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Editorial Note The course textbook is Probability Through Problems (2001) by Marek
Capinski and Tomasz Zastawniak. The vast majority of the problems in these notes come
directly from that text. Several problems were left incomplete during lecture; I have tried
to complete them all here.

Lecture 1 — Tuesday, September 10, 2013

1. Modelling Random Experiments

Set Theory and Random Experiments

Probability theory is young, at least compared with geometry. It has developed over the last few
centuries, and its rules are not always intuitive. How do we formalize them?

We begin with some basic set-theoretic notation. The sample space, denoted by €2, is the set
of all distinct outcomes of a random experiment. For example, if we toss a fair coin twice, then
Q={(H,H),(H,T),(T,H),(T,T)} contains all possible pairs of faces. An element w € € is one
outcome of the experiment; for example, (H, H) means that both tosses landed heads. We write
() for the empty set.

If A and B are sets, then A C B means that A is a subset of B, with equality allowed. We can
also define subsets by properties: if @ is a property, then the corresponding subset is {w € Q |
Q(w) is true}. The power set 24 is the set of all subsets of A, including () and A itself. We denote
the number of elements in A by #A or |A.

The union of A and B is AU B. More generally,
o0
U4an=av40.. ..
n=1

The intersection of A and B is AN B, and

ﬁAn:AlﬂAgﬂ....
n=1


https://doi.org/10.1007/978-0-387-21659-1
https://doi.org/10.1007/978-0-387-21659-1

STAT 240 PROBABILITY (ADVANCED LEVEL) FaLL 2013

If o is a collection of sets (i.e., a set of sets), we write U«Z for the union over all sets in 27, and
we write N/ for the intersection over all sets of 7.

Example 1.1 Let A= {1,2,3}. Then

24 = {@, {1}7 {2}7 {3}’ {17 2}7 {2) 3}7 {17 3}’ A}
Set @/ = 24. Then U/ = A and N/ = (). We see that o7 = {A;, As,..., Ag}, and then
ueZ = S_, An.

We need a carefully defined random experiment. We also need a set {2 whose elements w are
the distinct outcomes of that random experiment. Every property ¢ defined on the outcomes of
the random experiment determines a subset of €2, and that subset is called an event. Thus

A={weN|Qw) is true}

is an event. For each event A C (2, its probability P(A) is a number in [0, 1].

Lecture 2 — Thursday, September 12, 2013

Let’s specify the outcomes and probabilities in several situations.

Example 2.1 (Problem 1.6) From a pack of 52 cards, we draw 2.

Solution. Define S = {spades, hearts, diamonds, clubs}, D = {A4,2,3,...,10,J,Q, K}. We have
#S = 4 and #D = 13. There are two cases: if we draw two cards with replacement, then our
sample space is

Q= (S X D) X (S X D) = {[(Sl,dl), (Sg,dg)] ’ S € S, dj € D for j= 1,2}.

We have #Q = 522 = 2704, and P({w}) = 5-5;. In general, P(4) = % for A C Q. If we draw two
cards without replacement, then construct the diagonal set A = {[(s,d), (s,d)] | s € S,d € D},

and let @' = Q\ A. Then #Q = 2652, P({w}) = =5, and P(4) = ;%‘, for A C (V. O
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Example 2.2 (Problem 1.8) We play a series of chess games. The winner is the one who
first scores three points, where one point is awarded for a win and draws do not count.

Solution. We need to set this up carefully. Consider the possible lengths of the series. We have
Q3q = {(W, W, W)} and Qg = {(L,L,L)}. We also have Q4 = {( W}, so # Qe = 3,

2W,1L
. 4
and Qg = {(_... ,L)}, so #Q4 = 3. Finally, Q5, = {(_... , W)}, so #Qs5, = <2> = 6, and
2L1W 2W,2L
4
Qsp = {( N L)}, so #Qs5, = (2> = 6. Therefore,
2L2W

Q =03, UQ3U---UQsp,

and hence #€ = 20. However, we should ask whether P({w}) = 5 is actually reasonable. Is
(W, W, W) as likely as (L, L, W, W, W)? We always need to make some simplifying assumptions.
0l

Exercise 2.3 (Problem 1.9) Propose a set of outcomes and measures for the situation in
which we keep throwing a coin until it lands heads up.

2. Classical Probability Spaces

Counting Identities

Suppose € is finite, and define P(A) = i—é. Then probability reduces to combinatorics; we are
essentially solving counting problems.

Example 2.4 (Problem 2.1) How many subsets of an n-element set are there?

Solution. There are 2" such subsets. It suffices to prove this for the set {1,2,...,n}. We define
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a function f4:{1,2,...,n} — {T, F} for each A C {1,2,...,n}, where

fA(i):{T ificA

F ifi¢g A
The correspondence A — f4 is a bijection between the subsets of {1,...,n} and the functions from
{1,...,n} to {T, F'}. There are 2" such functions: we have two choices for each of f4(1),..., fa(n).
Hence there are 2" subsets. O

Example 2.5 (Problem 2.2) How many ways can we order an n-element set?

Solution. There are n! such orderings. Let the underlying set be S with #S = n. To form an
ordering of S, choose the first element in n ways, then the second element in n — 1 ways (since one
element is already used), then the third in n — 2 ways, and so on, until the last position, which
has 1 choice. Hence the total number of orderings is

nn—1)(n—2)...2-1=nl

O
Example 2.6 (Problem 2.3) How many k-element subsets of an n-element set are there?
Solution. The number of such subsets is
n\ n! ~nn—-1)(n—-2)...(n—k+1)
k) Kl(n—k)! k! '
O

Note that

()

if m > n. The same equation holds if m < 0, because

()= (")
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These statements are equivalent. We can even define

(1/2) /(12 (12— k+1)

k k! ’
but that goes beyond the present question.

Example 2.7 (Problem 2.4) How many one-to-one mappings are there from an n-element
set to an m-element set?

Solution. If 0 < n < m, the number of such one-to-one mappings is

m)!

m(m—1)...(m—n+1)= =m™.

(m —n)!

If n > m, there are no one-to-one mappings by the pigeonhole principle. O

Example 2.8 (Problem 2.5) How many mappings are there from an n-element set to an
m-element set?

Solution. There are m™ such mappings. O

Example 2.9 (Problem 2.6) Prove that

Solution. Let € be an n-element set. The number of subsets of 2 is the sum over all possible
subset sizes, so

Z(# of subsets of size k) = 2" = Z <k>
k=0 k=0

as claimed. O
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Example 2.10 (Problem 2.7: Vandermonde’s identity) Prove that

()5 (062

Lecture 3 — Tuesday, September 17, 2013

Last time we discussed Problem 2.7, the Vandermonde identity,

()5 (060

It is worth remembering. One proof is to consider a club with m men and n women and ask how
many k-person executive committees can be formed. On the one hand, the answer is simply

m-+n
k: .
On the other hand, if exactly ¢ men are chosen, then we must choose ¢ men from the m available
and k& — ¢ women from the n available, so the number of such committees is

m n
i) \k—i)
Summing over all possible values of ¢ gives the identity.

This identity is important in probability. Indeed, we have

which defines the hypergeometric distribution.
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Example 3.1 (Problem 2.8) Ten people are randomly seated at a round table. What is
the probability that a particular couple will sit next to each other?

Solution (by a student). Fix the location of one person. Then the probability that the second
person is seated just to the left or right of the first is % + %, so the desired probability is %. O

Example 3.2 (Problem 2.10) Two dice are thrown. What is the probability that the
total number of dots that appear is...

1. equal to 77
equal to 37

greater than 57

Ll

an even number?

Solution. Let Q = {(i,5) | 4,5 € {1,...,6}}.

For (1), the probability is

) liti=T 1~ o o, 61
#{(l ]):J%ZQ_F] }:362#{(7]’7_2)}:36:6'
=1
For (2), the probability is
#{6,5) i+j=3}  #{(1,2),21)} 2 1
20 - 36 36 18

For (3), the probability is
Hig)iti>5 2% 13

40 T 36 18

For (4), the probability is

P((odd, odd) U (even, even)) =

>~ =
=
)
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Example 3.3 (Problem 2.12: The birthday problem) What is the probability that
among 25 people, at least 2 have their birthday on the same day of the year?

Solution. In the birthday problem,
365 364 (365 — 25+ 1)
365 365 365

36525
= ~ 0.4313.
36525

P(all 25 birthdays are different) =

Therefore, P(at least 2 birthdays coincide) = 1 — 0.4313 = 0.5687. O

Example 3.4 (Problem 2.21) From a pack of 52 cards, we draw one by one. What is the
probability that an ace appears for the first time on the fifth draw?

Solution (by a student). # = 52P5 and there are 48 cards that are not aces. Moreover,
HA=48-47-46 -45 -4 = 43Py - 4.

Thus the probability is ﬁ—é ~ 0.05989. O

Example 3.5 (Problem 2.13) Among t = 60 lottery tickets, w = 20 win prizes. We buy
b = 6 tickets. What is the probability that exactly g = 2 are winning tickets? Generalize to
arbitrary t,w, b, g.

Solution. We want to choose exactly ¢ winning tickets among the w winners, and exactly b — g
losing tickets among the ¢ — w losers. The total number of ways to choose any b tickets from ¢ is

—zZ N w7

6

which is the hypergeometric probability from Problem 2.7. For the given values, that probability

P(exactly 2 winners) =

10
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()

is

Lecture 4 — Thursday, September 19, 2013

Example 4.1 (Problem 2.16) A regular bridge deck of 52 cards is dealt among four
players. I have four spades. The opponents have shown that they have 8 hearts. What is
the probability that my partner has at least 3 spades?

Solution. I have 13 cards, 4 of which are spades. So there are 52 — 13 = 39 cards held by the
others. Among these 39 cards, 8 are hearts held by my opponents. Thus there are 39 — 8 = 31
cards left, consisting of 9 spades and 22 other cards. My partner has 13 cards. The probability

that my partner has exactly ¢ spades is
9 22
i) \13 —1

31
13
Therefore, the required probability is the following expression:
9\ /22 9\ /22 9\ /22
=1 0/ \13 n 1 12 " 2/ \11
B 31 31 31
13 13 13

Note that “hearts” just means “not a spade”. That is the important part! O

P(partner has i spades) =

P(partner has > 3 spades

11
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Example 4.2 (Problem 2.22) How likely is it that ABRACADABRA appears when the
letters A, A, A, A, A, B, B, C, D, R, R are shuffled randomly?

Solution (by a student). We have #Q = 11! and

#A=5-21.21.11. 1! = 480.

Therefore,
#A 480 1
P(ABRACADABRA)=~"—=—=——.
( ) #Q 11! 83160
The corresponding multinomial coefficient is =rsirrsr = 1 . O
51.21-11-11.2! 5’2’ 1, 172
3. Fields

Fields of Events

We need to formalize the concept of an event. An event is a subset of {2 to which we can attach a
probability, and the collection of events must form a field.

Definition 4.3 A family .Z of subsets of 2 # () is called a field if:

1. Qe .7,
2. Ae F = A F,

3. if A,B € %, then AUB € Z.

Proposition 4.4 (Problems 3.1-3.3) We have the following basic examples of fields.

1. F ={0,Q} is a field; it is called the trivial field.
2. The family of all subsets of a finite Q # () is a field.
3. If ACQ, then 7 = {0}, A, A°,Q} is a field.

12
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Proof. For ((1)), let # = {0,Q}. Then Q € .Z. Also, Q° =0 € .Z and ¢ = Q € F, so .F is
closed under complements. Finally, unions of members of Z remain in .Z: UD=0,0UQ =Q,
and QU Q = Q. Hence .7 is a field.

For ((2)), take .# = 29 the family of all subsets of 2. We have Q € #. If E € %, then E C Q,
so B¢ =Q\ E C Q and therefore E€ € Z#. If E,F € Z#,then EUF CQ,so EUF € .%. Thus
2 is a field.

For ((3)), let .#7 = {0, A, A°,Q} with A C Q. We have Q € .%. Complements stay in .# since
fe=0Q, Q°=0, (A°)° = A, and A€ is already listed. For unions, check all possibilities among the
four sets: unions with () return the other set, unions with  return Q, AU A = A, AU A¢ = A°,
and AU A¢ = Q. All of these are in .%, so % is a field. O

Example 4.5 (Problem 3.4) Let Q = {1,2,3,4}. Which of the following is a field?

1. 7 =1{0,{1,2},{3,4}}
2. Fo =1{0,Q,{1},{2,3,4},{1,2},{3,4}}
3. F3=1{0,9,{1},{2},{1,2},{3,4},{2,3,4},{1,3,4}}

Solution. For ((1)), Q ¢ .#1, so .#; is not a field.

For ((2)), we have {1},{3,4} € %, but {1} U {3,4} = {1,3,4} ¢ .%5. So %, is not closed under
unions and is not a field.

For ((3)), observe that .%3 consists of all unions of the three disjoint blocks {1}, {2}, and {3,4}.
Complements and unions of such sets are again unions of these blocks, so %3 is a field. For
example,

0° = Q, Q° =0, {1} =1{2,3,4},
{2}¢={1,3,4}, and  {1,2}°={3,4}.

Exercise 4.6

(Problem 3.5) Let 2 = (0,1). Determine whether any of the following families of sets is a

13



STAT 240 PROBABILITY (ADVANCED LEVEL) FaLL 2013

field:

F1 = {Qa (Ov 1)a (07 1/2)3 (1/27 1)}
F2 ={0,(0,1),(0,1/2),[1/2,1),(0,2/3],(2/3,1)}
T3 = {@, (07 1)7 (07 2/3)7 [2/37 1)}

(Problem 3.6) Let Q = [0,1]. Adding as few sets as possible, complete the family of sets
{0,10,1/2),{1}} to obtain a field.

(Problem 3.7) Let Q = {1,2,3}. Complete {{2},{3}} to obtain a field, adding as few sets
as possible.

Properties of Fields

Proposition 4.7 (Problem 3.8) If .7 is a field, then:

1. 0e 7.
2. If A,B,C € %, then AUBUC € .#. So fields are closed under finite unions.

3. If A,B,C € %, then ANBNC € .%. So fields are also closed under finite intersections.

Proof. For ((1)), # = Q°. Since Q € Z by ((1)), apply ((2)) to obtain Q¢ =0 € .Z#.

For ((2)), the field axiom gives the result for two sets. If a union of n members of .# belongs to
%, taking its union with one more member shows that a union of n + 1 members does too.

For ((3)), the complement and union axioms give
ANB=(A°UB“ € 7.

The same induction now handles any finite number of intersections. O

Thus fields are closed under all finite unions and intersections.

14
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Lecture 5— Tuesday, September 24, 2013
Recall that .7 is a field of events when it satisfies the following three axioms:

1. Qe 7,
2. Ae F = A€ F,
3. ABe ¥ =AUBe.Z%.

Example 5.1 (Problem 3.13) If A, B € .7, show that A\ B € .Z.

