) = sup {Z vW(E)|: E=|JEi, Ei€ M, E;NEj =0 for i ;Aj} .
i=1 i=1
The set function |v| is called the total variation of v. We will shortly prove that it is a
positive measure.

Lemma 21.6 If v is a signed measure, then |v| = v+ +v7.

Proof. Let (P,N) be a Hahn decomposition for v. Fix £ € M. Since (PN E) and (N N E) form
a measurable partition of F,

WI(E) > [v(P N E)| + [v(NNE)| = v (E) + v~ (E).
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For the opposite inequality, let F1, ..., E, be a measurable partition of £. Then

OB = W (E) — v (B <) (VT (E) + v (Er) = vT(B) + v (E).
i=1 i=1 =1

Taking the supremum over all finite measurable partitions of F gives |v|(F) < vT(E)+v(F). O

Lemma 21.7 For F € M,

lv|(E —sup{2| B = UEZ,E EMEﬂE—@forz;éj}

=1

where the supremum is taken over countable measurable partitions of E.

\ J

Note the difference between Definition 21.5 and Lemma 21.7: the former takes the supremum over
finite partitions, while the latter takes the supremum over countable partitions.

Proof. Let Sg,(F) denote the finite partition supremum in the definition of |v|(E), and let Sct(E)
denote the countable partition supremum in this lemma. We have Sg,(E) < Sct(F), since a finite
partition can be extended to a countable partition by adding empty sets.

Conversely, fix ¢ < S¢t(E) and choose a countable measurable partition (E,)5 ; of E such that

Z\ wl > e
For some N € N,

Z\ n)| > c.

Let F = UZO:NH E,. Then Fy,...,Ey, F form a finite measurable partition of £, and

N

W(E) + 3 (B > e

n=1

50 Sgn(F) > c. Since ¢ < S (E) was arbitrary, Set(E) < Sgn(E). O
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Theorem 21.8 If v is a signed or complex measure, then |v| is a positive measure.

Proof. Fix pairwise disjoint sets (Ep)p>1 € M, and let E = |J;2 | Ey,. If (Fj)g>1 is a countable
measurable partition of E, then countable additivity and Tonelli’s theorem in (1) give

Zyy Fy) y<ZZ\ (Fx N E)| =YY [v(Fx N Ey)

k=1n=1 n=1k=1

o0
<> (B,
n=1

since (F N Ey)k>1 is a countable measurable partition of E,, for each n. Taking the supremum
over all countable measurable partitions of £ and using Lemma 21.7 gives

vI(E i

For the reverse inequality, fix N € N and choose numbers ¢, < |v|(E,,) for 1 < n < N. For each
such n, choose a countable measurable partition (E, 1 )x>1 of E, such that

o0
> (Eng)| > cn.
k=1

The sets E,j for 1 < n < N and k > 1, together with the remaining set U;O:N_H E,, form a
countable measurable partition of E. Therefore,

N N oo
S e €33 (B < Iv|(E)
n=1 n=1k=1

Letting N — oo gives
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Thus |v| is countably additive. Since |v|()) = 0 and |v|(E) > 0 for every E € M, it is a positive
measure. 0

Lecture 22 — Tuesday, March 01, 2016

Recall that if v is a signed or complex measure on (X, M), then its total variation is given by
n n
lv|(E) = sup {Z vW(E)|: E=|JEi, Ei€ M, E;NEj =0 for i ;Aj} .
i=1 i=1

By Theorem 21.8, |v| is a positive measure on (X, M). For signed measures, Lemma 21.6 identifies
the total variation explicitly as |[v| = vt +v™.

Theorem 22.1 If v is a complex measure, then |v| is finite. J

Proof. The real and imaginary parts of v are finite signed measures, so their total variations are
finite. If F1,..., E, partition X, then

Z W(EN] <Y (1Re()(E:)] + [ Im(v)(E))]) < |Re()](X) + | Im(1)|(X) < co.

Taking the supremum over finite partitions gives |v|(X) < oco. O

Definition 22.2 For a complex or signed measure v, define L'(v) = L'(X, |v|). That is,
f € L'(v) if and only if
/ fldly] < oo,
X

If v is complex and f € L'(v), then

/fduz/dee(y)—i—i/dem(u).
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Fact 22.3 If v and w are two complex measures and f € L'(v) N L' (w), then f € L'(v +w),

and
/fd(u+w):/fdu+/fdw.

Proof. Since |v+ w| < |v| + |w],

/X|f|d|u+wrg/X|f|dru|+/X|f|d|w|<oo,

/fd(l/+w)=/fd1/+/fdw

by linearity of the integral with respect to positive measures. O

so f € L'(v +w). Also,

Definition 22.4 Let v be a signed or complex measure, and let 4 be a positive measure.
We say that v is absolutely continuous with respect to w if, for every E € M, u(E) =0
implies v(E) = 0. In this case, we write v < p.

Proposition 22.5 Let v be a signed or complex measure, and let ¢ be a positive measure.
Then v < p if and only if |v| < p.

Proof. Forward implication. Suppose v < u, and let E € M satisty u(E) = 0. If Ey,..., E, is
a measurable partition of E, then u(E;) = 0 and hence v(E;) = 0 for every i. Therefore,

S (B =o.
i=1

Taking the supremum over all finite measurable partitions of E gives |v|(E) =0, so |v| < pu.

Reverse implication. Suppose |v| < p. If u(E) = 0, then |v|(E) = 0. Since |v(E)| < |v|(E), we
get v(E) = 0. Hence v < p. O

101



PMATH 451 MEASURE AND INTEGRATION WINTER 2016

Example 22.6 Suppose j is a positive measure and f € L'(u). For E € M, define

v(E) = /E Fdp.

Then v is a complex measure. Also, v < u. Note that the expression

v(E) = /Efdu

is often written as dv = fdpu.

Theorem 22.7 Let v be a complex measure and let 4 be a positive measure on (X, M).
Then v < p if and only if, for every € > 0, there exists 6 > 0 such that, for every F € M,

u(E) <d = |V|(E) <e.

. J

This is vaguely reminiscent of the -6 definition of continuity for functions. That is not a coin-
cidence! In fact, if we view v as a function from M to C, then the condition in Theorem 22.7
is precisely the -0 definition of continuity of |v| at the point @), where M is equipped with the
pseudometric d(E, F) = p(EAF). Consequently, v itself is continuous at () with respect to this
pseudometric because |v(E)| < |v|(E) for every E € M.

Proof. By Proposition 22.5, it suffices to prove the result when v is a finite positive measure.

Forward implication. Assume v < p, and suppose the §-¢ condition fails. Then there exists gg > 0
such that, for every n € N, there exists F,, € M satisfying

p(E,) <27" and v(Ey,) > ep.

Set, — -
E=limsupE, = [ | B

n—o0 n=1k=n

Since v is finite, continuity from above gives

n—00 n—o00

v(E)= lim I/(U Ek> > limsup v(E,) > €p.

k=n
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On the other hand,
o o0
M(U Ek) S Z 2—k — 2—TL+1‘
k=n k=n

Therefore,

w(E) = lim “(U Ek> < lim 27" =0,

n—00 n—00
k=n

Thus p(E) = 0 but v(E) > €9, contradicting v < p.

Reverse implication. Assume the d-¢ condition. If E € M and pu(E) = 0, then v(F) < ¢ for every
e > 0. Hence v(F) =0, so v < p. O

Corollary 22.8 Let p be a positive measure and let f € L'(X, ). For every ¢ > 0, there
exists > 0 such that, for every E € M,

M(E)<5:>/E|f|d,u<e.

Proof. Define the finite positive measure 7 by

n(E) Z/Elfldu-

Then n < p, so the result follows from Theorem 22.7. g

Lecture 23 — Thursday, March 03, 2016

Theorem 23.1 (Lebesgue—-Radon—Nikodym theorem) Let u be a o-finite positive
measure on (X, M), and let v be either a signed measure whose total variation is o-finite or
a complex measure. Then the following hold:

1. There exist unique measures A and p of the same type as v such that A L u, p < pu,
and ¥ = A + p. In the signed case they are o-finite.
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2. If v is signed, there exists a measurable function f : X — R such that either

/f+du<oo
X

/ fdp < oo,
X
and dp = fdu. If fi and fs both have this property, then f; = fo p almost everywhere.

or

3. If v is a complex measure, there exists a unique f € L'(X, u) with dp = f dpu.

The decomposition separates the part of v visible to p from the part concentrated on a p-null set,

as summarized in Figure 10.

singular part absolutely continuous part
supported on a p-null set dp= fdu

FiGURE 10

Lemma 23.2 Suppose p and v are finite positive measures. FEither v 1 p, or there exist
e >0and E € M such that pu(E) > 0, v(E) > 0, and
v(F) > eu(F)

for every F' € M with F' C E. Equivalently, E is positive for the signed measure v — ep.

Proof. For each k € N, let (Py, N;) be a Hahn decomposition for the signed measure v — k= p.
Set

P:Ejpk and N:ﬁNk.
k=1 k=1

If u(Py) > 0 for some k, then Py is positive for v — k~!u, and the conclusion holds with ¢ = 1/k
and E = Pj. Thus assume p(Py) = 0 for every k. Then p(P) = 0.
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It remains to show that v(IN) = 0. Since N C Ny, for every k and N}, is negative for v — k=11,

0<u(N) < p(N) < 2 p(X)

for every k. Letting k — oo gives v(N) = 0. Therefore P and N witness v L pu. O

Proof of Theorem 23.1. Assume first that p, v are finite, positive measures. Let
F={f:X —[0,00] : f is measurable, / fdu <v(E)for all E € M}.
E

The class F is nonempty because 0 € F. If f,g € F, then h = max{f, g} also belongs to F.
Indeed, with A = {z € X : f(z) > g(x)}, for every E € M we have

/hdu:/ hd,u+/ hdu
E ENA E\A

= fdu+ / gdu
ENA E\A

<v(ENA)+v(E\A)
=v(E).

Also, if f1 < fo < .-+ are functions in F and f = lim,,,« fn, then f € F, since the monotone

convergence theorem gives
[ rau=tim [ fudu<ue)

Let
a:sup{/deu:fE}"}.

Choose a sequence (f,)o2; C F such that

/ fndu — a.
X

Replacing f, by max{fi,..., fn}, we may assume f; < fo < ---. Set f = lim, o0 frn. By the
preceding paragraph, f € F, and

/fd,u: lim fndp =a.
X n—oo X
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Define p by dp = f du, that is,
o(E) = [
E

for F € M, and set A = v — p. Since f € F, the measure X is positive. We have p < p and
v=A+p.

It remains to show that A L u. If not, the preceding lemma gives € > 0 and F € M such that
w(E) >0 and E is positive for A — ey. Then, for every A € M,

EAU+QMMM=MAHfMAﬂEhﬂ¢®+AMﬂEUSM@+%QU=WA)
Thus f+elg € F. But
/(f+€-]1E)du:/fdu+£,u(E) > a.
This contradicts the definition of a, so A L pu.

Now assume that ; and v are o-finite positive measures. Choose a measurable partition (Z3)32
of X such that

oo
X = Zk, 1(Zk) < 00, v(Z) < 0.
k=1

For each n, define finite positive measures
pn(E) = pu(ENZy,) and vn(E) =v(ENZy,).

