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Basic Setup

This course is about linear models, and we begin with the simplest case: simple linear regression.
The word “simple” here refers to the fact that we have only one explanatory variable (as opposed
to multiple regression, which we will study later).

Given a set of observed data points (z1,¥1),- .., (Zn, Yn), our goal is to understand the relationship
between x and y. In particular, we want to be able to predict y from x, and we want to quantify
the strength of the relationship.

The simple linear regression model posits that the relationship between x and y is linear (at
least approximately), but that there is random variation around this linear relationship. More
precisely, the model is

yi = Po+ frxi +ei, i=1,2,...,n,

where fy is the intercept, 5, is the slope, and ¢; is the error term.

Throughout simple linear regression, the predictor values x1, ..., z, are treated as fixed constants.
We assume n > 3, 02 > 0, and at least two distinct predictor values, so

n

Spe = Z(xl — i‘)Q > 0.

i=1

These conditions ensure that the slope is identifiable and that the residual variance has positive
degrees of freedom.

The term [y + By z; is the structural (or deterministic) part of the model, while ¢; is the random
part. We can write

wi = E[y;] = Bo + Br,

so that y; = p; +¢;. The equation u = By + P1x is called the true regression line or population
regression line.

Figure 1 illustrates the model. The orange line is the true regression line yu = Gy + f1z. At a given
value x;, the expected response is u; = g+ S12;, while the observed response is y; = u; +¢;. Thus

g; is the signed vertical deviation of (z;,y;) from the regression line.

The simple linear regression model assumes the following about the error terms €1, ¢e9,...,&,:

1. E[g;] = 0 for all i.
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FIGURE 1

2. Var(e;) = o2 for all i (constant variance, also called homoscedasticity).
3. €1,€2,...,&, are independent.

4. The error vector (£1,...,6,)" is jointly normal.

Together, these assumptions say that the errors are independent and identically distributed as
N(0,0%). We list the first three separately because they suffice for many least-squares results;
joint normality is needed for the exact small-sample hypothesis tests and confidence intervals
developed below.

Since y; = Bo + Prx; + €, it follows from these assumptions that:
E[yi] = Bo + Bri, Var(y;) = 02, and  y; ~ N(Bo + Brzi, 07).

That is, for each fixed z;, the response y; is normally distributed with mean Gy + 12; and variance

o2

Figure 2 shows the distribution of y at three different values of x. Each distribution has the same
variance o2 (i.e., the normal curves have the same spread), and the means lie on the regression
line.

The assumption of constant variance is important. If the variance were to increase with z, for
example, then the model would not be appropriate. We will discuss diagnostic tools for checking
this assumption later in the course.
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In Figure 3, the left panel shows data consistent with the constant variance assumption: the
vertical spread of the points around the regression line is roughly the same for all x. In the right
panel, that spread increases with x, violating Assumption (2).

In the next lecture, we will discuss how to estimate the parameters fy, 51, and o from the data.

Lecture 2 —Friday, May 09, 2014

Least Squares Estimation and Interpretation

Recall the simple linear regression model

%2504‘513%4‘ & ) ’L.:1,2,...,TL.
~— ~~
structural random (error)
We assume:
1. E [61] = 0,
2. Var(e;) = 02 (and hence Var(y;) = o?),
3. €1,...,&, are independent, and
4. The error vector (e1,...,6,)" is jointly normal. Together with Assumptions (1)—(3), this

gives independent N(0, 02) errors.

In particular, the second assumption states that the spread of the errors is constant across the
range of x.

The parameters are 8y, 81,0. The intercept By is the mean response when x = 0. The slope 31 is
the change in the mean response associated with a one-unit increase in x, since

Ely|lz=c=p+pc and Ely|lz=c+1] =0+ pfi(c+1).

To derive the least squares estimates of By and (1, we use the notation 6 for a true unknown
parameter and 6 for an estimator based on sample data. Then Var(f) = 0, while Var(f) is the
variance of the sampling distribution of 8, typically involving unknown model parameters.
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Example 2.1 Let 6§ = p in the simple response model y1,...,Yn i (6,02). Then 6 = 1y

is the usual MLE for the mean, and

~ 0'2
Var(6) = Var(y) = Pt
An estimator of this variance is \//aﬁ(é) = 52/n, and the standard error is se(f) = \/fz;"(é)

In simple linear regression, 8y and (51 are unknown and 30 and Bl are their estimates. Also,
pi = E[y] = Bo + Pz

is the true mean,
i = Bo + Bix;
is the fitted value for y;,
€i = Yi — Bo — P1wi

is the true (unknown) error, and
e =Y — Bo — Piwi

is the residual (estimated) error.