Solution. Since B € %, we have B¢ € .# by Axiom 2. We also have A € .%, so AN B° € #.
But AN B¢= A\ B, and therefore A\ B € .Z. O

Example 5.2 (Problem 3.14) If A, B € %, show that their symmetric difference
AAB = (A\B)U(B\A).

also belongs to .#.

Solution. Since A, B € .%, we have A\ B € .% and B\ A € . by Example 5.1. Also, A field is
closed under unions, so (A\ B)U (B \ A) € .%#. Therefore AAB € %. O

Example 5.3 (Problem 3.15) If .%#; and .%; are fields of subsets of €, then so is . % N.Za.
For example, if 7 = {0, A, A°,Q} and %, = {0, B, B,Q}, where A ¢ {B, B} and neither
field is trivial, then .7 N.%y = {0, Q}.

Solution. We check the axioms. First, 2 € #1N.%, because €2 € %] and 2 € F,. Next, suppose
Ee % NS Then E € 1 and E € %,. Since both %, and %5 are fields, it follows from the
second field axiom that E° € %, and E° € %,. So E¢ € 1N %5. Finally, if E,G € %1 N %,
then F U G belongs to each field and hence to their intersection. O

15
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Example 5.4 (Problem 3.16) Find two fields whose union is not a field.

Solution. Let Q = {1,2,3}. Define .7, = {0,Q,{1},{2,3}} and %, = {0,9Q,{2},{1,3}}. Then
the union of fields is not a field. Indeed, {1}, {2} € .71 U %, but {1,2} ¢ % U %,. O

Example 5.5 (Problem 3.17) Is .#7 = {A C Q| A is finite} a field?

Solution. If  is finite, then every subset of € is finite, so

which is a field.
If © is infinite, then Q ¢ .# because 2 is not finite. This already violates the first field axiom.

Equivalently, take any finite A € .%; then A€ is infinite, so A ¢ .%, which violates closure under
complements.

Therefore .% is a field if and only if Q is finite. O

Example 5.6 (Problem 3.18) Let Ip =0 and I,, = {1,...,n} forn > 1. Is
T ={ntplo U{N\ In};2

a field?

Solution. No. Consider I,1I§ € .#. But I UI§ = {1,4,5,6,...} ¢ Z#. O

Example 5.7 (Problem 3.19) Let © be a possibly infinite set. Show that
F ={A C Q| Ais finite or A is finite}

is a field.

Solution. First, Q¢ = () is finite, so ) € .#. Next, suppose A € .#. There are two cases. If A is

16
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finite, then A€ is cofinite and (A€)¢ = A is finite. If A is infinite, then A¢ must be finite. In either
case, A€ #. If A,B € % are both finite, then A U B is finite. Otherwise at least one, say A, is
cofinite, and

(AU B)® = A°N B° C A°

is finite. Thus AUB ¢ %#. O

Atoms

Definition 5.8 Suppose % is a field. A set A € % is called an atom if it is minimal in
the following sense: A # (), and whenever B C A with B € .%, we must have either B = A
or B=10.

Example 5.9
1. Let Q2 = {1,2,3} and % = {0,Q,{1},{2,3},{2},{1,3},{3},{1,2}}. The atoms of .F#
are {1}, {2}, {3}.

2. Let Q = (0,1] and .# = {0,9,(0,2/3],(2/3,1]}. The atoms of .# are (0,2/3] and
(2/3,1].

Example 5.10 (Problem 3.22) What are the atoms of .% = 2 where § is finite?

Solution. The atoms are {w} for w € Q. There are no others. O

Example 5.11 (Problem 3.23) Show that different atoms are disjoint.

Solution. Suppose that the distinct atoms A and B satisfy AN B # (). Let C = AN B. Then
C €. and C C A. Since A is an atom, either C' = () or C = A. We excluded the first case, so
C = A and hence A C B. Reversing the roles of A and B gives B C A. Thus A = B, contradicting
their being distinct. O

17
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Example 5.12 (Problem 3.24) Suppose .% is finite. Then every A € .# such that A # ()
has a subset that is an atom.

Solution. Suppose A is as given. Let w € A. Define B = (\{D € % | w € D}. Then B € .F
by closure under finite intersections. Also, B is an atom. To see this, note that w € B, so B # ).
If C C B with C € .%, we will show that C = () or C = B. Because A is one of the sets in the
defining intersection, B C A.

Case 1: w € C. Then C is one of the sets in the intersection (,.pD. So B C C. Since also
C C B, have B=C.

Case 2: w ¢ C. Then consider argument (Case 1) above, with C replaced by B\ C. So B\ C = B.
Then C = (). O

Corollary 5.13 If .# is finite and Aj, Ao, ..., A, are the atoms, then (J;"; 4; = Q and
A;NAj =0 for i # j. Thus the atoms of .# partition Q.

Proof. Distinct atoms are disjoint by Problem 3.23. Given w € (), apply the construction in
Problem 3.24 to A = € and this particular w; it produces an atom containing w. Hence every
point of  lies in an atom, so the atoms cover ). O

Exercise 5.14 (Problem 3.25) Show that if .% is a finite field, then each event A € .F is
the union of finitely many atoms. Show that this is a unique representation: that is, the set
of atoms {Aj,..., Ag} such that A = A; U---U Ay, is unique for each event A € .Z.

Example 5.15 (Problem 3.26) Show that if .% is finite, then #.# = 2" for some n.

Solution. Let Ai,..., A, be the atoms of .%. From Corollary 5.13, these atoms are pairwise
disjoint and

If an atom A; meets E € %, then the nonempty event A; N E C A; must equal A;. Thus every
atom that meets F is contained in F; because the atoms partition €2, F is exactly the union of

18
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those atoms.

For each subset I C {1,...,n}, define

EZUM

el
Then E; € %, so this gives a map from subsets I to events in .%. This map is injective because
the atoms are disjoint, and it is surjective because every event is a union of atoms. Hence it is a
bijection.

Therefore % has exactly as many elements as the power set of {1,...,n}, so

LT =",

Lecture 6 — Thursday, September 26, 2013

4. Finitely Additive Probability

Definition 6.1 Let .# be a field of subsets of © # 0, and let P : . — [0, 1] be a function.
Such a function is called a finitely additive probability measure if

1. P(2) =1, and
2. P(AU B) =P(A) 4+ P(B) for disjoint A and B; that is, when AN B = ().

We call P(A) the probability of the event A.

19
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Examples and Counterexamples

Example 6.2 (Problem 4.1) Let Q = {1,2} and let % = {0, Q, {1}, {2}}. Define P()) = 0,
P(Q) =1, P({1}) =1/3, and P({2}) = 2/3. This is a finitely additive probability measure.

Example 6.3 (Problem 4.2) Let Q = {1,2,3,4} and let % = {0,Q,{1,2},{3,4}}. Define
P(@) = 0, P(Q2) = 2, P({1,2}) = 5/8, and P({3,4}) = 5/8. This is not a finitely additive
probability measure: it violates both normalization and finite additivity, since

P(Q) = 2 £ % — P({1,2}) + P({3,4)).

Example 6.4 (Problem 4.8) Suppose .% is finite, with #.% = 2" and let A;,..., A, € F
be the atoms. Every A € .# can be written as A = A;, UA;, U---UA;,,
To build a finitely additive probability measure PP, choose ai,as,...,a, > 0 such that
aj + -+ ap = 1. Then define P(A) = a;, + -+ - + «;, whenever A = A4;, UA;, U---UA4,,.

a union of atoms.

As a special case, if Q = {w1,...,w,} is finite and ¥ = 282 then the atoms are the singletons

As an even more special case, if

1 1
a1 = = .. = (X :—:77
P T #9

then P(A) = #—é in agreement with Chapter 2.

Example 6.5 (Problem 4.9) Prove P(()) = 0.

Solution. Since AU = A, we have P(AU ) = P(A) + P(0). Therefore P(A) = P(A) + P(0),
which implies P(0) = 0. O

Example 6.6 (Problem 4.10) Prove that if A C B, then P(B\ A) = P(B) — P(A).
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Solution. Since A C B, we may write B = (B '\ A) U A, and this union is disjoint. Therefore
P(B\ A)+P(A) =P(B) by Axiom ((2)), so P(B\ A) =P(B) — P(A). O

Example 6.7 (Problem 4.11) Prove P(A¢) =1 —P(A).

Solution. In Problem 4.10, let B = ). Then P(Q2\ A) = P(2) —P(A) = 1—-P(A) by Axiom ((1)).
O

Example 6.8 (Problem 4.12: Monotonicity) If A C B, prove P(A) < P(B).

Solution. We have

P(B) = P(AU (B\ A)) = P(A) + P(B \ A) > P(A).

Example 6.9 (Problem 4.13) Suppose that A, B, and C are pairwise disjoint. Then
P(AUBUC)=P(A)+P(B)+P(C).

Solution. Since A, B, and C' are pairwise disjoint, we have
(AUB)NC =(AnC)u(BNC) =0.
So AU B and C are disjoint, and finite additivity gives
P(AUBUC)=P(AUB)UC)=P(AUB) +P(C).

Also AN B =10, so
P(AU B) = P(A) + P(B).

Substituting,
P(AUBUC)=P(A)+P(B)+P(C).
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By induction, Example 6.9 generalizes immediately to finitely many disjoint sets A1, As, ..., Ay:

o (00) - S
=1 =1

This property is called finite additivity.

Example 6.10 (Problem 4.15) Show that P(AU B) < P(A) + P(B).

Solution. Write AUB = AU(B\ A). Then P(AUB) =P(A) +P(B\ A) by Axiom ((2)). Since
B\ A C B, Problem 4.12 gives P(B \ A) < P(B). Therefore P(AU B) < P(A) + P(B). O

Example 6.11 (Problem 4.16) Give an example where P(AU B) < P(A) + P(B).

Solution. Choose A = B = ). Then

P(AUB) =1< 2 =P(A) + P(B).

Example 6.12 (Problem 4.17) Show that

o (0n) < S
i=1 =1

Solution. The proof is by induction on n. For n = 1, the statement is
P(A1) < P(Ay),

which is true. Now, assume it holds for some n > 1, i.e.

P(CJ Ai) < ZH:P(AJ
i=1 i=1
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Then
n+1 n n
P(U Ai) - P((U Ai> U AnH) < P(U Ai> +P(Ant1),
i=1 i=1 i=1
by Example 6.10. Applying the induction hypothesis gives
n+1 n n+1
i=1 i=1 i=1
So the result holds for n + 1, and therefore for all n € N. O

Exercise 6.13

(Problem 4.18: Inclusion-exclusion formula) Show that

P(AUB) =P(A)+P(B) —P(AN B).

(Problem 4.19) Find an expression for P(AU BUC) along the same lines as Problem 4.18.

(Problem 4.21) Suppose that P(A) = 1/2 and P(B) = 2/3. Show that

g]P’(AmB)g%,

=2

and give examples to demonstrate that both upper and lower bounds can be attained.

(Problem 4.22) Suppose that P(A) = 1/2 and P(B) = 1/3. Show that

1 5
- <P(AUB) < =
5 SPAUB) <,

and give examples to demonstrate that both upper and lower bounds can be attained.

Lecture 7— Thursday, October 03, 2013

5. o-Fields
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o-Fields

To start with, here are some useful facts to recall about countability.

Recall that a set is countable if it is finite or can be put in bijection with N. If Ay, As,... A,
are countable, then (J ; A; is countable as well, and in fact |J;2; A; is still countable. On the
other hand, 28 is not countable, and #2N = #R.

We are now turning to Chapter 5 on o-fields, where the symbol o usually refers to countable
operations.

Definition 7.1 A collection .# of subsets of €2 is called a o-field on Q if:

1. Qe #.
2. If Ae %, then A° € Z.

3. If A1, As,--- € F, thenUfilAiE,?.

Example 7.2 (Problem 5.1) Show that a o-field is a field.

Solution. We only need to check one axiom for a field. Suppose .% is a o-field. We must show
that A, B € % implies that AU B € .%. Suppose A, B € .%. Choose

A=A Ay=B,Ay=B,...,A,=B,....

Then AUB =J2, A; € Z. O

Example 7.3 (Problem 5.2) If a field .# is finite, then it is a o-field.

Solution. Conditions ((1)) and ((2)) are already field axioms. If Ay, Ag,--- € Z, then only
finitely many distinct sets can appear because % is finite. Thus there are indices i1, ..., %, such

that
(o] m
U A; = U Aij e Z.
i=1 j=1
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Example 7.4 (Problem 5.3) Show that 2% is a o-field.

Proof. Condition ((1)) holds because € 2%. Condition ((2)) holds because A C Q implies
A°¢ C Q. Condition ((3)) holds because any union of subsets of €2 is again a subset of €. O

Example 7.5 (Problem 5.4) Is the family .% of all finite subsets of Q and their comple-
ments .# = {A C Q| A finite or A° is finite} always a o-field?

Solution. No. For a counterexample, take €2 = N and consider the set of even numbers,
A={2}u{4}u....

Then neither A nor ©Q\ A is finite. Since A is a countable union of singletons from .% but A ¢ .7,
Condition ((3)) fails. O

Example 7.6 (Problem 5.5) Is the family consisting of all countable subsets of {2 and
their complements always a o-field?

Solution. Yes. First, Q¢ = (), and () is countable, so Condition ((1)) holds. Next, if A € %, then
either A is countable or A° is countable, so Condition ((2)) follows immediately. Finally, if every
A; is countable, then (J;2; A; is countable. If at least one A; has countable complement, then

oo
O\ [ J4Aca\ 4,
i=1

so the complement of the union is countable. Therefore Condition ((3)) also holds. .# is called
the countable-cocountable o-field. O

Example 7.7 (Problem 5.6) Suppose that .% is a o-field on Q = [0, 1] and that [n%rl, %] €
& for all n € N. Show that the following sets belong to .#.

1. {0} € Z#.
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2. {3 |n=23,...}eF
3. (2,1 e Z.
4. (0,1 € .7 for all n

Solution. For ((1)), define

1 1
ILy=|——,— > 1.
n |:n+17n:|7 n -

By assumption, each I, € .%#. Also,
oo
0,1 = | I,
n=1
so (0,1] € .Z by Condition ((3)). Since 2 = [0, 1],

{0} =Q\ (0,1] = (0, 1]° € 7.

e[l = {5

Each interval is in .%. Because o-fields are fields by Example 7.2, finite intersections of sets in .#
are also in .%, so each singleton {1/n} is in .%. Therefore,

{;|n:2,3,...}: G{i}ea@

n=2

For ((2)), for each n > 2,

by Condition ((3)).

For ((3)), fix n > 1. f n =1, then (1,1] =0 € %. If n > 2, then

G-l

k=1

Each interval on the right is in .%, and finite unions are in .# by Condition ((3)), so (1/n,1] € Z.