Applying the finite case gives A, L pn, pn < tn, Vn = An + pn, and a nonnegative measurable
function f,, supported on Z,, such that dp, = f, du,. Set

)\:Z)\mpzzpmf:z:fn-
n=1 n=1 n=1

Then v = A + p by countable additivity on the partition (Z,). Also p < u, because u(E) = 0
implies puy,(E) = 0 for every n, hence p,(F) = 0 for every n. To see A L u, for each n choose
A,, € M such that p,(A,) =0 and A\ (X \ An) = 0. Let A =U,2 (4, N Z,). Then p(A4) =0
and A(X \ A) =0,s0 X L p.

Finally, for every E € M,
/Efdu - Z/Efndu =S pu(EN Z,) = pl(B)
n=1 n=1
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by the monotone convergence theorem. Thus dp = f du.

If v is signed, apply the positive case to v and v~. If v is complex, apply the signed case to
Re(v) and Im(v). The uniqueness statements are proved in Theorem 24.2. O

Lecture 24 — Friday, March 04, 2016

In Theorem 23.1, we proved existence of the Lebesgue-Radon—Nikodym decomposition
dv =dX+ fdu

when p is o-finite and positive and v is signed or complex. We now prove uniqueness.

Lemma 24.1 Let p be a signed or complex measure, and let p be a positive measure. If
p L pand p < p, then p = 0.

Proof. Choose disjoint measurable sets E and F' with EUF = X, p(E) = 0, and [p|(F) = 0.
Since p < p, Proposition 22.5 gives |p| < p, so |p|(E) = 0. Therefore |p|(X) = 0, and hence
p=0. O

Theorem 24.2 (Uniqueness in the Lebesgue—Radon—Nikodym theorem) Assume
u is a o-finite positive measure and v is a signed measure whose total variation is o-finite or
a complex measure. Suppose

dv =d\ + fidp =dX + fodu

are two decompositions as in Theorem 23.1. Then \; = Ao and f; = fo p-almost everywhere.

Proof. We first handle the case in which p and |v| are finite. Choose a p-null set A; supporting
Ai. Then the absolutely continuous part vanishes on A;, while A\; vanishes on A§. Consequently,
A; and f; dp are restrictions of the finite measure v to disjoint pieces, so both are finite. In the
signed case, finiteness of f;du on the sets {f; > 0} and {f; < 0} shows that [ ;" dp and [ f; du
are finite. In the complex case, f; € L'(u) is already part of Theorem 23.1. Thus f1, fo € L*(p)
in either case.
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Now,
d(A1 = A2) = (fe — f1) dp.

The measure A\; — A9 is both mutually singular with respect to u and absolutely continuous with
respect to u. By the preceding lemma, A\; — Ay = 0, so A\; = Ao. Hence

/(f2 —f1)dp =0
E
for every F € M. Set g = fo — f1. If g # 0 on a set of positive measure, then one of the sets
{Re(9) >0}, {Re(g) <0},  {Im(g) >0},  and  {Im(g) <0}
has positive measure. For instance, suppose A = {Re(g) > 0} has positive measure. Let
E,={x € X :Re(g(z)) > 1/n}.

Since A = J;2 | Ey, there exists n such that p(E,) > 0. Then

Re(/ngdu> = /nRe(g) dp > %M(En) >0,

contradicting [ g, 9du = 0. The other three cases are identical. Therefore ¢ = 0 p almost
everywhere, so fi = fo p almost everywhere.

For the general case, choose a measurable partition (X,)5; of X such that
w(Xp) < oo and lv[(Xy) < 00

for every n. If
dv =dA + fidp = d g + fodp,

then for every £ € M,

v(ENX,) =M(ENX,) +/ fridp
ENX,

= )\Q(E N Xn) + / faodu.
ENXy,

By the finite case, A1 (E N X,,) = A2(E N X,) and

/ Jfidp = / fadu.
ENX,, ENXn
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Therefore, for every E € M,
ME) =Y MENX,) =) X(ENX,)=X(E);

that is, Ay = A9. Also,
/flﬂXndHZ/fﬂandM,
E E

so filx, = falx, p almost everywhere for every n. Hence

A=) hlx, => flx, = fo
n=1

n=1

Definition 24.3 If ;4 and v are o-finite, with p positive and v signed or complex, then the
decomposition v = A+ p, where A L p and p < p, is called the Lebesgue decomposition
of v with respect to u. If v < u, the function f satisfying dv = fdp is called the Radon—
Nikodym derivative of v with respect to . We often write

dv dv

f i an v i 1

Proposition 24.4 If v; < p and v9 < p, then (v + v2) < p and

Ao +vs) _dv | dip
du ~ dp du

p-almost everywhere.

Proof. The absolute continuity (v + 1) < p follows immediately from v; < p and vo < p. It
is enough to show that, for every £ € M,

(u1~|—u2)(E’):/E<(j$~l—iV:)d

dV1 dl/2 / dV1 dV2
FE) = —d —d — 4+ — | dp.
-+ m)(E) = n(E) () = [ Praws [ Pan= [ (P92 )an

The result follows from uniqueness of the Radon—Nikodym derivative. O

But
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The plan now is to prove the corresponding formula for total variation: if v is a complex measure,
 is a positive measure, and v < pu, then |v| < p and

dv

dv| _djy|
dp

=

p-almost everywhere. But it will take some work.

Lemma 24.5 IfY/ C Cis open, then there are sequences (z,)5°; € C and (r,)52; C (0, 00)
such that, if
Bn:{ZEC:‘Z*ZrA Srn}a

then each B, C U and |J;2, B, =U.

Proof. Consider all closed balls

B(q,r)={2€C:|z—q| <r},

where ¢ € Q +iQ, r € Q0, and B(q,7) C U. This family is countable. It also covers U: if z € U,
choose § > 0 with Bs(z) C U, then choose ¢ € Q+iQ close enough to z and a rational r such that

|z —ql<r<d—|z—gq|

The resulting closed ball contains z and lies in &/. Enumerating these balls proves the claim. O

Lemma 24.6 Suppose y is a finite positive measure on (X, M), and f € L' (X, u). Assume

S C C is closed, with
1

— [ fdues
u(E) /E
for every E € M with pu(F) > 0. Then f(z) € S for u almost every = € X.

Proof. If S = C, there is nothing to prove. Otherwise fix z € C\ S and r > 0 with B={2' € C :
|2/ — 2| <r} CC\S. Set E = f~}(B) and assume for a contradiction that u(FE) > 0. For z € E,
|f(xz) — z| <r. Now,

‘@/Efdu—Z‘=‘@/E(f—Z)du‘S@/Elf—dduﬁr-
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So
1

a contradiction. So u(f~(B)) = 0 for all closed balls B C C\ S. By Lemma 24.5, u(f~1(5¢))
0.

0O

Proposition 24.7 If v is a complex measure, then v < |v| and

dv
dv]

|v|-almost everywhere.

Proof. The absolute continuity v < |v| follows immediately from the inequality |v(E)| < |v|(E).

Let
dv

~df
We first show that |h| > 1 |v| almost everywhere. Fix n € N and set

E,={zxeX:|h(z)|<1-1/n}.

Let Aq,..., Ax be a finite measurable partition of E,. Then

k

k
) =31 [ nap
k
<§;Ammw
1 k
<(1-2) 3wy
(0%

_ <1 _ i) WI(E,).

Taking the supremum over all finite measurable partitions of FE,, gives

B < (1- 1) W)

so |v|(Ey,) = 0. Since {|h| < 1} = J,—, En, we have |h| > 1 |v| almost everywhere.
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We next show that |h| <1 |v| almost everywhere. For every E € M with |[v|(E) > 0,

1
1 = g <

By Lemma 24.6, applied with S = {z € C: |z| < 1} and the measure |v|, we get |h| < 1 |v| almost
everywhere. Therefore |h| = 1 |v| almost everywhere. O

Lecture 25— Tuesday, March 08, 2016

Theorem 25.1 Let v be a complex measure and let u be a positive, o-finite measure on
(X, M) such that v < p. Then |v| < p and

dv

dv|_ div|
dp

dp

1 almost everywhere.

Proof. By Proposition 22.5, v < p implies |v| < pu. By Proposition 24.7, there is a measurable
function h : X — C with |h| =1 |v| almost everywhere and

dv = hdy|.

Redefining h on a |v|-null set if necessary, we may assume |h| = 1 everywhere. Since |v| < p,

d
dv = hdly| = hﬂdu.
d
Therefore,
d d
Y dlv|
du du
w1 almost everywhere. Taking absolute values and using %:' > 0 u almost everywhere gives the
desired identity. O
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Differentiation and Bounded Variation

Definition 25.2 A family of Borel sets (E,),~o shrinks nicely to z € R if the following
hold:

1. We have E, C (z —r,z + r) for every r > 0.

2. There exists a > 0, independent of r, such that m(E,) > ar for every r > 0.

In particular,

Theorem 25.3 (Lebesgue differentiation theorem) Suppose f € L'(R,m). For m-
almost everywhere z € R,

li 1
11m
r—0t m(E,)

[ 176) = f@)] dm(w) =0
and

i
7"—1>I(I)1+ m(ET)

fly)dm(y) = f(x)
By

for all (E,),>0 shrinking nicely to z € R.

Proof. We prove the stated form from the usual interval form of the Lebesgue differentiation
theorem from PMATH 450. There is a null set N C R such that, for every z € R\ N,

x+r
fim o [ 1) F@)]dm(y) =0,

Fix such an z, and let (E,),>o be any family shrinking nicely to x. By definition, there exists
a > 0 such that E, C (z —r,z +r) and m(E,) > ar for every r > 0. Therefore

x+r
0< gy L 10— f@lamt) < = [ 15 - sl )
The right-hand side is
2 1 x+r d
o or . |f(y) = f(2)]dm(y),
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which tends to 0 as r — 0%. This proves the first limit. For the second limit,

1 1
Lmﬂdléﬂwmmw—f@)SWAE)/Jﬂw—f@ﬂmmw,
and the right-hand side tends to 0 by the first part. 0

Here is an important consequence of the Lebesgue differentiation theorem. Assume f € L'(R,m).

Define F : R — C by
F@=/ f(y) dm(y).
(700711

Set E, =[x,z + 7] for r > 0. Note that

f(z) = lim

r—0t m(Er) r—0+ T

. Flx+7r)— F(x
f(y)dm(y) = lim o) = P
Ey
for almost every x € R. For the left-hand derivative, take h > 0 and use the intervals (z — h, z].
Then Fle) - F( B
x)— F(x —
= i
=0 =%

for almost every x € R. Therefore F’ exists almost everywhere and F’' = f almost everywhere.
This is essentially the fundamental theorem of calculus for Lebesgue integrals (or at least the first
half). As for the second half, we will just have to wait and see.

Lemma 25.4 (Vitali covering lemma) Suppose C is a collection of open intervals in R
and let U = | J;ee L. If m(U) < oo, then there exist pairwise disjoint intervals Ji, ..., J, € C
with

Proof. Fix ¢ > 0. Choose a compact set K C U with
m(K) >m(U) —e.