X
Yi Jooommmmmmeeeenes ) ~ ~
V fitted regression line: § = By + B1x
-1
/Alfi """"""""" 3
ei = Yi — [l
(observed — fitted) :
xZ; ZT;
FIGURE 4

Figure 4 marks the residual e; as the vertical difference between the observed response y; and
fitted value fi;.

The least squares estimates (Bg, 31) minimize the sum of squared deviations

n

S(Bo, B1) =Y _(yi — Bo — Pr:)*.

i=1
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Proposition 2.2 The least squares estimators satisfy the normal equations
a8 = . a8 i L
=-2 ; — Po — B1wi) =0 and =2 xi(yi — Bo — Prx;) = 0.
850 ;(yz /BO 51 z) aﬁl ZZ; 1(% 0 1 z)
Consequently,
. S .
p1 = Sxy and  fo=y— pi7,
Trxr
where
n n
Sey:= (i —Z)(yi—7) and  Sppi=> (z;—1)°
i=1 =1

Proof. Setting the partial derivatives of S(fo, 81) equal to zero gives the normal equations. Solv-
ing them yields

=
o
Il
N
|
™
iy
Kl
Q0
=
o,
=@
iy
Il
|1
Jan

Also,
Sy -9 = (@ —3)(yi—0) = Y_vi(ri — T) = Sy
i=1 i=1 i=1
and . .
sz(xi —-I)= Z(JUZ — a’;)2 = S,
i=1 i=1
because

> (zi—z)=0.

i=1

Hence 5’1 = Suy/ Sz, and therefore Bg =y— Bli. These stationary values are the unique minimiz-
ers: for any (fo, f1), the normal equations give the exact decomposition

S(Bo, B1) = S(Bo, B1) + n[(Bo — Bo) + (b1 — Bl)]g + Su(B1 — 1)

Because n > 0 and S, > 0, equality occurs only at (BO, Bl) O]
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Proposition 2.3 The least squares estimators satisfy

1. E [Bo] = fp and E [Bl} = 31, so the estimators are unbiased.
2

g
Smx

2. Var(p1)

Proof. For (1), we have

A S, 1 1
B (5] =B |52| = 5Bl = 5B |- o
A Ser] ~ Sew T Sua ;
= Si D (@i —DE[y] = SL Bo Y (wi—2)+p1 ) (zi— 33)%’]
S — T i=1 i=1
=G [O + /Blsac:c] = Bl
Also,
E|b] =E[5-Aa] = Elg) - 2E b1 =E (8o + A7 + &) — 281 = o.
For (2),
Var(j3;) = Var Say ) _ Var ii(ff —2)y;
VTS, T T s e T
= SiQx Var (Z;(xz - :E)yl> indep Sj%x Z;(:I;, — z)% Var(y;)
_ 0'22 Z(ﬂjz :1:)2 — 50-'2
TT ;1 T

We immediately obtain the following corollary:

Corollary 2.4 For any fixed x, the fitted mean i = Bg + Blsc is unbiased for pu = By + f1x;
that is, E[a] = .
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Example 2.5 The saved course data contain maintenance costs for 100 aircraft together
with the corresponding number of flight hours. The following R code fits the simple linear
regression model and constructs the fitted line and its pointwise confidence band.

airline <- read.delim("data/airline_slr.txt")
airline_fit <- 1lm(cost ~ hours, data = airline)

coef (summary (airline_fit))
confint (airline_fit)

The fitted regression equation is
cost = 868.49 + 6.4097 hours.

Thus, an additional flight hour is associated with an estimated increase of 6.41 cost units in
mean maintenance cost. The standard error of the slope is 0.4987, giving the 95% confidence
interval (5.4200,7.3993). The residual standard error is 426.40, and R? = 0.6277, so flight
hours explain about 62.8% of the observed variability in cost.

3.000 | e Observed
' — Fitted mean . ° o
C—195% confidence band

= 2,500
z
[} °
g 2,000 - *
g
£ 1,500
=~ 1,000 -
5001 e e
I I I I I |
0 50 100 150 200 250 300

Flight hours
FIGURE 5

Figure 5 shows the airline maintenance data, fitted simple regression line, and pointwise 95%
confidence band for the mean response.