¢-Oll]
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Again each interval belongs to .%, so by Condition ((3)) we get (0,1/n] € Z. O

Lecture 8 — Tuesday, October 08, 2013

Generated o-Fields and Borel Sets

Example 8.1 (Problem 5.7) Let .Z be a o-field on Q. If Aj, Ay, --- € #, then (2, A; €
F.

Solution. Suppose A, Ag,--- € .#. By Condition ((2)), Af, AS,--- € #. By Condition ((3)),
we have |J;2, A € .#. Then

=1 =1

Let  and Q be sets, and let X : Q — Q be any function.
0230

For A C ), define the inverse image (or preimage) of A under X to be the set
X HA) ={oecQ|X) e A},

The basic properties are X ~1(Q) = Q, X 1(A°) = X1 (A4)¢, and

X! (G An> = G X~1A4,).
n=1

n=1
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Proposition 8.2 If % is a o-field on €, then

{Xﬁl(A) cAe F}

W
I

is a o-field on Q.

Proof. We check the three axioms.

1. Since Q € .Z, we have X~1(Q) = Q € .Z.
2. Suppose A € .Z. Then A = X~(A) for some A € .#. Since A® € .Z, it follows that

A°= (XY (A)* = X"1A°) e Z.

3. If A, = X~Y(A,) € Z for every n, then
U A, =Xx"! (U An> €7,
n=1 n=1

because Jo2 | Ap € F.

Example 8.3 (Problem 5.9) Suppose .Z is a o-field on , and A C . Show that
F ={ANB|Bec .Z}is ao-field on A.

Solution. We need to check the axioms. Since .Z is a o-field, Q € .Z. Then A = ANQ € .Z.
Next, suppose B € .%. We can write B = AN B for some B € .Z. Since .Z is a o-field, we have
B¢e .Z. Then A\ B=ANB°¢ Z, as required. Finally, suppose By, Bo, - -- € .%. Then there
exist By, By, -+ € % such that B;,NA = BZ for all i € N. Therefore,

=1

Since |2, B; € # by Condition ((3)), it follows that | J°, B; € 7. O

(@

B =

TC®

i=1
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Example 8.4 (Problem 5.10) Let Q and Q be arbitrary sets, and let X : @ — Q be any
function. Show that if .# is a o-field on €2, then

F={ACQ|X (4 eZF

is a o-field on €.

Solution. We check the three axioms. Since X 1(Q) = Q € .Z, we have Q € .Z. If A € .Z, then
XA = XA e 7,
so A¢ € Z. Finally, if Ay, Ag,--- € Z, then
X! (U An> =Jx 4 ez
n=1 n=1

Hence |J;2 | A, € Z, proving that . is a o-field. O

Definition 8.5 Let A be any collection of subsets of . Define %4 = ({F |
F is a o-field on Q and A C F}. Then %4 is called the minimal o-field generated
by A, or simply the o-field generated by A.

The defining family is nonempty because it contains 2, and an arbitrary intersection of o-fields

on (2 is again a o-field. Thus %4 is indeed the smallest o-field containing A.

Example 8.6 Let & = R. Fix a € R and let A = {(—o0,a]}. Then F4 =
{0, (=00, a], (a,00),R}.

Example 8.7 Let Q@ = R and let A = {(—o00, al], (—o0, ]}, where b > a. Then
Fo={0,R, (—o00,dal], (—c0,b],(a,o0), (b,c0), (=00, a] U (b,o0), (a,b]}.

Everything in there is there by necessity.
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Example 8.8 Let {2 =R and let
A={(a,b) | —oo <a<b< oo}

What is #4? Since [a,b] = ()o—;(a — 1/n,b+ 1/n), we have [a,b] € % 4. The Cantor set is

n=1

in % 4. All of those nice fractals are in % 4. Also, Q € F 4, since

Q= Ha} = Ula al-
=1 =1

The irrationals R \ Q are in there. The real transcendental numbers are in there.
Everything is in there!

Actually no, that is not true. Assuming the Axiom of Choice, it can be shown that not every
subset of R is in .#4. The sets that are in %4 are called the Borel sets, and there are
lots of them. To work with volumes, areas, and probability, we need to use the Borel sets.
Otherwise we could encounter pathologies such as the Banach—Tarski paradox.

Lecture 9 — Thursday, October 10, 2013

Recall that if A is a collection of subsets of 2, then

Fp= F

Z is a o-field
ACF

is the smallest o-field containing A. In particular, when 2 = R and A is the collection of open
intervals, % 4 is the collection of Borel sets. There is also a (much) larger class of sets, namely the
Lebesgue measurable sets, that contains the Borel sets; however, those are not our focus here.

6. Countably Additive Probability
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Countably Additive Probability Measures

Definition 9.1 Let .% be a o-field on Q. We call a function P : .% — [0, 1] a probability
measure if the two conditions hold:

1. P(2) =1, and

2. For any sequence Aj, Ag,--- € F of pairwise disjoint sets (i.e., 4; N A; = () when

o (00)- S
i=1 i=1

i # j), we have

(countable additivity).

.

This is a generalization of the finitely additive probability measures from Chapter 4.
Example 9.2 (Problem 6.1) Every probability measure is finitely additive. That is,

P(AU B) = P(A) + P(B) whenever AN B = {).

Solution. First take A; = () for every i. Countable additivity gives

B(0) = S P(0),
=1

which forces P()) = 0. Now suppose that AN B = () and define

This sequence is pairwise disjoint, so

P(AUB) = (UA) =P(A)) + P(Ay) + P(43) 4 --- = P(A) + P(B).
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Example 9.3 (Problem 6.5) Let Q = N and let .# = 2% the set of all subsets of Q.
Define P({i}) = 27 for i € N. Can P be extended to a probability measure on .7 ?

Solution. Yes. For any A C N, define

P(A) =) 27"
€A
This series is absolutely convergent, so it is well defined. It extends the original definition because
P({i})=> 277 =2"
jeli}

To check that this is a probability measure, note first that

1. | - |
PQ) =) 27"=) 27"=1
€N i=1
2. If A1, Ao, ... are pairwise disjoint subsets of N, then each integer belongs to at most one A,,
and therefore
o0 ) oo ) o
J(SEA RIS 35 3ERED SEON!
n=1 ieU,, An n=1i€A, n=1

The rearrangement is valid because all terms are nonnegative.

Example 9.4 (Problem 6.8: Continuity from below) If A1 C A3 C A3 C ..., then

P ([j Ak> = lim P(A,).

k=1

Proof. Define By = Aj, By = A3\ A;, and in general B,, = A, \ A,—1. We can think of them as
disjoint annuli. The decomposition into disjoint annuli is shown in Figure 1. Then
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©

FIGURE 1

|C8

U

and . .
Um-Uaas
Then
P (G Ak> =P ([j Bk> = iIP’(Bk) = lim Zn:]P’(Bk) = lim P (CJ Bk> = lim P(4,).
k=1 k=1 k=1 nmreo s — n—00 et 0o

Example 9.5 (Problem 6.9: Continuity from above) If A} D Ay D ..., then

(ﬂ Ak> _?’L11—>II;O]P)(A ).

k=1

Solution. Define B,, = A; \ A, for n > 1. Since A; O A2 D ..., we have
B C By C

Therefore, by continuity from below (Example 9.4),

P (L_Jl Bn> = lim P(By).
Now

U Bn - Al \ m Ana
n=1 n=1

33



STAT 240 PROBABILITY (ADVANCED LEVEL) FaLL 2013

P (Al \ ﬁ An) = nh—g)lo P(Al \ An)
n=1
Using P(A; \ C) =P(A;) — P(C) whenever C' C Aj, we get
(ﬂ A ) = lim (P(A1) - P(4,)).

Hence,

P (ﬂ An> = lim P(Ap).
n=1

O
Example 9.6 (Problem 6.10: Countable subadditivity) For any Ay, As, ..., show that
P(Ua) <3 e
n=1 n=1
Solution. Define
Ci=4 and  Cp=A,\J A4 n>2
=1
Then C),, C A, for each n, and C7,C5, ... are pairwise disjoint. Also,
Ua.=Uc
n=1 n=1
By countable additivity on the disjoint family (C,),
P (U An) =P (U Cn> => P(C
n=1 n=1 n=1
Since Cy, C A,,, monotonicity gives P(C,,) < P(A,) for each n. Therefore,
P (U An> Z P(C,) < Z P(A
n=1
O
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Lecture 10 — Tuesday, October 15, 2013

7. Conditional Probability and Independence

Conditional Probability

Definition 10.1 Let (£, .#,P) be a probability space, and let B € .# be an event such that
P(B) # 0. Define the conditional probability of A given B by

P(AN B)

PAIB) = —5

forall A € #.

Warning Conditional probability is not symmetric: in general, P(A|B) # P(B|A).

\ J

In the special case where  is finite, P is uniform, and () # B C Q, we define

P(A|B) = #(:é;B)'

Example 10.2 (Problem 7.3) Two fair dice are rolled.

1. What is the probability that the sum is at least 57

2. Suppose we know that at least one die shows 1. How likely is it that the sum is at
least 57

Solution. For ((1)), for 2 < j <12,

6—17—Jl|

P(sum is j) = 36
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Hence,

1 2 3\ 3 5
T3 6

P(sum is at least 5) =1 —P(sum € {2,3,4}) =1 — <36 + 36 + 36

For ((2)), let A be the event that the sum is at least 5, and let B be the event that at least one
die shows “1”. Then

B={1j)|j=1,...,6)U{(i,1)|i=1,...,6} = By UBs.

Therefore, we obtain

6 6 1 11
P(B) =P(B1) +P(Bs) ~P(BiNBy) = oo+ o — o = .

The intersection is

ANB=1{(1,4),(1,5),(1,6),(4,1),(5,1),(6,1)},
so P(ANB) =6/36 = 1/6. Therefore

P(AB) — 161//?;)66 — 6/11.

Exercise 10.3 (Problem 7.4) You have heard that an old friend of yours has two children,
one of whom is a girl, but you do not know the sex of the other child. How likely is it that
it is a boy?

Example 10.4 (Problem 7.5) Show that P(A|Q2) = P(A).

Solution. We compute

Example 10.5 (Problem 7.6) If B C A and P(B) # 0, then P(A | B) = 1.
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Solution. Since B C A, we have AN B = B. Therefore

_ P(ANB) PB)
PAIB) =5 = pm) =

Example 10.6 (Problem 7.7) If AN B ={ and P(B) # 0, then P(4 | B) = 0.

Solution.
B P(ANB) B P(0) _
PA]B) = P(B)  P(B) 0

Example 10.7 (Problem 7.8) If AN B =0 and P(C) # 0, then

P(AUB | C) =P(A|C) +P(B | C).

Solution. We compute

P(AUB)NC) P((ANC)U(BNO))

P(C) a P(C)
CP(ANC)+P(BNC) PANC)  P(BNC)
- P(C) ~TPC) | PO
— P(A|C) + P(B|C).

P(AUB|C) =

By induction, Example 10.7 shows that conditional probability measures are finitely additive in
their first argument. In fact, they are genuine probability measures:

Example 10.8 (Problem 7.9) Show that P(- | B) : % — R, given by A — P(A | B), is
a probability measure on .Z#.

Solution. We need to show that 0 < P(A | B) < 1, that P(Q | B) = 1, and that if A, Ag,--- € .F
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are disjoint, then

(0
=1

B) :iIP’(Ai | B).

First, for any A € %
P(AN B)
P(B)

Since P(B) > 0 and 0 < P(AN B) < P(B), it follows that

P(A| B) =

0<P(A|B)<1

Next,
P(Q| B) =

Finally, let Ay, Ay, --- € F be pairwise disjoint. Then (A; N B);>1 is also pairwise disjoint, so by
countable additivity of P,

P((QAZ)ﬂB) (QAQB) ZIF’A NB).

Dividing by P(B) > 0 gives
> A B) X P(4; B -
P(UAiB>=Z i =) =3 B(A;| B).
i=1 i=1

IP’
1=1
Therefore A — P(A | B) is a probability measure on .%. O

Example 10.9 (Problem 7.10) Let (£2,.%#,P) be a probability space, and let B € .% with
P(B) > 0. Then (B,{ANB | A€ Z},P(-| B)) is a probability space.

Solution. Let
Fp:={ANB|Ac ZF}.

By Problem 5.9, Zp is a o-field on B.
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Now define a function on %5 by
Pp(C):=P(C| B), C € .

This is well defined because each C € Zp is itself an event in .%# (indeed C' = AN B for some
A € ), so the conditional probability P(C' | B) is already defined.

By Problem 7.9, the map E +— P(E | B) is a probability measure on .%. Therefore its restriction
to the sub-o-field % p C % is also a probability measure. In particular,

Py(B) = 1,

and for pairwise disjoint C1,Cy,--- € g,

P <U CZ-) = Pp(Cy).
i=1 i=1
Hence (B, .%p,Pp) is a probability space, i.e.

is a probability space. O

Example 10.10 (Problem 7.11) If P(AN B) # 0, prove that

P(ANBNC) =P(A)-P(B|A)-P(C| AN B).

Solution. The right-hand side equals

P(ANB) P(ANBNC)

P(4) P(4)  P(ANB)

=P(ANBNO).

Example 10.11 (Problem 7.14) Suppose P(A) > 0 and P(B) > 0. Prove that

P(A | B) > P(A) if and only if P(B | A) > P(B).
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Solution. Since P(B) > 0, the inequality P(A | B) > P(A) is equivalent to
P(AN B) > P(A)P(B).
Since P(A) > 0, this in turn is equivalent to

P(BNA)
TPA) > P(B),

which is precisely P(B | A) > P(B). O

Lecture 11 — Thursday, October 17, 2013

Example 11.1 (Problem 7.16) A student must sit an examination consisting of 3 ques-
tions selected randomly from a list of 100 questions. To pass, the student must answer all
three questions. What is the probability of passing if the student knows the answers to 90
questions on the list?

Solution. First, without using conditional probability, we obtain
90
3
100\
3
Now use conditional probability. Let A; be the event that the ith question is answered correctly,
for : =1,2,3. Then

P(3 correct) =

P(A;1 N AN Az) =P(A1) - P(Az | A1) - P(A3 | A1 N Ag)
(o0 s ss
~\ 100 99 98’

This is the same answer as before after simplification. O
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Example 11.2 (Problem 7.17) Mrs. Jones has made a steak-and-kidney pie for her two
sons. Eating more than half of the pie will give indigestion to anyone. While she is away,
the older son takes a random amount, uniformly distributed over [0,1]. Then the younger
son takes a random amount of what remains, uniformly distributed over what is left. Mrs.
Jones returns and finds that more than half of the pie is gone. What is the probability that
neither son gets indigestion?

Warning This one is difficult, especially given that we have not yet discussed proba-
bility densities.