Since C covers U, there exist I, ..., I, € C such that

n
KgUh
=1
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Choose J; from {Iy,...,I,} so that m(J1) > m(l;) for all . Having chosen pairwise disjoint
intervals Ji, ..., JJix_1, choose Ji from the remaining intervals that are disjoint from Ji,..., Jx_1
and have maximal length among all such intervals, if such an interval exists. Continue until no
more choices are possible. This produces pairwise disjoint intervals Ji, ..., Jp.

For each k, let J; denote the interval with the same center as J; and three times the radius. We
claim that

m
K<
k=1

It is enough to show that every I; is contained in one of the J;. If I; = Jj for some k, there is
nothing to prove. Otherwise, by maximality of the family Ji, ..., Jn,, the interval I; must intersect
at least one of them. Let k be the smallest index such that I; N Jy # 0. Then

LNnJ=LNJy=---=LNJp_1 =0
and therefore the greedy choice of Ji gives

Since I; intersects Ji and has length at most that of J, it follows that I; C J,;. This proves the
claim.

Consequently,

Letting € — 0% gives the result. O

Proposition 25.5 If v is a complex Borel measure on R with v 1 m, then for m almost
everywhere r € R,
i V(Er)
im

=0
r—0+ m(Er)

for any family (E,),-o shrinking nicely to z € R.
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Corollary 25.6 Let v be a complex Borel measure on R. Let dv = d\+ fdm where A L. m
and f € LY(R,m). Then for m almost everywhere x € R,

v(E,)
1m
r—0t m(ET)

= f(z)

for any family (E,),>o shrinking nicely to = € R.

Proof.

B AE) 1 [
l _ 1 d
S B ey T ey S T

=0+ ()

for m almost everywhere z € R, by Proposition 25.5 and the Lebesgue differentiation theorem. [

+ we may assume without loss

Proof of Proposition 25.5. By considering Re(v)* and Im(v)
of generality that v is positive. Since v L m, there exists a Borel set A C R such that »(R\ A) =0

and m(A) = 0.

If (E})r>o shrinks nicely to x, then for some a > 0 independent of r we have m(E,) > ar and
E. C (x —r,z +r). Therefore

v(Ey) < vix —r,x+r)

m(E,) — ar ‘

Thus it suffices to prove that

vz —r,x+r) 0
r

for m almost everywhere x € R.

For each k € N, define

— 1
Dk:{meR;nmsupW>}.
r—0t r k

It is enough to show that m(Dy) = 0 for every k. Fix k, ¢ > 0, and M € N. By inner regularity,
choose a compact set K C A such that

v(R\K) <e.

In particular, m(K) = 0.
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For every x € (D N [-M, M]) \ K, choose 7, > 0 so small that r, < 1, the interval
I =(x—rg,x+ry)

is disjoint from K, and

Set

z€(DpN[—M,M))\K

The set V lies in (—M — 1, M + 1), so it has finite Lebesgue measure. Applying Lemma 25.4 gives

finitely many pairwise disjoint intervals I, ..., I from this collection such that
al 1
Zm(]i) > gm(V)

Each [; is disjoint from K, so v(I;) = v(I; \ K). Hence
<22n<2kz ) < 2kv(R\ K) < 2ke.
Therefore

m(Dg N [—M, M]) <m(K)+m(V) < 6ke.
Since € > 0 is arbitrary, m(DyN[—M, M]) = 0. Letting M — oo gives m(Dy) = 0, as required. O

Lecture 26 — Thursday, March 10, 2016

Functions of Bounded Variation

Definition 26.1 Let F': R — C be a function. Define T : R — [0, oo] by

n
x):sup{Z|F(aji)— sz 1)| —00 < g < - <SCn::C}.
=1
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The value Tr(z) is the total variation of F up to x. It measures how much oscillation

the function has on (—oo, z].

Proposition 26.2 T is increasing.

Proof. If x <y, fix
o< - <Tp=2x.

Then

D |F(xi) = F(zio1)| <Y |F(2:) = Fai)| + [Fly) — F()| < Tr(y).
i=1 i=1

Observe that Proposition 26.2 implies that Tr(00) = limy_,00 T ().

Definition 26.3 The quantity Tr(c0) is called the total variation of F'. We say that F
has bounded variation if Tr(c0) < co. We denote

BV :={F:R— C:Tp(c0) < c0}.

Definition 26.4 Given F' : [a,b] — C, the total variation of F' on [a,b] is

sup{Z|F(aci)—F(:ci_1)|:a::c0<---<xn:b},
i=1

Moreover, we denote by BV ([a,b]) the set of functions F : [a,b] — C such that the total

variation is finite.

.

.

For a real-valued F', Figure 11 depicts the sum associated with one partition. Refining the partition
may increase this sum; the supremum over all partitions is the total variation.

Proposition 26.5 If F' € BV and G = F,4), then G € BV ([a,b]), and the total variation
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To<m <o <as B |F(x;) — Fzin)]
=1

FIGURE 11

of G is Tp(b) — Tr(a). Conversely, if G € BV ([a,b]), define F': R — C by

G(a), z<a,
F(z)=(¢G(x), a<x<b,
G(), b<uwz.

Then F' € BV and F has the same total variation as G, since extending functions by
constants does not add any variation.

We use these facts to regard BV ([a, b]) as a subspace of BV, despite the mild abuse of notation.

Proof. Let V|, (G) denote the total variation of G on [a, b].
First suppose that I’ € BV and G' = F[(,. Fix a partition

a=zo<x1 <" <xp=>=

If
Y<n<-<Yn=a

is any partition ending at a, then concatenating the two partitions gives

> |E(y5) = Flyj-1)| + |G (@) = Glzi-1)| < Tr(b).
j=1 i=1
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Taking the supremum over all such partitions ending at a gives
n
Tr(a)+ Y |G (zi) — G(zi-1)| < Tr(b).
i=1

Hence V|, 4)(G) < Tr(b) — Tr(a).

For the reverse inequality, let € > 0. Choose a partition
p<n<---<zy=b

such that

N
Z |F(zj) — F(zj—1)| > Tr(b) —e.

Inserting the point a into this partition, if necessary, can only increase the corresponding sum.
The part of the resulting partition lying at or below a contributes at most Tr(a), and the part
from a to b contributes at most V|, (G). Therefore

TF(b) —e< TF(CL) + Vv[aﬂ(G).
Letting € — 07 gives Tp(b) — Tr(a) < Vi (G), so the two quantities are equal.

Conversely, suppose that G € BV ([a,b]) and extend it to F' : R — C by constants outside [a, b].
Any variation of F' on (—o00,00) occurs on the interval [a,b], since F' is constant on (—oo, a] and
on [b,00). Thus every partition for I has total variation at most Vi, ;(G), while every partition
of [a,b] is also a partition for the extended function. Hence

Ti(00) = Vi) (G) < 0.

Therefore F' € BV, and F has the same total variation as G. O

Example 26.6 Let F': R — R be given by F(x) = sinz. This function has infinite total
variation on R, so F' ¢ BV. However, F' € BV ([a, b]) for every finite interval [a, b].

Example 26.7 Let F(x) = sin(1/z) for > 0. By choosing partition points at successive
maxima and minima of F', we see that F' ¢ BV (]0,¢]) for every € > 0. On the other hand,
F € BV ([e,0)) for every € > 0.
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Example 26.8 Let F(z) = xsin(1/x) for > 0, and set F(0) = 0. Then F' is contin-
uous, and indeed uniformly continuous, on [0,b] for every b > 0. However, the successive

oscillations have sizes comparable to 1/n as x — 0, so the total variation diverges and
F ¢ BV([0,b]) for every b > 0.

Proposition 26.9 If F': R — R is bounded and increasing, then F' has bounded variation.
Moreover, Tp(z) = F(x) — F(—00).

Proof. Since F'is bounded and increasing, the limits F'(—oo) and F(co) exist and are finite. Fix
reR.If
xo <o < Ty =7,

then the sum telescopes:

n

D |F(i) = F(zio1)| =Y (F(x:) = F(zi-1)) = F(a,) — F(z) = F(z) — F(x0).
i=1

=1

Since F(—o0) < F(xp), this gives

S |F(ai) = Flaio)| < Fla) — F(—00).
=1

Taking the supremum over all partitions ending at x, we obtain

Tr(z) < F(z) — F(—00).

Conversely, let € > 0. By the definition of F'(—00), there exists xg < x such that
F(z9) < F(—00) +¢.
Using the partition zg < =, we get
Tr(x) > F(x) — F(xg) > F(z) — F(—00) — €.

Letting e — 0% gives Tr(z) > F(z) — F(—00). Hence
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for every z € R. Finally,

so F' has bounded variation. O

Proposition 26.10 If F : [a,b] — C is differentiable on (a,b) and F’ is bounded on (a,b),
then F' € BV{a,b).

Proof. Fix M > 0 with |F'(x)| < M for z € (a,b). Given a partition
a=x9< -+ <y =>0,
for each ¢ choose o; € C with || =1 and
o (F(z;) — F(zi—1)) = |F(x;) — F(zi-1)].
Apply the real mean value theorem to the real-valued function Re(a; F'). For some ¢; € (x;—1,x;),
|F(x;) — F(xi—1)| = (2, — wi—1) Re(a; F'(¢;)) < M (x; — x2i-1).

Summing over ¢ gives total variation at most M (b — a), so F' € BV]a,b). O

Proposition 26.11 If F,G € BV and a € C, then FF+ G € BV and oF € BV. In
particular, BV is a vector space.

Proof. If
To < - <Xy =21,

then
Z](F—FG)(&:Z —(F+G)(i_1)] gz (2;) le|+Z\Gx, G(zi1)| < Tr(z)+Ta(z).

Taking the supremum over all partitions ending at x gives

Trio(w) < Tr() + To(w).

In particular, Tryg(00) < Tr(c0) + Tp(00) < 00, so F'+ G € BV. Similarly, if a = 0, then aF is
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the zero function, which is in BV. If a # 0, then
n n
D @F)(xi) = (aF)(zimy)| = lal Y |F(2i) = Flzio)| < [a|Te(x).
i=1 i=1
Taking the supremum over all partitions ending at x gives
Tor(z) < |a|Tp(x).

In particular, Tpr(o0) < |a|TF(o0) < oo, so aF € BV. Thus BV is closed under addition and
scalar multiplication, so BV is a vector space. 0

Proposition 26.12 For a real-valued F' € BV, there are unique bounded, increasing
functions Pr, Nr : R — R such that

Ppr— Np=F and Pr+ Np =TF.

These functions are called the positive and negative variations of F', and F' = Pr — Np
is called the Jordan decomposition of F.

Proof. Uniqueness follows immediately from
1 1
PF:§(TF+F) and NFZQ(TF_F)

For existence, define Pr and Np by these formulas. It remains to show that they are bounded
and increasing. Fix ¢ < y and € > 0. Choose a partition

Ty < <Tp=w
with "
Tr(z) < Z |F(z;) — F(xi_1)| +e.
Then h
2Pp(y) — 2Pp(x) = Tr(y) + F(y) — Tr(z) — F(z)

> |F(wi) = F(wia)| + [F(y) = F(z)| + F(y) - F(x)
i=1
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=Y |F(zi) = Flai)| -
=1

=|F(y) — F(z)| + F(y) — F(z) —¢
> —¢.