10
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Lecture 3 — Wednesday, May 14, 2014

Sampling Properties of Least Squares Estimators

Recall the simple linear regression model y; = 5y + ﬂlxz 4+ e, 0= 1,2,...,n, with independent
errors €; ~ N(0,02), and the least squares estimators ﬁo 9y — 517 and 51 Szy/ Sz

We also introduced some standard notation. 6 denotes the true unknown population value, and
0 denotes its estimator from the sample. Also, Var(f) is the theoretical sampling variance of 6,
while Var(@) is an estimator of Var(f), typically obtained by replacing o with 6.

We found that the least squares estimators are unbiased (i.e., E [BO} = By and E [Bl} = (1) and
Var(31) = 062/S,,. To complete the story, we have the following:

Proposition 3.1
R T
Var(fy) = |—+ —| o°.

n  Spr

Proof. The estimator can be written as

Bo=1— Pz = i;yz_ = léxi_x)yi :Z [1 - i(%f)] Yi-

zT — | n Sz
=1

Because the observations are independent and Var(y;) = o2, the variance of this linear combination

11



STAT 331 APPLIED LINEAR MODELS SPRING 2014

is

. M1 (i —n)z)?
Var(f) = ST g Var(y;)
i=1 e
e[ w-ae]?
= L Saa
/1 (v; —2)T  (2; — 7)°72
2 — —
-7 ; (n2 2 nSyz S2,
=o? zn:i—Q Ty (zi — )+ i zn:(:n — 1)
- i=1 n? nSas | 1 Z c%a: i=1 2
1 T z?
2
= — =2 : piza
’ [n NSz 0t St > ]

Therefore,

n Spr

For simple regression, Theorem 10.1 also has the following intercept-specific form.

Theorem 3.2 (BLUE property of the intercept) Among all linear unbiased estimators
of By, the least squares estimator 5y = §y — $1Z has the smallest variance.

Proof. Write .
BO = Zb@'yi, and b = = — Wi )b
i=1

Consider any other linear estimator 3y = >y azy;. Since
n n

E(Bo] = Bo D> ai+ By asxi,
i=1 i=1

the estimator is unbiased for gy only if
n n
Zai =1 and Zaixi =0.
i=1 i=1

12
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Let a; = b; + ¢;. The same two identities hold for the coefficients b;, so

n n
ZCZ:O and Zcle—()
i=1 =1
Consequently,
szcl—chifS— (x; —x)e; =0
i=1 i=1 T =1
K3 K3 (]

Using independence and the common error variance,
n n
z 2 2 2 2
Var(8p) = o E a; =o Z(bz +¢)
i=1 i=1
n n n
:025 b?—l—an c?—i—?azg bici
i=1 i=1 i=1

= Var(fy) + o2 Z ¢} > Var(f).
i=1

Thus BO is the best linear unbiased estimator of 3. O

As a consequence, we have an expression for the variance of the fitted mean at a given input

r = Xg.

Corollary 3.3

vt = 1+ ©0=27

n Sex

where i is the fitted value at x = xg; that is, fig = Bo + 51330-

Recall that Bo =7y — B@, SO
n

fio =G+ Bi(xo — ) = Z [; + (: = )(o _x)] Yis

S,
i=1 Trx

and the stated variance formula follows by the same linear combination argument. To make
Var(fip) small, it is helpful to have a wide range of z-values, so that S, is large.

The least squares fit also satisfies several useful identities.

13
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Proposition 3.4 The least squares fit satisfies

n
E €; = 0,
i=1

and hence e = 0.

so the residual-predictor cross-product is zero. Consequently, the sample correlation
between e and z is zero whenever the residual variance is positive.

n
Z /liei =0.
i=1

4. The point (Z,7) lies on the fitted regression line.

Proof. For (1) and (2), the normal equations give

S = Z(yi — Bo — Bia)* = Zef-

i=1 i=1

Setting g[f = 0 gives
0

and setting gg = 0 gives

1

Since e = 0, we also have

14
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For (3),

n

n n n
> fiei =Y (Bo+ Priei=Bo Y eit+ 1Y eiwi =0,
i_1 i=1 i=1

i=1
For (4),
((z) = By + P12 = (§ — P1Z) + P12 = 7.

Proposition 3.5 The least squares estimator of o2 is

n

Yo D (wi—Bo—Biwi)?
=1

52 = i= =1
n—2 n—2 ’

and it is unbiased for 2.

Proof. Let

n

SSE=) e = (yi— Bo— Prwi)*.
=1

i=1
In simple linear regression with intercept, we have
2

S
SSE = Sy — g2,

where Sy, = Y0 (yi — §)? and Sy = > iy (zi — T)y;.