Solution. We begin with the sample space in Figure 2. Let S; denote the amount eaten by the

So
1

S
1 1

FIGURE 2

older son and let S5 denote the amount eaten by the younger son. Then S is uniformly distributed
on [0,1], and S is uniformly distributed on [0,1 — Si]. Let B be the event that more than 1/2
of the pie was eaten; this event is shaded in Figure 3. This gives the denominator. Let A be the

So

1/2

S
1/2 '

FIGURE 3

event that neither son gets indigestion; the intersection A N B is shaded in Figure 4. We now
compute the required probabilities by double integration. Consider a small box of area dz - dy.
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S

1/2 AN

51

1/2

FIGURE 4

The probability that a point falls into that box is approximately

Plx < Sy <z+drandy< S, <y+dy)
=Px< S <z+dr) Ply<Se<y+dy|xz<S <z+dx)
height of box

1
=dz- =dz-dy——-.
. height of vertical strip T,

Therefore, the denominator is

P(B) = 1 — P(B°)
1/2

1/2—x 1
=1- / —dydz
0 0 1—=z

12 [ r1/2—z 4
=1 —/ / —dy| dx
0 0 1—z

= logv/2e

and the numerator is

1/2 1/2 1 1
P(ANB :/ / dy| dx =log2 — —.
( ) 0 1/2—x - 2

Hence, the conditional probability is

P(AN B) _ log2 — 1 _ 2log2—1
P(B) logv/2e  1+log2 "

P(A|B) =
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Exercise 11.3

(Problem 7.18) Groping about in the dark, we open one of two drawers in a chest and pick
up an item of clothing at random. What is the probability that it is a sock if one drawer
contains 6 socks and 6 underpants, and the other contains 2 socks and 4 handkerchiefs?

(Problem 7.19) Let Q = H; U Hy and Hy N Hy = (. Assuming that P(A | Hy), P(A | Ha),
P(H;) # 0, and P(H3) # 0 are known, find an expression for P(A).

The Law of Total Probability

Example 11.4 (Problem 7.20) Let Hy,..., H, be pairwise disjoint events such that
Q=HyU---UH, and P(H;) # 0 for i = 1,...,n. Show that, for any event A,

P(A) =) P(A| H)P(H,).
=1

Solution.
P(A) =P(ANQ) =P(AN(H U---UH,)).

Since the H; partition €2, the sets AN Hy,..., AN H, are disjoint, so

n

P(A) = f:IP(A NH) =Y P(A|H)- P(H,).
=1 =1

Example 11.5 (Problem 7.21: Law of total probability) Suppose that Hj, Ho,...
partition Q and P(H;) > 0 for every i. Then

P(A) = P(A| H,) - P(H,).
=1

Solution. The proof works essentially the same way as in the previous problem. We have A =
© (AN H;) and the sets A N H; are disjoint, so by countable additivity and the definition of
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conditional probability, we have

P(A) = iIP’(A NH;) = ip(/x | H;) - P(H)).
=1 =1

Example 11.6 (Problem 7.22) A survey is carried out to estimate the proportion of
bathroom singers. Each respondent rolls a die in secret and must answer NO if the roll is
1 and YES if the roll is 6, regardless of the truth; if the roll is 2, 3, 4, or 5, the respondent
must answer truthfully. Suppose the observed probability of a YES answer is % What is

the probability that a person is a bathroom singer?

Solution. Let p denote the probability of being a bathroom singer. Using the total probability
formula, we have

6
P(YES) = > P(YES | roll = i) - P(roll = i)
=1

(b)) 1)

2 1
-=—-(1+14

Therefore, we obtain

e
]

sop= 3.

Theorem 11.7 (Bayes formula: Problem 7.27) Let Hi, Hs,... partition © such that
P(H,,) # 0 for any n € N and suppose that P(A) # 0. Then

P(A | H;) - P(H;)

FUHAA) = & B(A | Hy) - B(H,)

.

This is a central formula in Bayesian reasoning.

Proof. Since P(A) # 0, conditional probability is defined and

FHAD =50 = @)
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Now, use the definition

which is valid because P(H;) # 0 by assumption. Substituting into the previous display gives

P(A | H;)P(H;)

Finally, by the law of total probability,

]P)(A) = ZP(A | Hn)P(Hn)

n>1
Replacing P(A) in the denominator yields

P(A | H;)P(H;)
> on>1 P(A | Hy)P(Hy)

P(H; | A) =

Lecture 12— Tuesday, October 22, 2013

Example 12.1 (Problem 7.30) In the survey from Problem 7.22, suppose the probability
of being a bathroom singer is %. How likely is it that a person who answered YES is indeed
a bathroom singer? How likely is it that a person who answered NO is a bathroom singer?

Solution. Let H; be the event that a person is a bathroom singer, let Hs be the complementary
event, and let A be the event that the person answered YES. Then

P(A | Hy) - P(H)) _ (5/6)(3/4) _15
(A [ HI)P(Hy) + P(A | Ho)P(Hz) — (5/6)(3/4) + (1/6)(1/4) 16’

P(Hy | A) = P

Note that this is greater than %, so answering yes increases the likelihood that the person is a

bathroom singer.

For a NO answer, 1/6)(3/4)
o 1/6)(3/4 3
FEL A = 760674 + (6/6) 1/ ~ 8
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Thus a NO answer lowers that likelihood from 3/4 to 3/8. O

Independence of Events

Definition 12.2 Events A and B are said to be independent if P(AN B) =P(A) - P(B).

Example 12.3 (Problem 7.32) Suppose that P(A) # 0 and P(B) # 0. Show that the
following conditions are equivalent:

1. P(A) =P(A | B),
. B(B) =B(B | A),

2
3. P(AN B) = P(A)P(B).

<

Solution. We prove

(1)) = ((3) = ((2)).

For ((1)) = ((3)), start from

P(A):P(A[B):W

Since P(B) # 0, multiply by P(B) to get

P(AN B) = P(A)P(B).

For ((3)) = ((1)), if
P(AN B) = P(A)P(B),

then dividing by P(B) # 0 gives

JP’(A|B):P(AHB)

5 =P

For ((2)) < ((3)), the same argument with A and B interchanged yields

P(B) = P(B | A) <= P(AN B) = P(A)P(B),
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because P(A) # 0.

Hence all three statements are equivalent. O

Example 12.4 (Problem 7.34) Show that for any events A and B, the following are
equivalent:

1. A and B are independent,
2. A° and B are independent,

3. A¢ and B¢ are independent.

Solution. We prove
(1) = ((2)) = ((3))-

For ((1)) = ((2)), assume
P(ANB) =P(A)P(B).

Then
P(A°NB) =P(B) —P(AN B) =P(B) — P(A)P(B) = P(A°)P(B),

so A€ and B are independent.

For ((2)) = ((1)), assume
P(A°N B) = P(A°)P(B).

Since B = (AN B) U (A°N B) (disjoint union),
P(ANB) =P(B) —P(A°N B) =P(B) — P(A°)P(B) = P(A)P(B),
so A and B are independent.

For ((2)) = ((3)), assume
P(A°N B) = P(A°)P(B).

Because A€ = (A°N B) U (A°N B€) disjointly,
P(A°N B°) =P(A°) —P(A°N B) = P(A°) — P(A°)P(B) = P(A°)P(B°),

so A€ and B¢ are independent.
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For ((3)) = ((2)), assume
P(A° N BY) = P(A°)P(B°).

Again from A° = (A°N B) U (A°N B¢) disjointly,
P(A°N B) =P(A°) —P(A°N B°) = P(A°) — P(A°)P(B) = P(A°)P(B),

so A¢ and B are independent.

Hence all three statements are equivalent. O

Example 12.5 (Problem 7.35) Let Q = {1,2,3,4} with uniform probability, and let
A ={1,2}. List all B C € such that A and B are independent.

Solution. Since P(AN B) =P(A) - P(B), we have

#(ANB) _#A #B #(ANB) 2 #B

20 #0 #9414

Therefore 2 - #(A N B) = #B. There are three cases. If #(AN B) =0, then #B =0, so B = ).
If #(ANB) =1, then #B =2, so

B e {{1,3},{1,4},{2,3},{2,4}}.

If #(ANB) =2, then #B =4, s0 B = . O]

The following is a number-theoretic extension of Example 12.5.

Example 12.6 (Problem 7.37) Let Q = {wi,wa,...,wy}, let P({w}) = 1/n for w € Q,
and let A, B C ) be independent. Show that if A has i elements, then B must have

n
S LR
J ged(i, )

elements, where k € {0,1,...,gcd(n,7)}.
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Proof. Let |A| =1, |B| =j, and |[AN B| = m. Under the uniform measure,

H#HA #B j #(ANB) m
P(A) = — = — P(B)= — =% d P(ANB)= ———2% = —.
Since A and B are independent,

P(AN B) = P(A)P(B) =

9

33
SIS
SHS

so m = % Because m is an integer, n | ¢j. Now, write d = ged(i,n), i = di1, n = dnj, with
ged(iy,ny) = 1. The divisibility n | ij becomes

dny ‘ dilj — N1 ’ le

Since ged(ir, n1) = 1, it follows that ny | j. Hence for some integer k,

n n
J " d ged(i,n)
Finally, 0 < j < n implies
n
0§k3§n:>0§k:§d,

=)
ke{0,1,...,d} ={0,1,...,gcd(i,n)}.

Example 12.7 (Problem 7.39) Let A be an event. Prove that the following are equivalent:

1. A is independent of every event B,

2. P(A) =0o0r P(4) =1.

Solution. We have A independent of itself if and only if P(A) € {0,1}. Indeed, if A is independent
of itself, then
P(ANA) =P(A)?,

so P(A) = P(4)2, and hence P(A) = 0 or P(A) = 1. Conversely, if P(A) = 0, then ANB C A
implies P(AN B) =0 =P(A)P(B). If P(A) = 1, then

P(B) = P(BN A) + P(BN A°) = P(BN A),
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because P(A€) = 0. Hence P(AN B) = P(A)P(B) in either case.

Example 12.8 (Problem 7.40) A fair coin is tossed three times. Define events

A = {tosses 1 and 2 differ},
B = {tosses 2 and 3 differ}, and C = {tosses 3 and 1 differ}.

Show that P(A) = P(A | B) = P(A | ), but P(A) £ P(A| BN CO).

Solution. We have P(A) = 1/2. Also,

P(ANB) 1/4

P(A\B):W—mzlﬂ
and _%_
P(A|C) = 12~ 1/2.
However,

P(A|Bﬂ0)zwzl(/)4:0#1/2.

Note that P(AN B) = P(A) - P(B), P(ANC) =P(A) - P(C), and P(BNC) = P(B) - P(C), but

P(ANBNC) #P(A) - P(B) - P(C).

O

Definition 12.9 Events A, B, and C' are independent if every pair of events is independent

and P(AN BN C) = P(A) - P(B) - P(C).

Example 12.10 (Problem 7.43) Let A, B, and C be independent events. Show that

1. A and BN C are independent,
2. A and BUC are independent,
3. A and B\ C are independent.

Solution. For ((1)),

P(AN(BNC))=P(A)-PB) P(C)=PA) -P(BNC),
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by the definition of independence, so A and B N C are independent.

For ((2)),

P(AN(BUC))=P[(ANB)U(ANC)]
=P(ANB)+P(ANC)-P(ANBNCQC)
=P(A)P(B) + P(A)P(C) — P(A)P(B)P(C)
=P(A)[P(B) +P(C)-P(BNC)]
=P(AP(BUCQC).

For ((3)),

(ANB)\ (ANBNC))
ANB)—P(ANBNC)
A)P(B) — P(A)B(B)E(C)
A) (B(B) - (BN C))
AP(B\ C).

—~~ o~~~

Lecture 13— Thursday, October 24, 2013

Definition 13.1 For n > 2, the events Ai, Ao, ..., A, are said to be independent if for

every subset A;, , A;,,...,A;_ , where k > 2, we have

T

There are 2™ — n — 1 conditions to check.

Example 13.2 (Problem 7.47: Grouping lemma) Let A;,..., A,, By,..., By be n+
m independent events. Let C' € Fyu,  a,)y and D € Fp, gy Then C and D are
independent.

o1
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Proof. First observe that replacing any of a finite independent family of events by its complement
preserves independence. Indeed, if E is one event and G is an intersection of any selection of the
others, then

P(E°NG) =P(G) -P(ENG) =P(G) - P(E)P(G) = P(E°)P(G).
Repeating this argument handles any number of complements.

The atoms of F4, . 4,) are the nonempty sets of the form

Ce=(AF, AV =4, A9 =2

=1

and the analogous intersections Dg are the atoms of #(p, 1. The preceding observation gives
P(Ce N D) = P(Ce)P(Dy)

for every pair of atoms. Every C' and D in the two generated o-fields is a finite disjoint union of
its respective atoms. Summing the displayed identity over those two finite collections yields

P(C N D) = P(C)P(D),

so C' and D are independent. O

8. Random Variables and their Distributions

Random Variables

Definition 13.3 Let X: Q — R be a function where (2, .#,P) is a probability space. We
say that X is a random variable if {w € Q | a < X(w)} € F for every a € R.

Note that {w | a < X(w)} = X~1((a,00)). It is more convenient to write {X > a} for this event,
and more generally {X € B} = X }(B). Likewise,

{X=a}={we| X(w)=a}.

A comma in this notation means “and,” that is, intersection.
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We can thus rewrite Definition 13.3: X: Q — R is a random variable if and only if {X > a} € .F
for all a € R.

Probabilities involving random variables are usually written with an abuse of notation as, for
example,

P(X >a) =PH{X >a}) :=P{{w € Q| X(w) > a}).

Example 13.4 (Problem 8.1) Show that X : Q — R is a random variable if and only if
{X € B} € Z for every Borel set B C R.

Solution. Forward implication. Suppose first that {X € B} € .Z for every Borel set B. Then X
is a random variable, because {X > a} = {X € (a,00)}, and (a, ) is a Borel set.

Reverse implication. Conversely, suppose that X is a random variable. We must show that
{X € B} € .Z for every Borel set B. Let

L ={ACR|{X € A} € F}.

By Problem 5.10, .Z is a o-field. By assumption, (a,00) € & for every a € R. For any open

(a,b) = G [(a,oo)ﬂ (b— iooﬂ ,

n=1

interval,

so (a,b) € . Thus .Z is a o-field containing all open intervals. Since the Borel sets form the
smallest such o-field, we obtain # C .Z. Therefore {X € B} € .# for every Borel set B. O

Example 13.5 (Problem 8.3) Two dice are rolled. Let X be the larger of the two numbers
shown. Compute P({X € [2,4]}).