Letting ¢ — 07 gives Pp(y) > Pr(x). The same argument applied to Tr— F gives Ng(y) > Np(x).
Finally, Pr and N are bounded because F' and T are bounded. O

Proposition 26.13 F € BV if and only if Re(F),Im(F) € BV.

Proof. Forward implication. If F' € BV, then for every partition,
" [ Re(P(e:) — Re(F(zi-1)| < 3 [F(wi) — F(io)l,
i i
and the same inequality holds for the imaginary part. Hence Re(F),Im(F) € BV.

Reverse implication. If Re(F'),Im(F') € BV, then
|F (i) = F(zi1)| < [Re(F (i) — Re(F(2i-1))| + [ Tm(F(2;)) — Im(F (zi-1))]-

Taking suprema over partitions shows F' € BV. 0

Lecture 27— Friday, March 11, 2016

Proposition 27.1 For F': R — C, the following are equivalent:

1. We have F € BV.
2. The function F is a C-linear combination of bounded increasing functions R — R.

3. There exist bounded increasing functions FY, Fb, F5, Fy : R — R such that F = F} +
iFy — F3 — iFy.
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Proof. (1) implies (3). By Proposition 26.13, the functions Re(F') and Im(F') both belong to
BV. Applying Proposition 26.12 to these real-valued functions, there exist bounded increasing
functions F1, Fy, F3, Fy : R — R such that

RG(F) :F1 —F3 and Im(F) :F2 —F4.

Therefore
F = Re(F) —I—ZII’II(F) =F +iF, — F3 — iFy,
so (3) holds.

(3) implies (2). This is immediate, since the representation in (3) expresses F' as a C-linear
combination of bounded increasing functions R — R.

(2) implies (1). Write
F=a1Gi+ -+ a,Gy,

where a1, ...,a, € C and each G : R — R is bounded and increasing. By Proposition 26.9, each
G belongs to BV. Since BV is a vector space by Proposition 26.11, it follows that /' € BV. [

Theorem 27.2 Given F' € BV, the set of discontinuities of F is countable (or finite).

Remark 27.3 Given a finite or infinite sequence of distinct points (x,,))_;, where N may

n=1»
be finite or infinite, define F' : R — C by

Fla) = {2_" T =y

0 x;&xnforanyn'

Then F' € BV and the discontinuities of F' are exactly {z1,z2,... }.

Proof of Theorem 27.2. By Proposition 27.1(2), it suffices to prove the result when F' is in-

creasing. Then
F(z™) = lim F(y) and F(z™)= lim F(y)

y—xt Y=z~

exist for every x € R, and F(x~) < F(x%). Moreover, F is continuous at z if and only if
F(z7) = F(z™). Let
S={zxeR:F(z7)#F(z")}.
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For each x € S, choose a rational number
q(z) € (F(27), F(a™)).

If z,y € S and z < y, then monotonicity gives F(z%) < F(y~), so the intervals (F(z™), F(z™))
and (F(y~),F(y")) are disjoint. Hence q(x) # q(y). Thus ¢ : S — Q is injective, so S is
countable. m

Lemma 27.4 If F € BV, then F(z™) exists for all z. If G(z) = F(a™), then G is right
continuous and G € BV.

Proof. It suffices to prove the claim for bounded increasing functions and then apply it to the
linear-combination representation in Proposition 27.1(2). Assume, then, that F is increasing and
bounded. The limit

G(z) = F(zT) = inf F(t)

t>x

exists for every z. Fix z € R and € > 0. Choose z > z such that F\(z) — G(z) <e. lfz <y < 2,
then
0<G(y) —G(z) < F(z) — G(x) < e.

Hence G is right-continuous. It is also bounded and increasing, so G € BV by Proposition 26.9.
Linear combinations preserve right-continuity and bounded variation, which proves the general
case. O

Combining Proposition 25.5 with the Lebesgue differentiation theorem, if p is a complex Borel
measure on R and

dp =dA+ fdm, A Lm, and feL'(R,m),

then

. p(Er)
1
r0+ m(E,)

= f(z)

T
for m-almost every x € R and every family (E,),~o shrinking nicely to x, for example E, =
(x —r,x+r].

Theorem 27.5 If FF € BV and G(z) = F(a™), then F and G are differentiable almost
everywhere, and F’' = G’ almost everywhere.
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Proof. By the Jordan decomposition reduction in Proposition 27.1(3), it suffices to prove the
result when F' is bounded and increasing. Then G is bounded, increasing, and right-continuous,
so there is a finite positive Borel measure v on R such that

v((a,b]) = G(b) — G(a).
For r > 0,

Glr+r)-G@)  v(z,z+r]
r m(z,z+r]

and the analogous formula for » < 0 uses the interval (z + r,z]. By the Lebesgue differentiation
theorem, these one-sided quotients converge to the same value for m-almost every x. Hence G’
exists almost everywhere.

It remains to show that H' = 0 almost everywhere for H = G — F. The function H is supported on
the discontinuity set of F', which is countable by the preceding theorem. Let (x,))_; enumerate
the set {x € R: H(x) # 0}, where N may be finite or infinite. We first show that

N
Z H(zy,) < 0.
n=1

If N < oo, there is nothing to prove. Otherwise, fix Ny € N and choose points
ag < ayp <az <---<an,
such that each interval (a;, a;11) contains exactly one of x1,...,xn,. If 2; € (a;,a;41), then

H(zj) = F(z]) — F(z;) < Faiy1) — F(a).

Therefore,
Ny Ny
D H(zj) <) (Flai) = F(a;)) = Flay,) = F(ag) < F(o0) = F(—00)
7=1 =1

Letting Ng — oo gives

o
Z H(x,) < 0.
n=1

Define a finite positive Borel measure A by

ANE)=> H(x)

zel
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where the sum is over the countable support of H. Then, for every r # 0,

Az +r) - H@)| _y Mz |rl,z +rl])

r m(lx —r|,z +[r[])

The measure A is singular with respect to Lebesgue measure, so the singular part of the Lebesgue
differentiation theorem implies that the right-hand side tends to 0 for m almost every x. Thus
H' = 0 almost everywhere, and consequently F’ = G’ almost everywhere. O

Example 27.6 Let fo(x) =z on [0, 1], and define f,4; recursively by

1 1

1 1 2
n = a) o S S a9
frt1(2) 5 g <T<g

1 1 2

a adn _2 ) o S S 1

(3 To/nBr =2, 3=

Then f = lim, o fn exists and is continuous and increasing. Thus f € BV and f’ exists
almost everywhere. In fact, f/ = 0 almost everywhere, while f(0) = 0 and f(1) = 1. This is
the infamous Cantor function, and it shows that an increasing function can have derivative
zero almost everywhere without being constant. More generally, poorly behaved functions
can still have very nice derivatives (almost everywhere).

Lecture 28 — Tuesday, March 15, 2016

Proposition 28.1 If F' : R — R is right-continuous and of bounded variation, then
Tr(—o00) = 0 and T is right-continuous, where

n
TF(l‘) = sup Z’F(tj) —F(tj_l)‘ o< <tp =1
j=1

Proof. To see that Tp(—00) =0, fix ¢ > 0. Let 29 < --- < x,, be in R with
n
D |IF(z)) = F(zj-1)] > Tr(co) — e
j=1
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Fix y < zp. We claim that Tp(y) < e. Let
o< ---<tp=y

be given. Then

n

k
Z!F(tj)— (tj-1) Z\F tj) = F(ti-0)| + [F (o) = F(y)| + Y |F(x;) = F(zj-1)|

j=1

— [F(z0) = F(y)| — Z |F () = F(xj-1)]

< Tp(oo) — 0 — (Tp(oo) — )

For right-continuity, fix € R and set

L =1limTr(y),
ylx
which exists because T is increasing. Consider any partition of [z, y], and let ¢ be its first point
after x. The first increment is |F(t) — F'(x)|, while all remaining increments sum to at most
the variation on [t,y]|, namely Tr(y) — Tr(t). Taking the supremum over partitions and using
Tr(t) > L gives
Tr(y) —Tr(z) < sup |F(t) = F(z)|+Tr(y) — L.

<ty
As y | z, the supremum tends to 0 by right-continuity of F', and Tr(y) — L. Hence L < Tp(x).
Monotonicity gives the reverse inequality, so L = Tr(x) and T is right-continuous at x. O]

Definition 28.2 A function F' : R — C has normalized bounded variation, written
F € NBV,if F € BV, F is right-continuous, and F(—o00) = 0.

Fact 28.3 If F € BV, define G: R — C by G(z) = F(z%) — F(—o0). Then G € NBV and
F’' = @’ almost everywhere.

Proof. The function G is right-continuous and satisfies G(—oc0) = 0. Also, G is of bounded
variation because G(x) — G(y) = F(z©) — F(y*) for z > y. Finally, G’ = F’ almost everywhere
by Theorem 27.5. O
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Theorem 28.4 If p is a complex Borel measure on R and
F(z) = p(—o00, 1),

then F' € NBV. Conversely, if I' € NBV , then there exists a unique complex Borel measure
pur such that
F(z) = pp(—o0, ]

for all x € R. Moreover, the correspondence F' <> pup is linear; if F' is real-valued with
Jordan decomposition F' = Pr — Ng, then

pp = ppp — Ny and  [pp| = g

Hence complex Borel measures on R are in vector space isomorphism with NBV.

Proof. Forward implication. We already know the result for positive measures: if ¢ is a positive
Borel measure on R, then the function

x — o(—00,x]
is increasing, right-continuous, vanishes at —oo, and therefore belongs to NBV.

Now write the complex measure p as
po=p1— p2+i(ps — pa),
where each p; is a positive Borel measure. Set
F(z) = pj(—o0, 2.

Each Fj lies in NBV, so
F=F —Fy+i(F3— Fy)

is of bounded variation, is right-continuous, and satisfies F'(—oc0) = 0. Hence F' € NBV.

Reverse implication. Let I € NBV. Apply the Jordan decomposition separately to the real and
imaginary parts of F":

RG(F) :Plle and Im(F):PQ*NQ,

where Py, N1, P>, N» are increasing right-continuous functions vanishing at —oco. For each of these
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functions there exists a unique positive Borel measure whose distribution function is the given
function. Denote these measures by op,,on,,0p,,0nN,, and set

urp =op, —on, +i(op, —on,)-
Then pr is a complex Borel measure and, by construction,
r(—o0,a] = F(x)
for all x € R.
Uniqueness follows because the half-lines (—oo, z] generate Bg. The linearity of the correspondence

is immediate from the construction. For real-valued F, the identities involving Pr, Ng, and Tk
follow from the corresponding statements for the Jordan decomposition of signed measures. [

Question 28.5 For F' € NBV, when do we have up L m or up < m?

If F € NBV, write dup = d\+ fdm for A\ L m and f € L'(R,m). The preceding differentiation
result gives F’ = f almost everywhere, so

dpp = dX + F' dm.

Corollary 28.6 upr L m if and only if F/ = 0 almost everywhere with respect to m. Also,
ur < m if and only if

F(x) = /:C F'(t)dt

for all z € R.

Proof. By the preceding discussion, there is a measure A 1 m such that

dpp = dX + F' dm.
By uniqueness in the Lebesgue—Radon—Nikodym theorem, we have prp L m if and only if the
absolutely continuous part £’ dm is zero. This holds if and only if F/ = 0 almost everywhere with

respect to m. This proves the first claim.

For the second claim, if ur < m, then again by uniqueness in Theorem 24.2 we must have A = 0,
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so dup = F'dm. Hence, for every z € R,

Conversely, suppose that
x
F(z) = / F'(t)dt

for every = € R. Define a complex Borel measure v by

v(E) = /EF’(t) dt.

Then v <« m, and for every x € R,

v(—o0,z| = /x F'(t)dt = F(x) = pp(—o0, x|

— 00

By the uniqueness in Theorem 28.4, it follows that v = pp. Therefore up < m. O

Definition 28.7 A function F': R — C is uniformly continuous if, for every € > 0, there
exists 0 > 0 such that |F(z) — F(y)| < € whenever z,y € R and |z — y| < 4.

A function F' : R — C is absolutely continuous if, for every € > 0, there exists § > 0 such
that, whenever (aq,b1),..., (an, b,) are disjoint intervals,

n

> (b —a;) <6=>_|F(bj) — Fla;)| <.

j=1 j=1

Theorem 28.8 For F' € NBV, F is absolutely continuous if and only if up < m.

Proof. Forward implication. Suppose pur < m. By Theorem 22.7, for every € > 0 there exists
0 > 0 such that
m(E) <6 = |ur|(E) <e

for every Borel set E C R. Let (a1,b1),..., (an,b,) be disjoint intervals such that

a1 < by <ag <by <--- < by,
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and set
n
U a;, b;

If Z?Zl(bj —a;) < 0, then m(E) < 6, and therefore

> IE(b;) — Flay) !—ZIMF ((a;, b)) < |url(E) <e.
j=1

Thus F is absolutely continuous.

Reverse implication. Suppose that F' is absolutely continuous. Fix E € Bg with m(E) = 0. Let
€ > 0 be given, and choose § > 0 such that

Yo lbj—ajl <6= ) |F(bj) ~ Flaj)| <e
j=1

j=1
for every finite disjoint family of intervals. Choose an open set U 2 E with m(U) < §. Write U
as a countable disjoint union of open intervals,

[e.e]

U = |J(ar, br).
k=1

Consider any finite family of pairwise disjoint half-open intervals (c;, d;] whose union lies in U.
Their total length is at most m(U) < 4, so absolute continuity gives

ZWF((% I—ZIF Flej)l <e.

Taking suprema first over interval partitions inside each component of U and then over finite
collections of components gives |up|(U) < e. Hence |up|(F) < |up|(U) < e. Since € > 0 was
arbitrary, |up|(E) =0, so up < m. O

Lemma 28.9 If F' is absolutely continuous on [a, ], then F' € BVa,b].

Proof. Apply the definition of absolute continuity with € = 1 to obtain § > 0. Choose points

a=thg<t1 <---<tp,=0b
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such that
tj — tjfl <9

for every j=1,...,n.

Now let
a=r9<x1 < - <Xy =2>

be any partition of [a, b]. Insert the points ¢y, ..., t,_1 into this partition. By the triangle inequality,
this can only increase the sum

> (i) = F(zi1)].
=1

It is therefore enough to consider the refined partition. For each j = 1,...,n, the subintervals of
the refined partition contained in [t;_1,¢;] are disjoint and have total length ¢; —¢;_1 < 6. Hence
absolute continuity gives

> P (ug) — Flug—y)| < 1
for the part of the refined partition lying in [t;_1,¢;]. Summing over j yields

m

> |IF(2;) = F(zio1)| < .

i=1

Since this bound is independent of the partition, the total variation of F' on [a, b] is finite. Therefore
F € BVia,b. O]

Theorem 28.10 (Fundamental theorem of calculus for absolutely continuous func-
tions) If
—o<a<b<oo

and F': [a,b] — C, then the following are equivalent:

1. The function F' is absolutely continuous.

2. There exists a function f € L!([a,b],m) such that

F(z) — F(a) = /xf(t) dt

for every x € [a, b].
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3. The derivative F' exists almost everywhere, F' € L!([a,b],m), and

Flz) - Fla) = / CP)dt

for every = € [a, b].

Proof. (1) implies (3). This follows by extending F' constantly outside [a, b], applying the pre-
ceding results for functions in NBV to the normalized representative, and then restricting back
to [a, b].

(3) implies (2). This is immediate by taking f = F".
(2) implies (1). Given € > 0, the absolute continuity of the integral gives 4 > 0 such that
m(E) <5:,/ f]dm < .
E

If (a1,01), ..., (an, bn) are disjoint subintervals of [a,b] with 377, (b; — a;) < J, then

n n b;
F(b;)— F(a;)| < dm = dm < €.
Z\ (b)) “‘”‘—;/aj |fldm /U fldm < e

?:1(ajvbj)

Thus F' is absolutely continuous. O

Lecture 29 — Thursday, March 17, 2016

5. Functional Analysis and Representation Theorems

Functional Analysis and L, Spaces

Let us start by recalling some real analysis.
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Definition 29.1 A norm on a complex vector space X is a function || - || : X — [0, 00) such
that the following hold:

1. ||z|| = 0 if and only if x = 0.
2. ||laz|| = |a| - ||x|| for every a € C and z € X.

3. llz +yll < ll=ll + lly|| for every z,y € X.

A norm induces a metric d : X x X — [0,00) where d(z,y) = ||z — y||. A pair (X,]-]|) is
called a normed space. It is a Banach space if X is complete with respect to || - ||, (that
is, every Cauchy sequence converges).

Example 29.2 The following are standard examples:

1. The space C" is a Banach space with the norm
@)l = (21> + -+ + |22,
2. If Q is a compact metric space, then
CQ)={f:92— C: fis continuous}

is a Banach space with the norm

|7l = max | £ (2)
3. If (X, u) is a measure space, then L'(X, i) is a Banach space with

171l = / 1l d.

Completeness of L' is nontrivial.

4. For 1 <p < oo,

LP(X,u)={f: X —>C: fis measurable,/\ﬂpdu < oo}
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with

1l = ( / 1P )P

is a Banach space. Proving the triangle inequality for || - ||, is nontrivial and relies on
the convexity of the function t — tP.

5. Define
L2(X,n) ={f:X — C: f is measurable and bounded}.

For f,g € L2(X, ), write f ~ g if f = g almost everywhere, and set
LX) = £5(X, )/ ~

Thus f € L*°(X,u) if and only if there exists M > 0 such that |f| < M almost
everywhere. This is a Banach space. The norm is

| flloo =inf{M > 0:|f| < M almost everywhere}.

For example, if f(x) = 0 for x # 1/2 and f(1/2) = 1, then || f|lc = 0 with respect to
Lebesgue measure.

6. Let Q be a compact metric space, and let M (€2) be the set of complex Borel measures
on Q. If ||u]| = |u|(Q), then M () is a Banach space.

Definition 29.3 If X is a normed space, given a linear functional f : X — C, define
£l =sup{|f(z)|: 2 € X, |lz|| <1 (or [|z]| = 1)}
We say that f is bounded if || f|| < co. The dual of X is

X*={f:X — C: f is linear and bounded}.

The dual space X* is always a Banach space.

Definition 29.4 If X and Y are Banach spaces, we say that X and Y are isometrically
isomorphic if there exists a bijective linear map 7' : X — Y such that |Tz|y = ||z||x for
every ¢ € X.

137



PMATH 451 MEASURE AND INTEGRATION WINTER 2016

Theorem 29.5 (Riesz representation theorem) Let (X, u) be a measure space and
let 1 < p < oo with 1/p+ 1/g = 1. Under suitable hypotheses, the dual of LP(X,u) is
represented by L9(X, ) through the map f +— £, where £ : LP — C is given by

Mm=/mw.

~

In particular, for o-finite measure spaces we have (L'(X,p))* = L®°(X,u), while
(L*(X,p))* is generally much larger than L'(X, p).

The dual pairing in this theorem is organized in Figure 12: a function in L? becomes a bounded
linear functional on LP by integration against its argument.

wewr

li(g) = /X fgdu evaluate at g

X

FIGURE 12

Theorem 29.6 (Riesz representation theorem) If ) is a compact metric space,
(C(Q))* = M(92). A measure p in M () corresponds to the functional C'(§2) — C,

fH/fM.

The Riesz in Theorem 29.5 and the Riesz in Theorem 29.6 were different Rieszes. The first theorem
is due to Frigyes Riesz, while the second is due to his brother Marcel Riesz.

We will prove these theorems later on. For the time being, (X, u) is a measure space and p is a
positive measure.

Definition 29.7 For 1 < p < oo, define

LP(X, ) = {f X —>C:fis measurable,/\f\p < oo}.
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where f = ¢ in LP if and only if f = ¢ almost everywhere. Define the LP-norm of f by

1/p
1l = </\f|pdu> .

Is the LP-norm a legitimate norm? We have ||0]|, = 0. If ||f|l, = O, then |f|? = 0 almost
everywhere, so f =0 in LP. For a € C,

1/p 1/p
lafl, = ( / \aflpdu> _ ( / \flpdu> — lal - If

It remains to prove the triangle inequality.

Definition 29.8 A function f : R — R is convex if, for all z,y € Rand 0 <t < 1
fltz+ (1 —t)y) <tf(z) + (1 -1 f(y)

Proposition 29.9 A function f: R — R is convex if and only if, for all s < ¢ < u in R,

f@) = f(s) _ flw) = [(t)
t—s - u—t
Proof. Write t = As + (1 — \)u, where
A=t
u—s

The convexity inequality for this choice is equivalent, after rearranging, to

@) = f(s) _ [w) = [(t)
t—s — u—t
The converse follows by reversing this algebra. O

Corollary 29.10 If f is differentiable, then f is convex if and only if f’ is increasing.

Proof. Apply Proposition 29.9 to the secant slopes and use the mean value theorem to compare
those slopes with values of f’. O
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Lemma 29.11 (Young’s inequality) If0 < A <1 and a,b> 0, then a*b'* < Aa+ (1 —
A)b.

Proof. If A € {0,1}, the result is equality. Now assume 0 < A < 1. If a = 0 or b = 0, the result
is immediate; otherwise a,b > 0. Since exp : R — R is convex,

a*b' ™ = exp (log (a)‘blf)‘> )

= exp (log (ak) + log (bl_A)>

= exp(Alog(a) + (1 — A)log(b))

< Aexp(log(a)) + (1 — A) exp(log(b))
= Xa+(1-\b.