Solution. Let
Q={(,7)|1<4,j <6},

and let X be the maximum of the two numbers rolled. Thus X: 2 — R, and for example
X((2,3)) = 3. We want to compute

P{X € [2,4]}) = P(2 < X < 4).
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We have
{2<X <4} ={X =2} U{X =3} U{X =4}

Also,
{(X=jt={X<j\{X=<j-1}

Let X; be the outcome of the ith roll, so X = max(X;, X2). Then

P(X < j) = P(Xy < j, X5 < j) = B(X1 <) B(Xz < ) = (‘é) (’) -7

Definition 13.6 A function m defined on the Borel sets of R which satisfies

m([a,8]) = m((a,b)) = m([a, b)) = m((a,5]) = b — a

and
o0
m (U2 A;) = m(A)
i=1
for pairwise disjoint Ai, Ao, ... is called Lebesgue measure.

Example 13.7 (Problem 8.4) Let Q = [0, 1] with Borel sets and Lebesgue measure. Find
P({X €[0,3)}) for X(w) = w?.

Solution. Restated, let Q = [0, 1], with Borel subsets of [0, 1]. We want the uniform probability
measure on [0,1], namely P([a,b]) = b — a, which is Lebesgue measure restricted to [0, 1]. Let
X(w)=w? For0<a<1l,

{X >a} ={w? >a} ={w>Va} = (Va,1] € B
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For a < 0 this event is €, and for a > 1 it is ). Thus X is a random variable. Now

P(X €[0,1/2)) =P0< X <1/2) =P(X <1/2) =Pw?<1/2) =P <w < \}5) = \2

Example 13.8 (Problem 8.5) Let X be the number of tosses of a fair coin up to and
including the first toss showing heads. Find P(X € 2N).

Solution. We want the probability that the number of tosses required to obtain the first head is
even. We have

P(X € 2N) :g:lp({xzzn}) — f: (;)M _ i G)n = 1/3/4 _ %

n=1 n=1

Lecture 14 — Tuesday, October 29, 2013

Distributions and Distribution Functions

Example 14.1 (Problem 8.6) Show that if X is a constant function, then X is a random
variable with respect to any o-field.

Solution. Let X (w) = ¢ for all w € Q. We use the fact that if .7 is a o-field on €2, then both
and () are elements of .%. Then

0 c<a
Q c¢>a.

{X>a}:{w|X(w)>a}:{

Hence {X > a} € .# for all real values a. Therefore X is a random variable. O
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Example 14.2 (Problem 8.7) Let Q@ = {1,2,3,4} and .¥ = {0,Q,{1},{2,3,4}}. Is
X (w) = 14w arandom variable with respect to .%#? If not, give an example of a nonconstant
function that is.

Solution. Choose ¢ = 3. Then
{X>at={w|X(w)>3}={w|l+w>3}={w|w>2}¢ 7.

Therefore this is not a random variable. For a nonconstant example, take X (1) =1 and

Random variables are like mRNA: they transfer information from the probability space (2, .#,P)
to the real line (the mRNA analogy is somewhat loose). If X: Q@ — R is a random variable, then
we can make the codomain into a probability space (R, #,Px), where £ is the family of Borel
sets of R and Py is the probability measure defined by

Py(B) =P(X € B) = P({w € Q | X(w) € B}).

Example 14.3 (Problem 8.14) Let X be a random variable. Show that the map
Py : B— P({X € B})

is a probability measure on the Borel o-field of R.

Solution. We need to check the axioms. For any Borel set B € &, we have Px(B) = P(X €
B) € [0,1]. Also,
Px(R) =P(X € R) =P(Q) =1.

For o-additivity, suppose that By, Ba,... are disjoint Borel subsets of R. Then {X € B;},{X €
By}, ... are disjoint events. Each {X € B;} lies in .# by Problem 8.1, and they are disjoint because

{XeB}In{XeBj}={XeBNBj}={Xeh}=0
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for ¢ # j. Therefore

=1 =1 =1 =1 =1

Definition 14.4 We call the function Px : & — [0, 1] defined by Px(B) = P{X € B})
the distribution of X.

Definition 14.5 Random variables, possibly defined on different probability spaces,
with the same distribution are said to be identically distributed. In particular,
X1, Xo,..., X, Q — R are identically distributed if

Py, =Py, =--- =Px,.

Example 14.6 (Problem 8.15) Find an example of two different random variables X and
X' with the same distribution.

Example. Take Q = {1,2,3,4}, # = 2% and P({i}) = 1/4. Define X; by X;(1) = 1 and
X1(i) = 0 for i # 1. Define X5 by X2(2) =1 and X2(i) = 0 for ¢ # 2. O

Definition 14.7 The distribution function (or cumulative distribution function) is
the function Fx: R — [0, 1] defined by

Fx(.ZU) = Px(<—00,.1‘]).

Example 14.8 (Problem 8.25) Let X be the number of tosses of a fair coin up to and
including the first toss showing heads. Compute and plot the distribution function Fx.

Solution. Let Q = {H,TH,TTH,TTTH,...}. We can take .7 = 2. Also,

1
P(T...T H)=g
n—1 times
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and
X(T...T Hy=n
n—1 times
Thus P(X =n) = 2%, and
[2] 1
Fx(z) =Px((—o00,z]) =P{X € (—o0,z]}) =P{X < z}) = Z o

n=1

0 ifx <1,
1—2% ifn<x<n+1, neN.

A sketch of Fx appears as the right-continuous step function in Figure 5:

D[ 00| ~— ><j
N
%
~

FIGURE 5

Example 14.9 (Problem 8.33) Find Fy if 2 = [0, 1] x [0, 1] has the uniform area measure
and X (w) is the distance from w € € to the nearest edge of the square.

Solution. Let (x,y) € [0,1] x [0,1]. Then w = (z,y), and
F = {everything you know and love} = #(Q),

assuming you do not know and love any nonmeasurable subsets of R2. For x < 0, P(X < z) = 0.
For z > 1/2, P(X <z)=1. Forz € [0,1/2), P(X > z) = (1 — 22)?, so Fx(z) = 1 — (1 — 22)2.

58



STAT 240 PROBABILITY (ADVANCED LEVEL) FaLL 2013

That is,
0, z <0,
Fx(z) = 4r — 422, 0<2<1/2,
1, x> 1/2.

When working out a distribution function, make sure to cover all inputs of the function.

Proposition 14.10 The basic properties of a distribution function are as follows:

1. Problem 8.26 (monotonicity): If 1 < z9, then Fx(z1) < Fx(x2).
2. Problem 8.27: lim,_,», Fx(z) = 1.

3. Problem 8.28: lim, , ~ Fx(z) =0.

4. Problem 8.29 (right-continuity): lim,_,,+ Fix(y) = Fx ().

Proof. For ((1)), if 1 < z2, then
(—00,z1] C (—00, x3].
Hence, by monotonicity of probability,

Fx(z1) = Px((—00,21]) < Px((—00,22]) = Fix(x2).

For ((2)), define A, := {X < n}. Then A,, 1, so by continuity from below (Problem 6.8),
nlin;o Fx(n) = T}L)IIOlO P(A,) =P(Q) = 1.

Since Fx is nondecreasing by ((1)), this implies

lim Fx(z)=1.

T—r00

For ((3)), define By, := {X < —n}. Then B, | (), so by continuity from above (Problem 6.9),

lim Fx(—n)= lim P(B,)=P(() = 0.

n—oo n—oo

59



STAT 240 PROBABILITY (ADVANCED LEVEL) FaLL 2013

Again using nondecreasingness from ((1)), we obtain

lim Fx(z)=0.

T—r—00

For ((4)), fix € R and let y, := z + 1. Then y,, | z, and

Applying continuity from above (Problem 6.9) gives

n—o0

1
lim FX<:U—|—> = lim P(X <vy,) =P(X <z) = Fx(z).
n—o00 n

If x <y <+ 1/n, monotonicity gives

Fx(z) < Fx(y) < Fx(z+ 1/n).

The squeeze theorem therefore upgrades the sequential calculation to lim,_,,+ Fix(y) = Fx(z). O

Exercise 14.11

(Problem 8.31) Prove that Fy is continuous at y if and only if Px({y}) = 0.

(Problem 8.32) Let a < b. Find expressions for the following probabilities in terms of Fy:

(

(b
(c
(d

(Problem 8.32) Two towns A and B are 50 miles apart. Car 1 leaves town A and car 2
leaves town B independently of one another. The departure time of each car is random
and uniformly distributed between 12 and 1 o’clock. The speed of each car is 100 miles
per hour and they travel directly to meet one another. Denote by X the distance between
the meeting point and A. Find F.
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Lecture 15— Thursday, October 31, 2013

Discrete Random Variables

Recall that
Fx(:L‘) = P(X < :13) = ]Px((—oo,l‘]).

The function Fx is nondecreasing, satisfies lim, ,oo Fix(x) = 1 and lim,_, ~ Fx(z) = 0, and is
right-continuous.

Definition 15.1 A random variable X is called discrete if there is a finite or countable
set C' C R such that Px(C) = 1. Another way to say this is P(X € C') = 1.

Definition 15.2 Let X be discrete with Px(C) = 1, where C is countable. The mass
function (or probability mass function or probability function) fx: C — [0,1] is
defined by

fx(x) = Px({x}).

Example 15.3 (Problem 8.38) A random variable X has the binomial distribution
Bin(n,p), where n € {1,2,...} and p € [0, 1], if

P(X = k) = (Z)p’“(l )k k=0,1,...,n.

Here and in the other discrete mass functions, we use the standard convention 0° = 1 at
degenerate parameter values. Verify that such a random variable is discrete.

Solution. Let C' ={0,1,2,...,n}, which is clearly countable. Then

n

Px(C) =) (Z)p’“(l —p)" P =p+A-p)=1

k=0

by the binomial theorem. O
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Definition 15.4 Let A be an event. An indicator random variable 14: Q@ — R is

defined by
1 wed
Ta(w) = { .
0 we¢A

Example 15.5 (Problem 8.39) Show that the indicator function 14 of an event A has
the binomial distribution Bin(1,p) with p = P(A).

Solution. Let C'= {0,1}. Then

1

faO=1-p= (g

)po(l -p)!
and
fa = (})rta-

This is the Bernoulli distribution. If Ay, As,... are independent events with P(A;) = p for all
i, then 1 4,,14,,... are called Bernoulli trials. O

Definition 15.6 If X is discrete with Px(C) =1 and fx(z) > 0 for all z € C, where C' is
countable, then we call C' the support set of X.

Example 15.7 (Problem 8.42) A biased coin with probability of heads p and tails 1 — p
is flipped n times. Let X denote the number of heads obtained. What is the distribution of
X7

Solution. Let X be the number of heads obtained. Then X is discrete, and C' = {0,1,2,...,n}
is a countable carrier for its distribution. If 0 < p < 1, this entire set is the support; for p = 0 or
p =1, the support is {0} or {n}, respectively. Also,

fx(k) = (Z)pk(l -p)"F, kecC.

The factor p¥(1 — p)"~* is the probability of any particular sequence of tosses with & heads and
n — k tails, while (Z) counts the number of such sequences. Thus this is the binomial distribution
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Bin(n, p). If
{1 if H occurs on toss j,
14. =

0 if T occurs on toss j,
thenX:]1A1+]1A2+---+]lA. 1

n

Example 15.8 (Problem 8.43) A biased coin with probability of heads p > 0 and tails
1 — p is flipped until k£ heads are obtained, where k € {1,2,...}.

1. Find the distribution of the number of flips Y.

2. Show that Y is a discrete random variable.

Solution. For ((1)), fix n > k. The event {Y = n} means that in the first n — 1 tosses there are
exactly £ — 1 heads, and toss n is a head. Therefore

n—l _ n— n—l n—
ﬂ”(Y—n)—<k_1>p’c Y(1-p) k'p—<k_1>pk(1—p) Fon=kk+1,. ..

and P(Y =n) =0 for n < k. This is the negative binomial distribution NegBin(k, p).
For ((2)), let
C:={k,k+1,k+2,...}.

The set C' is countable, and at least k tosses are needed to obtain k£ heads. To verify that Y takes
a value in C with probability one, compute

= (n—1 = (m+k—1
ZP(YZH)ZZ(k_1>pk(1—p)”‘k=pkz< o1 >(1—p)m,
neC n=~k m=0
where m = n — k. By a Taylor expansion,
o
m+k—1
1-— —k — m
(-1 Z( o )t, <1,
m=0
and putting t =1 —p € [0,1) for p > 0, we get

> (m+k—1
0

k—1 >(1—p)m:(1_(1_p))—k:p_k.

m=
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Therefore

ZP(Y:n):pk-p_kzl.
neC

so this is a valid mass function on a countable set. Hence Y is a discrete random variable.

In the special case k =1,
P(Y:n):p(]‘_p)n_17 n:17273""’

which is the geometric distribution. O

Example 15.9 (Problem 8.44) Fix A > 0, and for each integer n > [A] let X,, have
binomial distribution Bin(n, %) Show that, for every fixed k € {0,1,2,...},

Y

P(X,=k)—e 1

as n — o0.

Solution. For fixed k and all sufficiently large n (so that n > k and n > X),

- () (-

_ _ k n —k k

= e_’\/\—k.
k!

This is the Poisson distribution, also called the law of rare events. We also have

o [o.¢]
)\ke_A A )\k A A
= 6_ _— = 6_ e = 1.
| Z |
k! — k!

k=0
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Taylor series are pretty useful. O

Example 15.10 Imagine that there are r red candies and b blue candies in a box, and we
draw n of them. What is the probability that exactly x are red?

Solution. The possible values satisfy max{0,n — b} < x < min{n,r}; outside this range the
b

n—x) ways

probability is 0. In the valid range, there are (;) ways to choose the red candies and (

to choose the blue candies. There are (T;'L'b) ways to choose n candies from the entire box, so the

()

which is the hypergeometric distribution. We’ve seen this before! O

probability is

Absolutely Continuous Random Variables

Definition 15.11 A random variable is said to be absolutely continuous with density
function fx: R — [0,00) if fx is Borel measurable and

b
Px((a,b])) =Pla < X <b) = / fx(x)dx

for all a,b € R with a < b.

Warning Do not confuse this with continuity of the function itself, or with a mass function.

It is common to use “absolutely continuous” and “continuous” interchangeably for random vari-
ables, but the terms are not synonymous. A continuous random variable X has a continuous
distribution function F'x; recall that a general distribution function need only be right-continuous.
Continuity implies

P(X = ) = Px({z}) = 0

for every x € R. Continuous random variables that are not absolutely continuous are quite
pathological and rarely appear in elementary applications.
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The terminology here is not an accident. X is an absolutely continuous random variable if and
only if its distribution function Fx is absolutely continuous as a function on R in the sense of real
analysis: for every € > 0, there exists § > 0 such that

n

Z(yi —z;) <6 = Z |Fx (yi) — Fx ()] <€

i=1 i=1

for any 1 < y1 < 29 < yo < -+ < xp < Yy and any n € N. An important result in measure
theory shows that this condition is equivalent to the existence of a Lebesgue integrable function
f defined almost everywhere on R which satisfies

FX(:E):/_I fO)dt, weR.