Lecture 30 — Friday, March 18, 2016

Theorem 30.1 (Holder’s inequality) Let (X, ) be a measure space, and let 1 < p,q <
oo with 1/p+1/g=1.If f € LP and g € L9, then fg € L' and || fglx < ||fllpllgllq-

Proof. Casep=1,q=oo: then |fg| < |f]-|/g]lcc almost everywhere, and hence
Ifgllr < /\fl “Nglloo dpw =1 £11llglloo-
The case p = 00, ¢ = 1 is identical.
Case 1 < p < oo: If either norm is zero, then the corresponding function is zero almost everywhere

and the result is immediate. Otherwise, both norms are finite by hypothesis, so we may replace f
by f/lIlfllp and g by g/llgllq and assume [ ][, = llglly = 1. By Young’s inequality with A = 1/p,

gl = (IFIP)/P (191" < ;If!p + ;\glq-
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Integrating gives

1 1 1 1
/\fg\ dus / F q/\g\q =+ 2= 1=l

Theorem 30.2 (Minkowski’s inequality) For1 < p < oo, and f,g: X — C measurable,
1f 49l < 1fllp + lgllp-

Proof. When p = oo, |f + g| < || fllco + [|9]lcc almost everywhere, so || f + gllooc < || flloc + ||9]|0o-
When p =1,

I + gl =/\f+g| < /(\fl lah) = 11+ gl

When 1 < p < oo, the result is immediate if either || f]|, or ||g||, is infinite. Otherwise f,g € LP,
and the elementary bound
|+ gl < 227N + gl

shows that f + g € LP. If || f + g||[, = O there is nothing to prove. Otherwise,

f+glP=1f+gl-|f+glP T <Ifl-If+gP "+ gl |f+glP

Thus
I+ gl s/m ~ |f+g!”‘1+/|g! A+ g

By Hélder’s inequality, the right-hand side is bounded above by
1 1 1 Ha
I lplllf + gl Mg + Ngllplllf + 91"~ llq = (Ifllp + llgll) </|f+9|(p_ )q)

= (I£llp + lgll) ( s +g|p) v

= (Iflp + Nglip) I f + gl

Dividing by || f + g[[7/? gives || f + gllp < [Ifllp + lg]lp- O

With the triangle inequality finally established, we have the following corollary.

Corollary 30.3 LP is a normed space. ]

141



PMATH 451 MEASURE AND INTEGRATION WINTER 2016

We will show later that L? is a Banach space.

Proposition 30.4 Let (X, u) be a finite measure space. If 1 <p < oo and 1/p+1/q =1,
then the function ¢ : L? — (LP)* given by

emwz/mw

for f € L9 and g € LP is a linear injection satisfying ||¢(f)|| < ||f|lq- Moreover, every
w € (LP)* induces a complex measure

v(E) =w(1g).

Proof. We first show that £(f) € (LP)* for every f € L4. If g € LP, then fg € L' by Hélder’s
inequality, so ¢(f)(g) is defined. Moreover, for each g € LP,

()9l < /Ifgldu < 17 llqllgllp-

Thus [[L(F)] < [[fllg < 00, so £(f) € (LP)*.

The map £ is linear. Indeed, if f1, fo € L? and X\ € C, then for every g € LP,

AVHﬁmw=/Oﬁ+hmw

[ hgdu+ [ hgdu

= M(f1)(g) + £(f2)(9)
= (M(f1) +€(f2))(9)-

Hence £(Af1 + f2) = M(f1) + £(f2).

We next show that ¢ is injective. If f € L? and ¢(f) = 0, then for each measurable £ C X, the
function 1 belongs to LP because (X, u) is finite. Therefore,

OzfﬁﬂﬂE%=/iEfdu=:éfdw

/Efdu:O
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for every measurable E C X, so f = 0 almost everywhere and ker ¢ = {0}.

It remains to construct the asserted measure. Fix w € (LP)*. For each measurable E C X, define
v(E) =w(lg).
We first verify that v is a complex measure. If F, F' C X are disjoint measurable sets, then
VEUF)=w(lgur) =w(lg+1p) =w(lg) +w(lr) =v(E) + v(F)

so v is finitely additive. If Ey D Ey D --- are measurable and E = (2| E,, then u(E, \ E) — 0
because p(X) < oo. Also 1g, — 1g — 0 pointwise and |1g, — 1g| < 1. By the dominated
convergence theorem,

1/p
15, — sl = ( [ s, - 1E|pdu) LN

Thus 1g, — 1g in LP. Since w is continuous, w(lg,) — w(lg), so v(E,) — v(E). Finite
additivity together with continuity from above proves that v is a complex measure. O

Lecture 31 — Tuesday, March 22, 2016

Fact 31.1 If 1 < p,r < oo, then
1A Nl = (1115

Proof.

1/p 1/p
1A = ( / \f|’“pdu) _ < / \fl”’"du> 1

Proposition 31.2 If (X, ) is a finite measure space and 1 < p < ¢ < oo, then L? C LP.
In fact, for f € L9, we have

1Fllp < || £llqu(X) /P12,
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Proof. If p = g, the assertion is immediate. Suppose p < ¢ < oo and f € LY. Note that

pLa=P_
q q

L,

SO

12 = / 1= / 7P~ 1) < NP/l tan

by Hoélder’s inequality. The product on the right is

p/q
(117 a) ™ cote-s = izuco-»n

Thus ”f”p < ”f”qN(X)l/p_l/q~ When ¢q = oo,

1/p 1/p
1l = < / f|w) < ( [ste. du) oo (X2,

Proposition 31.3 If (X, u) is a measure space and 1 < p < oo, then
span{lg : F C X measurable and u(F) < oo}
is dense in LP. When p = oo,
span{1lg : F C X measurable}

is dense in L*°.

Proof. If p = oo, the simple approximation theorem gives simple functions s,, with

If— SnHoo —0

for every f € L. Each simple function belongs to the span of characteristic functions of measur-
able sets, so the claim follows.

Now suppose 1 < p < oo and let f € LP. There exist simple functions f,, such that f, — f almost
everywhere and

[ful < 1S
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for all n. Each f,, belongs to LP. Write it in canonical form as

Np,
§ Cn,i]lEn,i-
i=1
Thus the sets E,; are pairwise disjoint and the coefficients ¢, ; are distinct and nonzero. In
particular,
‘Cn7i|p]1En,i S ’fn|p7
o)

|cn,ilP (B i) < / | ful? dp < o0

Therefore p(E,y, ;) < oo, and each f;, lies in the stated span.

Finally,
’f - f n’p —0
almost everywhere, and

[f = fal? < (14 |£l)P < @UFDP = 27| fIP € L.

By the dominated convergence theorem, || f — fy||, = 0. Hence the stated span is dense in LP. [

Theorem 31.4 If (X, u) is a finite measure space and 1 < p < oo and 1/p+ 1/¢ = 1, then
(LP)* = 4.

Proof. Recall that in Proposition 30.4, we had ¢ : L? — (LP)* defined by

(U(f))(g) = / fg

for f € L9 and g € LP. We already know that ¢ is linear and injective, and that [[(f)|| < || f|l, for
all f € LY. Tt remains to prove surjectivity and the reverse inequality.

Let w € (LP)*. For each measurable set £ C X, define
v(E) =w(1g).

We already verified that v is a measure. If y(E) =0, then 15 = 0in LP(X, u), so v(E) = w(lg) =
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0. Thus v < p. By the Radon-Nikodym theorem, there exists a measurable function f such that

dv = fdu.
Define o : X — C by L
@
ow) = Fr 107
0, flx)=0

Then af = |f|. If h is a simple function, then

w(h) = /hdu: /hfdu.

By density of simple functions in L°° and continuity of both sides with respect to the L norm
on a finite measure space, it follows that

w(h) = /hfdu
for every h € L*°.

We now show that f € L?. First suppose p = 1, so ¢ = oo. For every measurable set F, take
h = alg. Then

/ Fldu = (b)) < ]l u(E).
E

If {|f| > ||w||+ ¢} had positive measure for some € > 0, this inequality would be impossible. Hence

£ lloo < lle]]-

Now suppose 1 < p < 00, s0 ¢ < 00. Set
E,={ze X :|f(x)| <n} and gn:]lEna|f|q71.

Since |gn| < 97! and pu(X) < oo, we have g, € L C LP. Moreover,
g H

. 1/p 1/p
[ 11 = fotgn)l < 1l lgnll, = el ([E £ w) — ([E \flqdu> |

because (¢ — 1)p = ¢q. Hence
11, llq < [l

146



PMATH 451 MEASURE AND INTEGRATION WINTER 2016

for every n. Letting n — oo and using the monotone convergence theorem, we obtain
1fllg < [l < oo.
Thus f € L9.

If £ C X is measurable with u(E) < oo, then

0f)(1g) = / 1pf = v(E) = w(lp).

Since
span{lg : u(F) < oo}

is dense in LP and both ¢(f) and w are continuous linear functionals, it follows that ¢(f) = w on
all of LP. In particular, £ is surjective. Combining this with the previously established inequality
16CH)] < 1]l and the estimate [|£]l; < ] = [1£(f)]], we conclude that

1ECHIT = 11flq

for all f € LY. O

Remark 31.5 The same representation (LP)* = L9 holds on o-finite measure spaces for
1 < p < . Beyond the o-finite setting, duality statements require additional structural
hypotheses such as localizability. It is rarely true that (L>°)* = L1,

Theorem 31.6 There is no normed vector space V such that V* = L([0,1],m).

The proof requires the Krein—-Milman theorem and the Banach—Alaoglu theorem from PMATH
453, so we will skip it.

Example 31.7 Let X = {x0}, with u(0) = 0 and p({zo}) = co. Then L'(X,u) = {0},
but L>°(X,u) = C. This example shows why hypotheses such as semifiniteness matter in
duality statements. The problems are paramount.
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Lecture 32— Thursday, March 24, 2016

Riesz Representation and Regularity

We need a few topological facts. Throughout this discussion, let X be a metric space.

Definition 32.1 If A, B C X are nonempty, define
d(A, B) = inf{d(a,b) :a € A, b€ B}.

Also, for z € X, write d(x, A) = d({z}, A).

Lemma 32.2 If A C X is nonempty, the function X — [0,00),  — d(x, A) is continuous.

Proof. If (z,)02; € X and =, — x, for a € A and n > 1, d(zp, A) < d(zn,a) < d(zp,x) +

d(z,a) — d(z,a) as x,, — x. Therefore limsup,,_,., d(z,, A) < d(z,a). For n > 1, choose a,, € A
with d(zp, a,) < d(xn, A) +1/n. Then

1
d(z, A) < d(z,a,) < d(x,2n) + d(Tn, an) < d(x,25) + d(T0, A) + n

Thus d(z, A) < liminf, o d(x,, A). Together with the reverse inequality for the limit superior,
this gives d(zp, A) — d(z, A). O

Lemma 32.3 If A, B C X are closed, A is compact, and AN B = (), then d(A, B) > 0.

Proof. Fix a, € A and b, € B with d(an,b,) — d(A,B). Since A is compact, there is a
subsequence (an, )7, converging to some a € A. Now, d(a,b,,) < d(a,an,) + d(an,, by, ). If
d(A, B) = 0, then letting k — oo gives d(a,b,,) — 0. Thus b,, — a, and a € B because B is
closed. This contradicts AN B = ). O
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Remark 32.4 Compactness is necessary in the preceding lemma. For instance, the closed
sets A={1/n:n € N} and B = {—1/n: n € N} in the subspace AU B C R are disjoint
but have distance 0.

Theorem 32.5 (Urysohn’s lemma) If A, B C X are closed and AN B = (), then there
exists a continuous function f : X — [0, 1] such that f(a) = 0 for every a € A and f(b) =1
for every b € B.

Proof. If A = 0, take f = 1; if B = (), take f = 0. Assume henceforth that both sets are
nonempty. First note that if x € X and d(x, A) = 0, then z € A = A. Similarly, if d(x, B) = 0,

then z € B. Now define
d(z, A)

x) = .
/(@) d(xz,A) + d(z, B)
The distance functions in this expression are continuous, and the denominator is never 0 because

ANB = (. Thus f is continuous; moreover, f(a) = 0 for every a € A and f(b) = 1 for every
be B. O

Definition 32.6 If f: X — C is continuous, define the support of f by

supp(f) = {z € X : f(z) # 0}.

Some people call this the closed support of f, but we shun those people.

Proposition 32.7 If X is a metric space and K C V C X, where K is compact and
V is open, then there exists a continuous function f : X — [0, 1] such that f|x = 1 and

supp(f) C V.

Proof. If K = (), take f = 0. We may therefore assume K # (). If K = V, then K is both
compact and open, and we may take f = 1y. If V = X, we may take f = 1. Otherwise,
Lemma 32.3 gives d(K,V°) > 0. Set ¢ = 3d(K,V°) and define

U={reX:dz,K)<e}= U B.(z).
zeK

Then U is open and K C U. If z € U, choose x,, € U with x,, — . By continuity of y — d(y, K),
we get d(x, K) <e. If x € V¢, then d(z,K) > d(K,V¢) = 2¢, a contradiction. Hence U C V.
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The closed sets K and U¢ are disjoint, so Urysohn’s lemma gives a continuous function f : X —
[0,1] such that f|x =1 and f|ge = 0. Then {x : f(z) # 0} C U, so supp(f) CU C V. O

Proposition 32.8 Suppose X is a metric space, K C X is compact, Vi,...,V,, C X are
open, and K C V4 U---UV,. Then there are continuous functions h; : X — [0, 1] such that
supp(h;) C V; for j =1,...,n and

n

> hi(z) =1

j=1

for every x € K. The family {h;}]_, is called a partition of unity subordinate to the
cover (V;)7_;.

Proof. For each x € K, choose an index i(z) € {1,...,n} such that z € V). By Proposi-
tion 32.7, choose a continuous function f, : X — [0, 1] such that f,(z) = 1 and supp(fs) € Vi)
The sets {y € X : f,(y) # 0} cover K, so compactness gives a finite set F' C K such that

KcC | J{yeX: fuly) #0}.

zeF

gj = Z fx

z€Fi(z)=j

Set

for j=1,...,n. Then supp(g;) C V; and gi(x) + - - - + gn(x) # 0 for every z € K.

Lecture 33 — Tuesday, March 29, 2016
Proof continued. Set

L—{zeX: Y g) =0} CX.
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which is closed and disjoint from K. By Urysohn’s lemma, there exists a continuous function
q:X —[0,1] with ¢|x =0 and ¢|r = 1. Then

g1(@) + -+ gn(z) + q(z) # 0

for every z € X. Define

hj(x) = 9:(®)

gl(x)—i_""i‘gn(l')-i-q(x)’ jzl,...,n‘

Then each h; is continuous, 0 < h; < 1, and supp(h;) C supp(g;) C V;. If € K, then ¢(z) = 0,
&)

n . Cgi(@) A ga(r)
jzlh]( )_gl(;p)+-..+gn($> =1.

Definition 33.1 A metric space X is locally compact if, for every point x € X, there

exists € > 0 such that B.(z) is compact.

Example 33.2 The following are basic examples:

1. Every compact metric space is locally compact.
Every open or closed subset of R™ is locally compact.

A set F NG where FF C R” is closed and G C R"™ is open is locally compact.

- W N

The subspace Q C R is not locally compact, since B:(gq) contains irrational numbers
for every ¢ € Q and € > 0.

Definition 33.3 For a locally compact space X, define
Co(X)={f:X — C: fis continuous and supp(f) is compact}.

Functions in C.(X) are called continuous functions with compact support.
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Definition 33.4 Let p be a positive Borel measure on a locally compact metric space X,
and let £ C X be Borel. We say that u is inner regular on FE if

w(E) =sup{u(K): K C E is compact}.
We say that u is outer regular on E if

p(E) =inf{u(U) : E C U, U is open}.

Definition 33.5 A Radon measure on X is a Borel measure p such that the following
hold:

1. We have pu(K) < oo for every compact set K C X.
2. The measure p is inner regular on every open set.

3. The measure p is outer regular on every Borel set.

Warning This definition is not standard. Usually, a Radon measure is defined to be
a Borel measure that is inner regular on every Borel set and outer regular on every
open set. However, the definition given here is more convenient for our purposes, and
we will show that it is equivalent to the usual definition when X is separable.

Definition 33.6 Let w : C.(X) — C be a linear functional. We say that w is positive if
w(f) >0 for every f € C.(X) with f > 0.

Theorem 33.7 (Riesz representation theorem) Let w : C.(X) — C be a positive
linear functional. There is a unique Radon measure p on X such that

wlf) = [ £

for all f € C.(X).

The correspondence in Figure 13 is the point of the theorem: a positive functional is not merely
analogous to integration against a measure; it uniquely is integration against a Radon measure.
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representation

positive functional
w:C(X)—C
\

integration

unique Radon measure
won X

w(f) = [y fdufor every f e C.(X)

FIGURE 13

Remark 33.8 If p is any Borel measure on X with u(K) < oo for every compact K C X,
then the functional C.(X) — C given by

fro [ ran
is a positive linear functional. Indeed, if f € C.(X), then there exists a compact set K C X

such that f =0 on X\ K. Since f is continuous, it is bounded on K and hence on X. Thus
there exists 7 > 0 such that |f(z)| < r for every z € X. Therefore,

/\f|dM§/Krdu:r~,u(K)<oo,

Hence f € L' (X, p), so [ fdpu is defined.

Proof of Theorem 33.7. This proof is somewhat long.

For every set £ C X, define
w*(E) = inf {sup{w(f): f < U} : ECU, U open}.

If U C X is open, we write f < U to mean that f € C.(X), 0 < f <1, and supp(f) € U. The
following facts follow immediately from the definition:

L. If U C X is open, then p*(U) = sup sy w(f).
2. We have p*(0) = 0.
3. If EC F, then p*(E) < u*(F).
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We now verify that p* is an outer measure. Let (E,)22 ; be a sequence of subsets of X, and set

o0
E = U E,.
n=1

We must show that -
(B < S 1 (En).
n=1

If 300 w*(Ey) = oo, there is nothing to prove. Thus we may assume that this series converges.
Fix € > 0. For each n, choose an open set U, O E,, such that

1 (Un) < () + 27",
Set

U= D Un.
n=1

Then E C U, so by monotonicity,
p(E) < p(U).

Fix f < U. Since supp(f) is compact and contained in | J;; Uy, there exists N € N such that

N
supp(f) € | Un.
n=1
By the partition-of-unity result proved earlier, there exist continuous functions gi,...,gn : X —

[0, 1] such that
supp(gn) € Un

for each n, and
N
Zgn(:ﬂ) =1
n=1
for all x € supp(f). Hence
N
F=>fon
n=1

Moreover, 0 < fg, < 1 and supp(fg,) C Uy, so fgn < U, for each n. Therefore,

[e.9] o0

(1 (Epn) +27 ") = Z w(Ey) +e.
n=1

IA

N N
w(f) = Zw(fgn) < ZN*(Un)
n=1

n=1 n=1
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Taking the supremum over all f < U gives
oo
W) < 3B + e
n=1

Hence

W(E) <Yt (Bn) +e.
n=1

Since € > 0 is arbitrary, we conclude that
o0
p(B) < 35 (B,
n=1

Therefore p* is an outer measure.

Lecture 34 — Thursday, March 31, 2016

Proof continued. We now show that every open set is u*-measurable. Let U C X be open, and
let E C X satisfy p*(E) < oo. It is enough to prove
pr(E) = p (ENU) + p*(E\U).
Fix € > 0. Choose an open set V O FE such that
(V) <p'(E) +e.
Choose f < UNV and g < V \ supp(f) such that
WUNV)<w(f)+e  and  pt(V\ supp(f)) < wig) + =

Since supp(f) C UNV, we have E\ U C V \ supp(f), and also ENU C UNV. Moreover,
f+g=<V. Hence

p(ENU)+p (E\U) <p (UNV)+p*(V \ supp(f))
w(f)+e+w(g) +e

(f+g)+2e

IA A
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p (V) + 2
L (E) + 3e.

IA A

Letting ¢ — 0" proves the desired inequality. By Carathéodory’s theorem, every Borel set is
p*-measurable, and

= 1By

is a Borel measure. By construction, for every Borel set £ C X,
w(E) =inf{u(U): E C U, U open},
so w is outer regular on Borel sets.

Next, we prove the compact set formula
p(EK) = inf{w(f) : f € Co(X), 1k < f <1}

for every compact K C X. The condition 1x < f <1 means that 0 < f <1 and f|x = 1.

Fix € > 0. By outer regularity, choose an open set U O K with pu(U) < u(K) + e. Since X is
locally compact and K is compact, there exists an open set V' such that

KCvcvcu

and V is compact. By Proposition 32.7, choose f : X — [0,1] continuous such that f|x = 1 and
supp(f) C V. Then f € Co(X), 1x < f <1, and f < U. Therefore

w(f) < pU) < p(K) +e.
It follows that
inf{w(f) : £ € Co(X), 1k < f <1} < ().
Conversely, suppose f € C.(X) and 1x < f < 1. For 0 < e < 1, let
Us={zeX: f(x)>1—¢}

Then U, is open and contains K. If g < U., then g < (1 —¢)~!f. Positivity of w gives

1
<
wlg) < 7

w(/f)-
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Taking the supremum over all g < U, gives

<
M(Ua) —1—¢

Since K C U, we have

wE) < 7

Letting ¢ — 07 gives u(K) < w(f). Therefore,

inf{w(f) : f € Ce(X), 1k < f <1} > p(K).
Combining the two inequalities yields
inf{w(f) : f € Cu(X),1x < f < 1} = u(K)

for every compact K C X.

We now verify that p is a Radon measure. We already know that p is a Borel measure and is
outer regular on Borel sets. If K C X is compact, then the compact set formula and the existence
of a function f € C.(X) with 1x < f <1 imply u(K) < w(f) < oo.

It remains to prove inner regularity on open sets. Let U C X be open and let o < pu(U). By (1),
choose f < U with w(f) > «. Set K = supp(f), which is compact and contained in U. If W 2O K
is open, then f < W, so u(W) > w(f) > a. By outer regularity of p on K,

p(K) = inf (W) =w(f)>a

WDOK, W open

Therefore p(U) = sup{u(K) : K C U, K compact}, and p is Radon.

Lecture 35— Friday, April 01, 2016

Proof continued. Next, we prove that

[ ran=wi)
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for every f € C.(X). By decomposing into positive and negative real and imaginary parts and
then rescaling, it suffices to prove the identity when 0 < f < 1.

Fix n € N. Set Ky = supp(f) and, for 1 < j <mn, set

K;={veX: fz)>j/n}.