In contrast, a continuous random variable only needs to have a continuous distribution function,
which is a strictly weaker condition.

Example 15.12 (Problem 8.48) Let X be absolutely continuous with density fx. Show
that

/Z fx(z)dz = 1.

Solution. An incorrect argument would be
/OO fx(x)dex =P(—oco < X < 0) = 1.
This is not valid, because co and —oo do not lie in R. The correct argument is
/_Z fx(x)de = nh_}rrolo /_:: fx(x)de = nli_}nolo]P(—n <X<n)= JLIEOIP’X((—n,n]) =Px(R) =1,

because o2, (—n,n] = R by continuity from below (Problem 6.8). O
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Lecture 16 — Tuesday, November 05, 2013

Example 16.1 (Problem 8.49) Let X be absolutely continuous. Show that Px({y}) =0
for any y € R.

In other words, absolutely continuous random variables are continuous.

Solution. Using continuity from above (Problem 6.9), we have
' 1 ' y y
Pl = i Bx (- 2] ) = i [ sxtoras= [ pxtaras o,
using the fact that the function

:U»—>/:f(t)dt

is continuous for any integrable function f. O

Example 16.2 (Problem 8.50) Let X be absolutely continuous. Find a formula for Fx (y)
in terms of fx.

Solution. Again using continuity from below (Problem 6.8) and continuity of

x /:f(t)dt,

Fi(y) = Px((o0.3]) = lim Px((-n) = i [ fr(@yao= [* fr(@)e

n—00 n—oo | _

Example 16.3 (Problem 8.52) Show that if the distribution function Fx is continuously
differentiable, then X is an absolutely continuous random variable with density

_ dFx(x)

Fx(@) dz
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Solution. We check the definition. First, F'x is nondecreasing by monotonicity of probability
measures (Problem 4.12), so its derivative is nonnegative. Moreover,

x((a,b]) = Px (=00, b] \ (=00, d])
= Fx(b) — Fx(a)

. de(:B)
_/a dx dz

dFx(x)
dz

by the fundamental theorem of calculus. Thus satisfies the definition of a density. O

Example 16.4 (Problem 8.53) A random variable X has the normal (or Gaussian)
distribution N (m,0?) where m € R and ¢ > 0 if it is an absolutely continuous random
variable with density

fx(@) = V;T?exp <_<$2—0§@>2) |

Verify that fx is a density.

The standard normal density is shown in Figure 6.

fx(xz) withm=0,0 =1

0

FIGURE 6

Solution. The function fx is nonnegative, so it remains to verify that it integrates to 1. This is
the famous Gaussian integral. The standard calculus derivation writes the integral as the square
root of its square and then makes a clever change to polar coordinates. Treating the two improper
integrals as a double integral requires Tonelli’s theorem for a completely rigorous justification; that
theorem is beyond the scope of this course.

/fX dx—\ﬁ/ exp< x;g”)2>dz

/ e < 2) dt  substituting ¢ = —
X supstitutin = —
T Vor P & o
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1 o x2 o y?
= m\//ooexp <—2> dz - /ooexp (—2> dy
[ L (55
_ \/12?\/ /0 ” /0 T exp (_Tj> drdf substituting @) - (;(;TSZ)
= \/12?\//0% /Ooo e~ vdudf substituting u = T;

1 2T
= — 1d6
\ 2T /0

1
= 5V

=1.

Example 16.5 (Problem 8.54) Let X be a random variable with the normal distribution
N(0,1). Show that m + o X, where m € R and o > 0, has the normal distribution A/ (m, 0?).

Solution. We have

Pm+gX((a,b]):P(a<m+aX§b):]I”(a_m <X< b_m> :ﬂ_gfx(y)dy.

g (oa

Substituting x = oy + m makes the integral equal to

1 xr—m b (x —m)?
O'/a fX< o >d$=/a \/277026XP<_ 202 )dx.

Example 16.6 (Problem 8.55) Let X be a random variable with the normal distribution
N(0,1). Find the density of Y = eX. (The distribution of Y is called the lognormal
distribution.)
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The resulting lognormal density is shown in Figure 7.

fy ()

0

FIGURE 7

Solution. Using the chain rule, the density at « > 0 is

1
fox (@) = %Fex (z) = %P(eX <z)= %P(X <logz) = %Fx(log z) = ~ fx(log )
SO (1 )2
1 ogx
T) = exp | — , x> 0,
fy(z) o P( 5 >
and fy(x) =0 for x <0. O

Example 16.7 (Problem 8.56) Let X be an absolutely continuous random variable with
the uniform distribution on [0, 1], i.e., with fx(z) = 1 for any = € [0,1] and fx(z) = 0
otherwise. Find a function g : R — R such that g(X) has the normal distribution N'(0,1).

Solution. Let ® be the standard normal distribution function,

T 1 t2
d(x) = ——e —— | dt.
( ) /oo 2 Xp( 2>

The function ® is a continuous, strictly increasing bijection from R to (0, 1). Define
g(u) = 7 (u), O<u<l,

and assign arbitrary values to ¢(0) and g¢(1); these endpoints have probability zero under the
uniform distribution. For every x € R,

P(g(X) < @) = P(X < B(x)) = B(x).
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Hence g(X) has distribution function ® and therefore has the A(0,1) distribution. The function
®~! is the quantile function of the standard normal distribution. O

Lecture 17— Thursday, November 07, 2013

Joint Distributions and Independence of Random Variables

The Borel sets in R? are generated by rectangles of the form (a,b) x (c,d), where a < b and
¢ < d. More generally, the Borel sets in R™ are generated by products of open intervals of the
form (ay,b1) x (ag,by) X -+ X (an,by) C R™.

Example 17.1 (Problem 8.57) Suppose X and Y are random variables defined on the
same probability space (£2,.%,P). Show that {(X,Y) € B} € . for any Borel set B C R2.

Solution. Define
G:={BCR%*:{(X,Y) e B} .7}

We show first that G is a o-field on R2.

Since {(X,Y) € R?} = Q € .#, we have R? € G. If B € G, then
{((X,Y)e B} ={(X,Y) e B} c.Z,

so B¢ € @.

If By, Bs,--- € G, then

{(X,Y) € [j Bn} = G{(X,Y) € By} € 7,

n=1 n=1

so U,~, By, € G. Hence G is a o-field. Next, let

A:={(a,b) x (¢,d) : a < b, ¢ <d}.
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For any rectangle (a,b) x (¢,d) € A,
{(X,Y) € (a,b) x (¢,d)} ={X € (a,b)} N{Y € (¢,d)}.

Because X and Y are random variables, {X € (a,b)},{Y € (¢,d)} € #, so the intersection is in
Z . Therefore A C G. The Borel o-field Z(R?) is generated by A, i.e. (R?) = o(A). Since G is
a o-field containing A, we get

BR?*) =0c(A) CG.

Hence for every Borel set B C R?,

Definition 17.2 The joint distribution of random variables X and Y is a probability
measure Py y on R? such that Pxy(B) = P({(X,Y) € B}) for every Borel set B C R?.

Example 17.3 (Problem 8.58) Let X and Y be random variables on the same probability
space. Show that

Px(B) = PX’y(B X R) and ]P)y(B) = PX7y(R X B)

for any Borel set B C R.

Proof. Let B € #(R). By definition of the distribution of X,
Px(B) =P(X € B).

But
{X e B} ={(X,Y) e BxR}

since (X(w),Y(w)) € B x R if and only if X(w) € B. Therefore, by definition of the joint
distribution,

Px(B) =P({(X,Y) € B x R}) = Pxy(B x R).

The second identity is analogous:

Py(B) =P(Y € B) = P({(X,Y) € R x B}) = Pxy(R x B).
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Definition 17.4 The functions
Px(B) = Px’y(B X R) and Py(B) = ]P’X,y(R X B)

in Example 17.3 are called the marginal distributions of X and Y, respectively.

Definition 17.5 X and Y are said to be jointly discrete if there is some countable set
C C R? such that Px y(C) = 1.

Example 17.6 (Problem 8.62) Prove that random variables X and Y are jointly discrete
if and only if they are both discrete.

Proof. Forward implication. If X and Y are jointly discrete, there exists a countable C' C R?
with ]P’)Qy(C) = 1. Let

A={zeR: 3y, (z,y) € C} and B={yeR:3x, (z,y) €C}.

Then A, B are countable because they are projections of a countable set. Moreover, C C A x B,
SO
]P)(X S A, Y € B) > ]P’)Qy(C) =1.

Hence P(X € A) =1and P(Y € B) =1, s0 X and Y are discrete.

Reverse implication. If X and Y are discrete, there exist countable A, B C R with P(X € A) =1,
P(Y € B) = 1. Then
C=AxDB

is countable. Since the events {X € A} and {Y € B} both have probability one,
]P’ij(C) = IP)(X €A Ye B) =1.

So X and Y are jointly discrete. O

Definition 17.7 If C C R? is a countable set such that Pxy(C) = 1, we define the joint
mass function of X and Y to be fxy: C — [0,1] by

fxy(z,y) =P(X =z and YV = y) = Pxy ({(z,9)})-
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Example 17.8 (Problem 8.63) A fair coin is tossed repeatedly. Suppose heads appears
for the first time after X tosses and tails appears for the first time after Y tosses. Show that
X and Y are jointly discrete and find their joint distribution. Then compute the marginal
distributions of X and Y.

Solution. On each sample path, exactly one of X and Y equals 1: if the first toss is heads then
X =1, and if the first toss is tails then Y = 1. Therefore (X,Y) can only take values on

C={(l,y):y=2,3,...} U{(z,1) : 2 =2,3,... },

which is countable. Hence X and Y are jointly discrete. Next we compute the joint mass function.
For y > 2,
{X=1,Y =y} ={H---HT with y — 1 heads then one tail},

SO
1\Y
fxy(Ly) =P(X =1Y =y) = <2> :
For z > 2,
{X=2,Y =1} ={T---TH with x — 1 tails then one head},
SO .
pertey=p0r=ny =1)= (1)

For all other (x,y), the probability is 0. Thus

27, =1, y=>2,
fxy(z,y)=4q27% y=1, z>2,

0, otherwise.
The marginals are obtained by summing the joint mass over the other variable. For X,
oo o0 1
fx( =) fxy(Ly) =) 27" =,
y=2 y=2
and for z > 2,

fx(z) = fo,y(x,y) = fxy(z,1) =277

y>1
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So .
5 =1,
fx(x)=<¢27" x=2,3,...,
\ 0, otherwise.
By symmetry,
5 y=1,
friy) =927 y=23,...,
\ 0, otherwise.

Definition 17.9 X, Y are said to be jointly absolutely continuous if there exists a Borel
measurable function fxy: R? — [0, 00) called the joint density such that

d b
Px y((a,b] x (c,d]) :/ / fxy(z,y)dedy

for all a < b and ¢ < d.

Example 17.10 (Problem 8.65) Show that if X and Y are jointly absolutely continuous
with joint density fxy, then both are absolutely continuous with marginal densities

Fx(e) = / T hyley)dy  and  fy(y) = / " oy (o) de.

—0o0 —0o0

Solution. The marginalization rule for nonnegative double integrals is a consequence of Tonelli’s
theorem. A complete proof of that theorem requires integration theory beyond the scope of this

course. Applying the rule here gives

o) = Exr(a i x B = [ ([ revtes ) as

so X is absolutely continuous with the stated density. The argument for Y is identical after

interchanging the variables. O
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Example 17.11 (Problem 8.66) Find two absolutely continuous random variables X and
Y that are not jointly absolutely continuous.

Solution. Take X ~ A(0,1) and define Y = X. Then X is absolutely continuous, and since YV’
has the same distribution as X, Y is also absolutely continuous. However,

P(X,Y)eD)=1 and D:={(z,y) e R?:y =2},

because (X,Y) = (X, X) always lies on the diagonal D. If (X,Y) had a joint density fx y, then
the diagonal’s two-dimensional Lebesgue measure zero would give

P((X,Y)e D)= /Dfxyy(x,y)d(a:,y) =0,

a contradiction. Therefore (X,Y) is not jointly absolutely continuous. O

Definition 17.12 Two random variables X and Y are independent when the events {X <
a} and {Y < b} are independent for all a,b € R. In general, X, Xs,..., X,, are independent
if

(X1 <a}, {Xe <ag},... {Xn <an}

are independent events for all a1, as,...,a, € R.

Example 17.13 (Problem 8.68) Show that X and Y are independent if and only if
{X € A} and {Y € B} are independent for all Borel sets A, B C R.

Solution. Forward implication. If {X € A} and {Y € B} are independent for all Borel A, B,
then in particular this holds for

A= (—00,d and B = (—o0, b,
so {X <a} and {Y < b} are independent for all a,b € R.

Reverse implication. Assume

P(X<a,Y<b)=PX <a)P(Y <b), forallabeR.
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Fix b € R and define
Dy={AcB:P(XecAY <b)=PX AP <b)}.

This is a Dynkin system: it contains R, is closed under complements, and is closed under countable
disjoint unions. By assumption it contains every interval (—oo, a]. These intervals form a m-system
that generates #, so the w—A theorem gives D = A.

Now fix A € £ and define
Ea={Be# :P(XecAY ecB)=P(X e AP € B)}.

The first part shows that £4 contains every (—oo,b]. It is again a Dynkin system, so another
application of that theorem gives £4 = 9. Therefore, for all Borel sets A, B C R,

P(Xe€A YeB)=P(X e APY € B),
so the events {X € A} and {Y € B} are independent. O

Example 17.14 (Problem 8.70) Show that jointly absolutely continuous random vari-
ables X and Y are independent if and only if

fxy(z,y) = fx(x)fy(y)

for almost every (z,y) € R?.

Solution. Forward implication. Assume X and Y are independent. Then for every a,b € R,
Fxy(a,b) =P(X <a,Y <b) =P(X <a)P(Y <b) = Fx(a)Fy(b).
Since X and Y are jointly absolutely continuous,
a b
Foved)= [ [ fer@pdyde

Also,

Fe@r = ([ ) ( boo wwa)= [ boo Fx () - (y) dy d.

Therefore the measure with density fxy and the measure with density (x,y) — fx(z)fy (y) agree
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on every lower-left rectangle (—oco,a] x (—o0,b]. These rectangles, together with R?, form a 7-
system generating the Borel sets of R2. The 7\ theorem shows that the two probability measures
agree on every Borel set. By uniqueness of densities,

fxy(z,y) = fx(z)fy(y)

for almost every (z,y).

Reverse implication. Assume now that fxy(x,y) = fx(z)fy(y) almost everywhere. Then for all
a,beR,

F)Qy(d,b) = ]P)(X < a, Y < b)
a b
= / / fxy(z,y)dyd
a b
~ [ | @y
a b
([ s@as) ([ miwa)
= Fx(a)Fy(b)
Hence {X < a} and {Y < b} are independent for all a,b, so X and Y are independent. O

Example 17.15 (Problem 8.72) Let X and Y be independent random variables with
binomial distributions Bin(m,p) and Bin(n,p), respectively. What is the distribution of
X+Y7?

Solution. The marginal mass function of X is

m —x
fX(x)_<x>px(1_p)m ’ $:071727"'7m7

and the marginal mass function of Y is

fr(y) = <Z>py(1 —p)"Y, y=0,1,2,...,n.

Therefore, the joint mass function is

Frortean) = fx(o)- v = (1) (2 )t -y,
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forx=0,1,2,....mand y=0,1,2,...,n. For 2z =0,1,... ,m+n,

{X+Y ==z2}= O{X:m,Y:z—x}.

=0
Therefore
Ixiy(2) =P(X +Y = 2)
= fxy(@.z-2)
=0
= fx(@)fr(z— )
x=0
B z m n . B (m-+n)—z
S () -
and hence
fxiv(z) =p (L —p)mt==3)" (7;) (Z i x) _ (m ;r n)pz(l _ p)lmm)—z

=0

where binomial coefficients outside their usual range are understood to be 0 as before. Thus
X +Y ~ Bin(m + n,p). O

Example 17.16 (Problem 8.73) Let X and Y be independent random variables with
Poisson distributions of parameters A and p, respectively. Find the distribution of X + Y.
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Solution. Let z € {0,1,2,...}. Since X and Y are independent,

PX+Y =z =

z

ZP(X:x,Y:z—:U)

— z!(z — x)!

-+ &
€ z xr, 6 Z—X
2! z;) (a:) Ah

e_(>‘+.u‘)
z!

) A
=0

(A4 )7,

by the binomial theorem. Also P(X +Y = z) = 0 for z < 0. Therefore X + Y has the Poisson

distribution with parameter A + p.

Lecture 18 — Tuesday, November 12, 2013

9. Expectation and Variance

Expectation of Simple Random Variables

O

variable, define
E[X] =

Definition 18.1 A random variable X is called simple if there exists a finite set C C R
such that P(X € C') = 1. The elements of C' are called the values of X. For a simple random

d z-P(X =u).

zeC
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Equivalently, if C' = {z1,x9,...,z,}, then
n
E[X] = @i fx(a),
i=1

where fx is the mass function of X. This is the expectation (or expected value).

Warning Expectation is also called the population mean. It should not be confused
with an observed sample average.

Example 18.2 (Problem 9.2) What is the expectation of a random variable with the
Bernoulli distribution?

Solution. Here C' ={0,1}. On C, we have fx(0) =1 —p and fx (1) = p. Therefore

2
E[X] =Y @ fx(x)=0-(1-p)+1-p=p.
=1

Example 18.3 (Problem 9.3) A friend forgot the 8-digit password required to log into a
computer. If all possible passwords are tried completely at random, discarding unsuccessful
ones, what is the expected number of attempts needed to find the correct password?

Solution. We are assuming that the sampling is done without replacement because your friend
is probably not that dumb. Let X be the number of attempts. Then X € {1,2,...,10%}, where
108 = n. The mass function is

and
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In general, fx (k) = L for 1 < k < n. Therefore

n

- 1 n+1
E[X]szﬁi'fx(wi)zzi-ﬁz 5 = 50,000,000.5.
i=1 i=1

O
Example 18.4 (Problem 9.5) What is the expectation of a random variable with the
binomial distribution?
Solution. Let X ~ Bin(n,p), so for k =0,1,...,n we have
POx =0 = () )kt
Therefore,
E[X] = k’l_ n—k _ kl_ n—k
[X] Zk<k>p (1-p) Zk<k>p (1-p)
k=0 k=1
Using
n n—1
k =
() =G:%)
we get
= n—1 " /n—1
EIX] = k‘l_ n—k _ k‘—ll n—k
[X] n<k_1>p( p) np (k_1>p (1-p)
k=1 k=1

Let j=k—1. Then j =0,1,...,n—1, so

n—1 n—1 )

S D G IR L

=0~ 7

The sum equals (p + (1 — p))" ! = 1 by the binomial theorem. Hence E[X] = np. O

Example 18.5 (Problem 9.6: Linearity of expectation) Show that E[X +Y] =
E[X]+E[Y] and E [¢X] = ¢E [X] for simple random variables X,Y and any ¢ € R.
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Solution. Suppose that the values of X are x1,...,x, and the values of Y are yi,...,¥yn. Then
n m
E[X] =) i fx(@) and E[Y]=> u;-fy(y)
i=1 j=1

The class of random variables forms a vector space, so
X+Ye{r;+yj|1<i<n, 1 <j<m}.
Thus X +Y is simple. Let Z = X + Y, with values 21, ..., zx, where kK < m - n. Here,

folz) = > fxy(@iyy),

i,j:mierj =zy

which is a fancy version of the total probability formula. Therefore
k
E[Z] = Zzz - fz(20)
l=1

K
=> 2 Y. fxy(@oy)
=1

4] Y =2

= Z Z(mz +u;) - fxy (@i, yj)

i=1 j=1

=3 D mi- fxy(@ny) + Y v v (i ys)

i=1 j=1 i=1 j=1

=> 2 |3 fxv(@iny) | ) v [Z fxy (i, yj)]
i=1 j=1 =1 i=1

j=
= sz . fX(xZ) + Zyj : fY(yj)
i=1 j=1

—E[X]+E[Y].

This calculation proves that E[X + Y] = E[X] + E[Y].

We now prove that E[cX] = ¢E[X]. If ¢ = 0, both sides are 0. Suppose therefore that ¢ # 0 and
that X takes the distinct values x1,...,x,. Then czxy,...,cx, are also distinct, and for each ¢ we

have
P(cX = cz;) =P(X = ;) = fx(x;).
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Therefore,

n n

Z(sz)fx(l'z) = szzfx(.%'z) = CE[X]

i=1 =1 i=1

=
s
ke
I
>
8
=
S
S
I
o
&8
I

Example 18.6 (Problem 9.7) Show that if X is a simple random variable and X > 0,
then E [X] > 0.

Solution. Note that X > 0 means X (w) > 0 for all w € Q. This is immediate from the definition,
and then every term in the defining finite sum for E [X] is nonnegative. O

Example 18.7 (Problem 9.8: Monotonicity of expectation) If simple random vari-
ables X and Y satisfy X <Y, show that E [X] <E[Y].

Solution. If X <Y, then Y — X > 0. Therefore, Example 18.6 gives
0<E[Y -X]|=E[Y]-E[X],
so E[X]<EY]. O

Example 18.8 (Problem 9.9) Show that |[E [X]| < E[|X|] for any simple random variable
X with values x1,...,x,.

Solution. From Example 18.7, E[X] < E[|X]|] and —E[X] < E[|X]], so |[E[X]| < E[X]].
Alternatively, by the triangle inequality

BX]] =D 2 fx(w)
i=1

< Z|$i|‘fX($i) =E[X]].
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Example 18.9 (Problem 9.11: Law of the unconscious statistician for simple
random variabls) Let X be a simple random variable with values z1,...,x,. Show that
for any function g : R — R,

Elg(X)] =) glw:) fx (x).
i—1

Solution. Define Y = ¢g(X). Let Y have values y1, ..., Ym, where m < n. Then

EY]=Y v Ay =D v | D, fxl@)
7j=1 j=1

= = i:g(zi)=y;

=3 >y fx(w)

J=Lig(@i)=y;

Lecture 19— Thursday, November 14, 2013

Variance, Covariance and Jensen’s Inequality

Example 19.1 (Problem 9.12: Cauchy—Schwarz—Buniakovsky inequality) Let X
and Y be simple random variables. Verify

EXY]? <E[X*)E[Y?.

Proof. Suppose that E [Y2] > 0. Otherwise the result is immediate, because P(Y = 0) = 1
and both sides are zero. Note that (X —tY)? > 0 for all t € R, so by Problem 9.7 we have
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E[(X —tY)?] > 0. Now
0<E[(X —tY)?] =E[X?] — 2B [XY] + 2E [v?],

which is a quadratic polynomial in ¢. Choosing

‘o E[XY]
- E[Y?]

minimizes this expression, and substitution yields

E[XY)?

OgIE[Xﬂ—W.

Rearranging gives
EXY]? <E[X*)E[Y?.

Definition 19.2 We can rewrite the result as

E[XY]| < VE[XE[V2.

Replacing X by X — myx, where mx =E[X], and Y by Y — my gives

EX —mx)(Y —my)] | < VE[X —mx)?] - VE[Y = my )2
This is the covariance inequality. We define
Cov(X,Y) = E[(X —mx)(Y —my)]
to be the covariance of X and Y, and
Var(X) = E [(X — mx)?]
to be the variance of X. If Var(X) > 0 and Var(Y) > 0, the coefficient of linear

correlation is defined by
Cov(X,Y)

1< <1,
— /Var(X) Var(Y)

where the bounds follow from the covariance inequality.
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Definition 19.3 A function h : R — R is convex if
h(ax + (1 — a)y) < ah(x) + (1 — a)h(y)

for all z,y € R and all a € [0, 1].

A useful example is |z| = max(z, —z), which is convex.

Example 19.4 (Problem 9.14: Jensen’s inequality) Let X be a simple random variable
with values in an interval (a,b), and let & : (a,b) — R be convex. Prove Jensen’s inequality:

hE[X]) < E[h(X)].

Proof. Because X has finitely many values in (a,b), their convex combination zyp = E[X] also
lies in (a,b). We use the supporting line theorem: for this z(, there are constants «, 5 € R
such that a 4+ Sz < h(z) for all = € (a,b) and o+ Bz = h(xp). Then

Eh(X)] > Ela+ X] = a+ BE[X] = a+ fxo = h(zg) = h(E[X]).
We do not need to prove the supporting line theorem here. O
Special cases include E [|X|] > |E [X] |, which is exactly Problem 9.9, and E [X?] > [E [X]]?, which

implies that the variance is nonnegative. We also obtain E [eX ] > ¢EX]. For concave functions,

the inequality is reversed.

Example 19.5 (Problem 9.19) Show that for any simple random variable X,

Var(X) =E [X?] - E[X]*.

Solution. By expanding the definition of variance, we obtain

Var(X) = E [(X — mx)?]

=E [X2 —2mxX +m_2x]
E [X?] - 2(E[X])* + E [X]*
E|
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Example 19.6 (Problem 9.20) Compute the variance of a random variable with the
Bernoulli distribution.

Solution. For a Bernoulli random variable, X ~ Bin(1,p). Recall that P(X = 1) = p and
P(X =0) =1—p. Since X € {0,1}, we have X? = X, and therefore

Var(X) =E [X?] - [E[X]? =E[X] -E[X]" =E[X][1 - E[X]] = p(1 - p).

O
Example 19.7 (Problem 9.23) Show that Var(bX + a) = b? Var(X) for any a,b € R.
Solution. Let mx = E[X]. Then
E[bX +a] = bE [X]+a =bmx + a.
Hence
Var(bX +a) = E [((bX +a)—E[bX +d )2]
—E [((bX +a) — (bmx + a))z]
= E [ (6(X —mx))’|
=bE [(X — mx)?]
= b* Var(X)
O

Example 19.8 (Problem 9.24) Show that
Var(X +Y) = Var(X) + Var(Y)

whenever X and Y are independent simple random variables.
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Proof. The key identity is
Cov(X,Y)=E[(X —mx)Y —my)] =E[XY] —mxmy =E[XY] -E[X]|E[Y].

If X and Y are independent, then their singleton events are independent by Problem 8.68. Hence,
writing their finite sets of values as {x;} and {y;},

E[XY] = Z iy P(X =2, Y =y;) = inyﬂp(x = 2;)P(Y = y;) = E[X]|E[Y].

Thus Cov(X,Y) = 0. Therefore

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y) = Var(X) + Var(Y).

The covariance identity is
Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y),
Indeed, expanding the centered square gives
E [((X —mx) + (Y —my))?] = Var(X) + Var(Y) + 2 Cov(X,Y).

In particular, Cov(X,Y') is a bilinear, symmetric, positive semidefinite form on the space of random
variables with finite variances. It becomes an inner product after we identify random variables that
differ by an almost-sure constant. In particular, if X and Y are independent, then Cov(X,Y) = 0,
so Var(X +Y) = Var(X) + Var(Y). More generally,

n n
Var (Z XZ-> = Var(X;)+2 Y Cov(X; Xj).
i=1 i=1 1<i<j<n
When Xi,..., X, are independent, this reduces to

Var (i XZ-) = iVar(Xi).

i=1 =1

Definition 19.9 Let X be a discrete random variable with values x1,x9,.... Define the

89



STAT 240 PROBABILITY (ADVANCED LEVEL) FaLL 2013

expected value of X by
X} = Zl'z ) fX(xi)v
i=1

provided the series is absolutely convergent; that is, provided

=1

Example 19.10 (Problem 9.27) A biased coin with probability of heads p > 0 and tails
1 — p is tossed repeatedly. Let X be the number of tosses until heads appears for the first
time. Compute E [X].

Solution. Here X € {1,2,3,...}, with fx(k) = (1 — p)* ' -pfor k=1,2,.... Then

=Y k-(1=p) Tt p=p> k1 -p*!
k=1

k=1
Using
oo oo 1
k k—l _
Z v Z da:l—a: (1—x)2’
k=1 k=1
we obtain . ) )
E[X}:p() _, Lt
(1-(@1-p))? PP
Absolute convergence is automatic because every term is nonnegative and the sum is finite. O

Example 19.11 (Problem 9.29) What is the expectation of a random variable with the
Poisson distribution?

Solution. Using the Poisson mass function and Taylor’s theorem, we obtain

AT LA > Me
Zx fx(a Zx ZWZAZ =

!
z=1 j=0 J:
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Lecture 20 — Tuesday, November 19, 2013

Moments and Continuous Expectation

Example 20.1 (Problem 9.28: St. Petersburg paradox) This problem was invented
by Nicolas Bernoulli. A fair coin is tossed repeatedly until the first tail appears. If the first
tail appears after k heads, the payoff is 2% dollars. What is the expected payoff?

Solution. For the St. Petersburg paradox, W takes the values 1,2,4,8,..., with fy(2F) =
2=+ for £ =0,1,2,.... Then

E[W]=> 28 27 = o0,
k=0

so the expectation is not finite. (The “paradox” is that you should be willing to pay any amount
of money to play this game if your sole consideration is your expected profit.) O

Example 20.2 (Problem 9.31: Law of the unconscious statistician for discrete
random variables) Let X be a discrete random variable with values x1,z9,... and mass
function fx. Show that for any Borel function g : R — R, the random variable g(X) is

discrete and
o0

Elg(X)] = glw:) fx (x),

i=1

provided this series is absolutely convergent.