Define
0, r ¢ Kj1,
file) =4 flx) = (G —-1)/n, zeK;1\Kj
1/n, T € B%.
Then

1 n 1n71
L S P T
j=1 7=0

Integrating gives the Riemann sum estimate

1 n 1n—l
ﬁZM(Kj) < /fdu < ;Zu(Kj)- (35.1)
j=1 Jj=0

We next prove the analogous estimate for w(f). Since nf; € Co(X), 0 < nf; <1,and (nfj)|x, = 1,
the compact set formula gives

w(nfj) = p(K;).

On the other hand, if U is open and contains K;_1, then supp(f;) € Kj—1 CU and 0 < nf; <1,
so w(nf;) < u(U). By outer regularity on K;_q,

W) < ()
Thus 4 )
SaEG) s w(fy) < —plk-1).
Summing over j yields )
U5y < wlf) < -3 ). (35.2)
j=1 Jj=0
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Subtracting (35.2) from (35.1), we get

n n—1 n—1 n
o ulE) = S < [ fu-w(h) < | Sy - Do uly)
=1 J=0 J=0 =1

where all terms are finite because p is finite on compact sets. Hence

Since 0 < u(K,,) < u(Ko),

[ 5=t < utuontr 0

as n — o0o. Hence
[ rau=wtn),

It remains to prove uniqueness. Suppose p and v are two Radon measures on X and

[an= [ rav

for every f € C.(X). Let U C X be open, and fix a compact set K C U. Choose f € C.(X) such
that 0 < f <1, flx =1, and supp(f) C U. Then 1x < f < 1y, so

M(K)S/fdu—/fdygl/(U).

Taking the supremum over compact K C U and using inner regularity of u gives pu(U) < v(U).
By symmetry, u(U) = v(U) for every open set U.

Now let £ C X be Borel. By outer regularity,

p(B) = inf w(U) = inf v(U) =v(E).

Thus p = v. O

Definition 35.1 A metric space X is separable if there exists a countable set Xg C X
such that Xy = X.
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Example 35.2 R" is separable since Q" = R".

Proposition 35.3 If X is separable and Y C X, then Y is separable (with respect to the
same metric).

Proof. Let (z,)72, be a dense sequence in X. Consider the family
U={By(zy) :neN, qg€Qso, By(zy) NY # 0}.
Since both N and Q¢ are countable, the family ¢/ is countable. Enumerate it as
U={U;:jeN}L
For each j, choose a point y; € U; NY.

We claim that {y; : j € N} is dense in Y. Fix y € Y and € > 0. Since () is dense in X, there
exists n such that

d(zp,y) <

DN ™

Choose g € Q such that
<qg<e—d(zy,y).

€

2
Then ¢ > 0 and y € By(zy,), so By(zn) NY # 0. Hence By(xz,) = U; for some j, and by
construction y; € U; NY. Moreover,

d(y;,y) < d(y;, zn) + d(2n,y) < ¢+ d(xn,y) < €.

Thus every point of Y is a limit of points from the countable set {y; : j € N}, so Y is separable. [

Theorem 35.4 If X is a locally compact, separable metric space and p is a Borel measure
on X with p(K) < oo for every compact set K C X, then, for every Borel set F C X

w(E) =sup{u(K): K C E, K compact}

and

w(E) =inf{u(U): E C U, U open}.

In particular, i is a Radon measure.
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Proposition 35.5 If X is separable and locally compact, then there exists a sequence of
compact sets (K,)>2; such that (J;7; K;,, = X. The same conclusion holds for every open
or closed subset of X.

Proof. Let (z,)52; be a dense sequence in X. For each y € X, choose &, > 0 such that B, (y)
is compact. Since (z,,) is dense, there exists n, € N with

5
d(xn,,y) < Ey

Choose g, € Q such that

Cy

d(wn,,y) < qy < 5

If z € By, (xy,), then
d(y,z) < d(y, zn,) + d(n,, 2) < d(y,zn,) + gy < &y.

Thus

B(Iy (wny) g Bay (y)7

so By, (wy,) is compact. Also, y € By, (zn,) € By, (2n,)-

Therefore

X = J By, (@n,)-
yeX

The collection on the right is countable, because its centers are chosen from the countable set {x,, }
and its radii are chosen from the countable set Q. Enumerating these compact sets gives the
desired sequence.

Every open or closed subset of X is again separable and locally compact. Applying the first part
to that subspace proves the final assertion. O

Proof of Theorem 35.4. For f € C.(X), the support of f is compact, so f is integrable with
respect to u. Define the positive linear functional

wlf) = [ Fan
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By Theorem 33.7, there is a Radon measure v such that

/deuz/xfdv

for every f € C.(X).

We first show that 1 and v agree on open sets. Let U C X be open. By Proposition 35.5, there are
compact sets K, C U whose union is U; replacing them by finite unions, assume that K,, C K, 1.
Local compactness and compactness give open sets V,, such that

K,CV,CV,CU and V,, is compact.

Choose f, € Ce(X) with 0 < f, < 1, f, = 1 on K, and supp(f,) C V,. Replacing f, by
max{f1,..., fn} makes the sequence increasing while preserving compact support inside U and
the identity f,, =1 on K,,. Then f, 1T 1y, so monotone convergence gives

w(U) :hyrln/fnduzliﬁn/fn dv = v(U).

Since v is outer regular, for every Borel set EF we have

< i = i = .
M(E) - UQE}ng openM(U) UQE}ng openy(U) V(E)

Choose increasing open sets W,, with compact closures and J,, Wy, = X; such a cover follows from
the compact cover above and local compactness. Both measures are finite on each W,,. Applying
the preceding inequality to W, \ E and subtracting from u(W,) = v(W,,) gives

W ENW,) >v(ENW,).

The reverse inequality was already proved, so equality holds. Continuity from below now yields
w(E) = v(E). The inner and outer regularity of v therefore transfers to u, which proves the
theorem. O
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Lecture 36 — Monday, April 04, 2016

Corollary 36.1 If X is a locally compact, separable metric space, and p is a Radon measure
on X, then u is o-finite.

Proof. By Proposition 35.5, there are compact sets K,, C X such that X = J;7 , K. Since y is
Radon, p(K,) < oo for every n. O

Proposition 36.2 If X is a locally compact metric space, u is a o-finite Radon measure
on X, and £ C X is Borel, then for every € > 0, there exist an open set U O E and a closed
set F' C F such that

WU\ E) <e and wWE\F)<e

In particular, u(U \ F) < 2e.

Proof. Write E = | |;°, E,, where each E,, is Borel and p(E,) < co. By outer regularity,
w(Ey) =inf{u(U) : E, CU, U open}.

Hence there exists an open set U,, O E,, such that u(U, \ E,) < 2 "¢. Let U = J,~; U,. Then
U is open, £ C U, and

w(U\ E) < i (Un \ Ey)

Applying the same open approximation result to E€, choose an open set V O FE°¢ such that
w(V\ E¢) <e. Set F=V¢ Then F is closed, F C E, and

V\E°=E\F.

Therefore pu(E \ F) < e. O

Remark 36.3 By Theorem 35.4, if X is a separable locally compact metric space and p is
a Borel measure on X satisfying pu(K) < oo for every compact set K C X, then for every
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Borel set £ C X we have
p(E) =inf{u(U): E CU, U open} =sup{u(K): K C E, K compact}.

In particular, i is a Radon measure.

Corollary 36.4 If ;4 is a finite Borel measure on a compact metric space X, then p is
regular: for every Borel set £ C X,

u(E) =inf{u(U): E CU, U open}

and
pu(E) =sup{u(K): K C E, K compact}.

Proof. Suppose f € C.(X). Then K = supp(f) is compact and f = 0 on X \ K. Therefore there
exists M > 0 such that |f(z)| < M for every z € X. Hence

[ ts1di= [ 171a < Mp(a) < o,
X K
Thus f € LY(X, p) for every f € Ce(X). Define w : C.(X) — C by

w(f) =/deu

and note that w is a positive linear functional. By Theorem 33.7, there is a unique Radon measure
v on X such that

alf) = [ fav

[an= [ rav

for every f € C.(X). Hence

for every f € Ceo(X).

Fix an open set U C X and write

oo
U= U K,
n=1
with K, compact and K; C Ky C ---. Since K,, C U, the Urysohn-type proposition gives

fn € Co(X) such that 0 < f,, <1, fulk, = 1, and supp(f,) € U. Replacing f,, by max{fi,..., fn},
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we may assume f, 1 < f, for every n > 2. Then f,, — 1y pointwise. By the monotone
convergence theorem,

,U'(U):/]IUdM: h_>m /fndM: li_{n /fndV:/]lUdl/ZI/(U).

Thus p(U) = v(U) for every open U C X.

Fix a Borel set £ C X and € > 0. Since v is Radon, the preceding proposition gives an open set
U D E and a closed set F' C E such that v(U\F) < e. Since U\ F'is open, p(U\F) = v(U\F) < €.
Hence

u(E) < p(U) = p(U\F) + u(F) < e+ p(E).

This proves
w(E) =inf{u(U) : E C U, U open}.

Since X is compact and F' is closed, F' is compact. Also,
W(E) < p(F) +p(E\F) < p(F) +e.

Therefore,
wWE)—e < p(F) <sup{u(K): K C E, K compact} < u(E).

Letting € — 0" proves inner regularity. O

Remark 36.5 The preceding proof also shows that the original measure p agrees with the
Radon measure v obtained from the Riesz representation theorem.
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Appendix: Lecture and Tutorial Index
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Lecture 1 — Tuesday, January 05, 2016
Lecture 2— Thursday, January 07, 2016
Lecture 3— Friday, January 08, 2016
Lecture 4 — Tuesday, January 12, 2016
Lecture 5— Thursday, January 14, 2016
Lecture 6 —Friday, January 15, 2016
Lecture 7— Tuesday, January 19, 2016
Lecture 8 — Thursday, January 21, 2016
Lecture 9 — Friday, January 22, 2016

. Lecture 10— Tuesday, January 26, 2016

. Lecture 11— Thursday, January 28, 2016
. Lecture 12— Friday, January 29, 2016

. Lecture 13— Tuesday, February 02, 2016
. Lecture 14— Thursday, February 04, 2016
. Lecture 15— Friday, February 05, 2016

. Lecture 16 — Tuesday, February 09, 2016
. Lecture 17— Thursday, February 11, 2016
. Lecture 18 — Friday, February 12, 2016

. Lecture 19— Tuesday, February 23, 2016
. Lecture 20— Thursday, February 25, 2016
. Lecture 21 — Friday, February 26, 2016

. Lecture 22— Tuesday, March 01, 2016

. Lecture 23— Thursday, March 03, 2016

. Lecture 24 — Friday, March 04, 2016

. Lecture 25— Tuesday, March 08, 2016

. Lecture 26 — Thursday, March 10, 2016
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27.
28.
29.
30.
31.
32.
33.
34.
35.
36.

Lecture 27— Friday, March 11, 2016
Lecture 28 — Tuesday, March 15, 2016
Lecture 29— Thursday, March 17, 2016
Lecture 30— Friday, March 18, 2016
Lecture 31 — Tuesday, March 22, 2016
Lecture 32— Thursday, March 24, 2016
Lecture 33— Tuesday, March 29, 2016
Lecture 34 — Thursday, March 31, 2016
Lecture 35— Friday, April 01, 2016
Lecture 36— Monday, April 04, 2016
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