Solution. Let C' = {z1,x9,...}. Since P(X € C) =1 and ¢(C) is countable, we have P(g(X) €
g9(C)) =1, so g(X) is discrete. Let Y = ¢g(X), and list the distinct values of Y as y1,y2,.... For
each j,

PY =y)= > fx(w).

irg(zi)=y;
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Therefore, the expectation is
oo oo o
=D yPV=y) =Yy >, fxl@)=> glz:)fx(z:),
i=1 =1 igla)=y; i=1

where the rearrangement is justified by absolute convergence. O

Example 20.3 (Problem 9.33) Find an example of a discrete random variable whose
expectation exists but whose variance is undefined.

Solution. Let the values of X be z, = (3/2)* for k =0,1,2,..., and let fy(z;) = 2-*+Y). These
probabilities sum to one, and

o) o0 k
1 3
=2 .(3/2) =52 {3
k=0 =0
However,

o= (T L= 9\
E|X*| = - Sl — = -] =o.
x)=3(3) > (5)
k=0 k=0
Hence X has a finite expectation but no finite second moment. Under our convention its variance
is therefore undefined (or, in the extended nonnegative sense, equal to oo). O

Example 20.4 (Problem 9.34) Compute the variance of a random variable with the
Poisson distribution.

Solution. We found earlier that E[X] = A\. What is Var(X)? Using the simplifying formula,

Var(X) =E [X?] - E[X]* =E [X?] - )2

Since fx(z) = ’\I , the expression
) & QAx -\
E[X?%] = z%:c "
=
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is not especially helpful. The trick is to calculate

E[X(X - 1) = ix(w _pXet i L Z _es et
_z:0 x! _$2m—2 x—2 — K

Returning to the original problem, we have E [X (X — 1)] = A\2. Therefore

S0
E[X?] =X+ A2 and hence Var(X) = \.

Definition 20.5 Different expectations are called moments: E [X 2] is the 2nd moment,
E[X (X —1)] is the factorial moment.

Definition 20.6 If X is absolutely continuous with density fx(x), then define the expected
value of X by

Bx] = [ o fx(o)dn

—00

provided the integral is absolutely convergent.

Theorem 20.7 (Law of the unconscious statistician for continuous random vari-
ables) If X is absolutely continuous with density fx and g : R — R is Borel measurable,
then -
B = [ g(o)- fx(a)do
—0o0

provided that the integral is absolutely convergent.

Remark 20.8 A complete proof of the law of the unconscious statistician uses pushforward
measures and the monotone convergence theorem, both beyond the scope of this course.

Example 20.9 (Problem 9.38) Compute E [X] when X has the exponential distribu-
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tion Exp(A), where A > 0, with density

fx(z) =

/\e_’\a”7 x>0,
0, x < 0.

Here X is called the intensity parameter.

The exponential density from Example 20.9 is shown in Figure 8.

fx(x) with A =1/2

0

FIGURE 8

Solution. We have

[e.e] 00 oo 1
_ —Az | A -z _
E[X]—/O Aze M dx = [ xe }0 +/0 e “dx 3

A useful formula to remember is

o0
/ 2"e " dx = nl, n=20,1,2,....
0

Example 20.10 (Problem 9.39) Compute E [X] when X has the Cauchy distribution

with density
1

fX(w) = m

The Cauchy density from Example 20.10 is shown in Figure 9.

Solution. First, we verify that

> 1 [ 1
/—oofX(x)dx:W/_ool—i—m?dx
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fx(x)
0
FIGURE 9
1 0
= [arctan(z)]>,
=1.

On the other hand, to define E[X]| we must check the positive and negative parts separately. Using
the substitution y = 1 + 22, we compute

&0 1 1 /1 1
/ x<u:./ Zdy = — lim log R = oo,
o m(1+z?) T 2/ vy 27 R—o0

Similarly,

0
xr
— T dr=—co.
[mwu+ﬁ)x >

Therefore the positive and negative parts are both infinite, so the expectation is not defined. [

You are shooting bullets at a wall because you are very mad at it. The wall is infinitely long and
one unit in front of you. Your range of fire is 180°, so bullets are more likely to hit the region
directly in front of you, as shown in Figure 10.

FiGURE 10

If © is the firing angle relative to the dashed center line and © is uniformly distributed on
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(—m/2,7/2), then the horizontal hit location X on the wall is

X =tan©.
The density of X is
d d d [arctanx 1 1 1
fx(z) o (X <=x) e (© < arctanx) e ( - + 2) pul

which is exactly the Cauchy distribution density. The unscaled curve y = ﬁ is called the

Witch of Agnesi, and multiplying by 1/7 rescales it to have total area 1.

Example 20.11 (Problem 9.40) Compute E [X] when X has normal distribution A (a, b?),
where b > 0.

Solution. Suppose first that a = 0 and b = 1, so the distribution is standard. Then

& 1
IE[X]:/ x-me_mz/de.

Call the integrand g(x). Notice that it is an odd function, since g(—z) = —g(z). Therefore
E[X] = 0. Now suppose that X ~ A(a,b?). Then

1 _(z—a)?

IE[X]Z/ Ty 27 dx

o (z—a)2

1
:/_Oo(x—a)\/%e 22 dx + a.

Let y =x — a. Then

o0 1 y2
E|X]| = . e 202 dy +a = a,
X= [y ety

because the integrand in the first term is odd, so that integral is 0. Thus E [X] = a. O
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Lecture 21 — Thursday, November 21, 2013

Expectation and Variance for Common Distributions

Example 21.1 (Problem 9.25) Compute the variance of a random variable with the
binomial distribution Bin(n, p).

Solution. Suppose that X ~ Bin(n,p). The case n = 1 is the Bernoulli calculation from Prob-
lem 9.20, so assume n > 2. Then E [X] = np, and

n

fx(x) = ( )pm(lp)”_x, r=0,1,2,...,n.

x

We also have

=0
- x;m(m - Ux!(nnl IOl

) g (x - 2)7(!11 e

= n(n 1)p2§:2 e _(;z)!—(s)i x)!pH(l .
=n(n— 1)p2:2;z (n , )pk(l e

=n(n—1)p*-1=n(n—1)p*
Therefore E [ X?] — E[X] = n(n — 1)p?, so
E [X?] = n(n — 1)p® + np = n’p® — np* + np.
Hence, the variance is

Var(X) = E [X?] — E[X])? = n?p? — np? + np — n*p? = np(1 — p).
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This is the natural generalization of the Bernoulli case. In fact, we can obtain it by adding n
independent Bernoulli trials.

Definition 21.2 Suppose that X > 0 is a random variable. Then expectation is a function
X — E[X] € [0, 00 satisfying the following properties:

1. E[14] =P(A)
2. Ifc>0and Y >0, then E[cX + Y] =cE[X]|+E[Y].
3. (Monotone convergence) If 0 < X,, /X, then 0 <E[X,] /" E[X]

Warning Note that in general X,, — X does not imply E [X,,] — E [X].

Definition 21.3 We define X = max{X,0}, that is, X(w) = max{X(w),0}, the pos-
itive part of X. We also define X~ = (—X)* = max{—X,0}, the negative part of
X.

\ J

Note that both X and X~ are nonnegative. We have X* — X~ = X and X+ + X~ = | X|.

Definition 21.4 We say that X is summable (or integrable) if E[X 1] , E[X ] < co. For
summable X, we define
EX]=E[XT]|-E[X].

10. Limit Theorems

The Weak Law of Large Numbers

There are three major limit theorems in probability: the weak law of large numbers (WLLN),
the strong law of large numbers (SLLN), and the central limit theorem (CLT).
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Suppose X1, Xo, ... are independent and identically distributed, and let

_ X4+ -4+ X
X, =21ttt an

n

Then we expect X, — E[X1] as n — co. Why is this plausible? If Var(X;) = o2, then

X1+ 4 X,
n

Var(Xn):Var< > :ﬁvaT(Xl‘F"'—FXn):fZ(nU ):Z’

which tends to 0 as n — oo.

Example 21.5 (Problem 12.3: Markov’s inequality) Suppose X > 0 and that E [X] <
0o. Then for all @ > 0, P(X > a) < ELX]

a

Proof. Let
1 1, X >a, d 1 1, X <a,
X>a = an X<a =
=)o, X <a, =7 o, X >
Then
Ix>e+1x<qa =1,
SO

EX]=E[X -1]=E[X(Ix>q+ Ix<a)] =E[X - Lx>a] + E[X - Tx<q].

Since X > 0, we have
EX]>E[X -1x>¢) >Efa-1x>q] =a-E[lx>e] =a-P(X > a).

Therefore
E [X]

P(X >a) <
(Xza)< =

Example 21.6 (Problem 12.4: Chebyshev’s inequality) Let X have finite variance
Var(X). Then for a > 0, P(|X — E[X]| > a) < Y21X),

Proof. Let Y = (X —E[X])? > 0. Applying Markov’s inequality to Y, we get

E[Y]

a2

P(Y > a?) <
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Thus Var(X
P((X —E[X])? > a?) < Y2,
a
Therefore Var(X
P(X ~E[X]| > a) < “2X)
a

by taking square roots.

Example 21.7 (Problem 12.7) In the setting of repeated fair coin tosses, let S, be the
number of heads in n tosses. Show that for any € > 0,

lim IP’(Sn—l‘<€):
n—o0 n 2

Solution. We compute

and

Now, for any € > 0,

Sp 1 S < Var(S,/n) 1
n o 2|=°)= g2  4ne?

OS]P’(

by Chebyshev’s inequality. Therefore

Theorem 21.8 (Weak law of large numbers) Suppose X7, Xo, ... are independent and
identically distributed random variables with finite variances. Let

S, = ZXZ-
=1
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and X, = S—JL Then for every € > 0,

lim P(|X, —E[Xi]| <e) =1.

n—oo

Proof. Write 4 = E[X;] and 0% = Var(X;) < oo. Since the X; are identically distributed,
E[X;] = p and Var(X;) = o? for each i. First,

SO

2
Var(X,) = Var(i?) = iVar(Sn) = L. no?=2_.

By Chebyshev’s inequality, for every € > 0,

< Var(X,) o2

P(lyn—u‘28)_ 2 :@mo
Therefore B B
P(|Xn—p| <e) =1-P(|Xn—p[>e) — 1
Since p = E [X1], this is exactly the claimed statement. O

Why is this called the weak law? Compare it with the statement

]P’(lim X, :E[Xl]) —1,

n—oo

which is stronger and corresponds to the strong law of large numbers. The distinction comes from
where the limit appears.
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Lecture 22 — Tuesday, November 26, 2013

Central Limit Theorem

De Moivre’s version of the central limit theorem uses Stirling’s approximation n! ~ v/2rnn*e™"

to approximate the distribution of a normalized binomial random variable as n — co, which more
generally leads to the density

X, —E[X{]

JVar(X1)/y/n

Recall that the normal (or Gaussian) distribution has density

for the limit of as n — oo in the independent and identically distributed setting.

1 _(@—w)?
e 202

fx(z) =

M
2ro

where —0o < o < 00, —00 < 1 < 00, and 0% > 0, so fz is a special case of fx; the associated
distribution is called the standard normal distribution. Its expectation is E[X] = p. The
distribution function of the general normal distribution is

x
Fy(z) = / Fx(®)dt,
—0o0
which cannot usually be evaluated in elementary terms, so we use tables or software.

To standardize, write

P(agxgb):P<a_”§ < )

If Z ~ N(0,1), this becomes

Theorem 22.1 (Central limit theorem) Let X;, Xo,... be independent and identically
distributed random variables with E[X,] = u and 0 < Var(X,) = 0% < co. Let S, be the
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sum of the first n random variables. Then, as n — oo,

Sn — nu
W :>N(07 1).

More precisely,
_ Sp —np 1 T e
lim P ——— < = — /2 qt.
nl—{go ( a\/ﬁ _LE) 27 /_Ooe

Roughly speaking, the central limit theorem says that S, is approximately N (nu,no?) and X, is

J

\

approximately A/ <u7 %2) when n is large.

The proof is beyond the scope of our course.

If we toss a coin 100 times, the probability of getting exactly 50 heads is
100\ /1)
50 2 ’

It is quite small. But how small?

Example 22.2 (Problem 12.20) Estimate the probability that the number of heads in
10,000 independent tosses of a fair coin differs by less than 1% from 5000.

Solution. This is similar to the previous problem, but it is easier to use the central limit theorem.
We use the basic normal approximation without a continuity correction. Let S, be the number of

1, if toss 4 is H,
X; =
0, if tossiis T.

heads in n tosses, and define

Then E[X;] = 1 =y, Var(X;) = £ = 02, and S, = X1 + - + X,, with n = 10,000. Therefore

P(|S10,000 — 5000] < 50) = P(—50 < S10.000 — 5000 < 50)
o ( 50 _ Swooo —5000 50 )
v10,000- 5 ~ /10,0005 /10,000 -
~P(-1<Z<1) [where Zis N(0,1)]
=Fz(1) — Fz(-1)

N[
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L | 2
:/ e P2dt ~0.68.

-1 2

“7(—1) 1—Fy(1)
FIGURE 11
68%
FIGURE 12
95%
FIGURE 13

Figures 11 to 13 illustrate the area under the standard normal curve fz corresponding to the
probabilities calculated in Problem 12.20. The first shows the tails Fz(—1) and 1 — Fz(1), while
the subsequent plots show the central intervals containing 68% and 95% of the total mass (corre-
sponding to upper endpoints of approximately 1o and 1.960, respectively).
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Appendix: Lecture and Tutorial Index

—_

© ° N o ok W

[N CRE O R
N = O © 00 N O Ut R W NNo= O

Lecture 1— Tuesday, September 10, 2013
Lecture 2— Thursday, September 12, 2013
Lecture 3— Tuesday, September 17, 2013
Lecture 4 — Thursday, September 19, 2013
Lecture 5— Tuesday, September 24, 2013
Lecture 6 — Thursday, September 26, 2013
Lecture 7— Thursday, October 03, 2013
Lecture 8 — Tuesday, October 08, 2013
Lecture 9— Thursday, October 10, 2013

. Lecture 10— Tuesday, October 15, 2013

. Lecture 11— Thursday, October 17, 2013

. Lecture 12— Tuesday, October 22, 2013

. Lecture 13— Thursday, October 24, 2013

. Lecture 14— Tuesday, October 29, 2013

. Lecture 15— Thursday, October 31, 2013

. Lecture 16 — Tuesday, November 05, 2013
. Lecture 17— Thursday, November 07, 2013
. Lecture 18 — Tuesday, November 12, 2013
. Lecture 19— Thursday, November 14, 2013
. Lecture 20— Tuesday, November 19, 2013
. Lecture 21 — Thursday, November 21, 2013
. Lecture 22— Tuesday, November 26, 2013
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