First, compute E[S,,]. Since

we get
Syy = B Sax + 261 Z(l’z —Z)(e; — &)+ Z(gz — )%
i=1 i=1

The middle term has expectation zero, and

E [Z(EZ — 5)2

i=1

2
=E

Hence
E[Syy] = BSus + (n — 1)0?.

15

n
. o
g e2 — n52] =no? —n— = (n—1)o*
n
i=1
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Next, compute E[S7,]. Because

Sy =D (@i = )i = BiSea + (21 — T)es,
=1 =1

we have

E[Szy]) = 515z, and Var(Sgy) = o2 Z(mz — E)Q = 0%S,,.

Therefore,

Putting these together,

E[SSE] = E[S,,] —

2 2 Q2
= (B} Sz + (n — 1)0?) — Sz + BrSsn

SIIXE
= (n—2)o%
Thus,
SSE 1
E[6?] =E = E[SSE] = o?
0% =B | 22| LomlssEl = o,
so 62 is unbiased for 2.

The denominator n — 2 appears because n is the number of observations and two parameters

(Bo, B1) are estimated. The key identity is

3] = 0 2

=1

E

SO

E

1 n
2
Ly e
=1

which implies that 62 is unbiased.

16
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Hypothesis Testing and Confidence Intervals

The slope B; is typically the main parameter of interest. To ask whether y has a nonzero linear
association with x, we test

Hy:6:1=0 versus Hy: 51 #0.

This is a two-sided test. For a one-sided question about whether the average change in y exceeds
a specified value 3, we use

Hy:6:1<p versus Hy: B> pB,

which asks whether a one-unit increase in z is associated with an average increase of more than £
units in y.

b

As usual, the conclusion is stated as ‘“reject Hg” or “fail to reject Hy.” We never “accept Hy”.

Lecture 4 —Friday, May 16, 2014
Recall that 81 = Syy/Sea, Var(B1) = 62/Sea, Var(B1) = 62/Sps, and
- — 1
se(f1) = \/ Var(B1) = T

no 2
&2:21':161
n—2

where

For inference on (1, the key standardized quantity (or discrepancy measure) is

B — B _ B — B
se(,@’l) 5’/\/ sz’

which measures the distance between estimate and target value in standard error units. We now

determine its sampling distribution.

We use the following standard sampling distributions.

17
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Lemma 4.1

1. If X ~ N (u,0?), then (X — p)/o ~ N(0,1).

2. If Zy,...,Z, are independent and each has distribution N(0, 1), then Z? ~ X%l) for
1=1,...,n, and Z%—I—---—i—Z,%wx%

3. f Z ~N(0,1) and U ~ X?n) where Z and U are independent, then Z//U/n ~ t ).

4. (X%m)/ m)/ (X%n) /n) ~ F(m,n) when numerator and denominator are independent.

Here and below, t4(v) and F,(r, s) denote upper-tail critical values: P(T > t,(v)) = afor T ~ t(v),
and similarly for the F(r, s) distribution.

Theorem 4.2 Under the normal simple linear regression model,

B1— B i
6/ Sz (n=2)-

Proof. We proceed in three steps.

Step 1. Since €1,...,¢&, are independent and identically distributed as A(0, 02), we have
yi = Bo + Brzi + & ~ N(Bo + Brai, 0°).

Writing ¢; = (x; — Z)/Syz, we obtain

n

5 S,
Br="2 = e,

=1

so f31 is normally distributed. Since E [31] = (1 and Var(ﬁl) = 02 /Sy, it follows that

3 o BB
BlNN<61’Sm> and a/\/STmNN(O’l)'

T

Step 2. Let X be the n x 2 design matrix with columns 1 and (x1,...,2,)', and set

H=XX"X)"'x".

18
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Then e = (I — H)e. The matrix H is the orthogonal projection onto the two-dimensional
column space of X. Consequently, I — H is symmetric and idempotent with rank n — 2, so
an orthogonal matrix P satisfies

I - H = Pdiag(I,_2,0,)P".

Because z = P'e Jo ~ N(0,1,), its components are independent standard normal variables.
Hence

. -2
(n—2)6> ele <= , 9
o2 o2 Zl g

1=

Step 3. The vectors 8 = (X'X) !XTy and e = (I — H)y are jointly normal, and
Cov(B,e) = %X X)"'XT(I-H) = O.

They are therefore independent. In particular, 3; is independent of 62 = e e /(n —2). For
(3), Lemma 4.1 now gives

n—2)6%/c?

/v Sex n—

Simplifying yields R
br—0B ;
6/\/Spw T

A 100(1 — @)% confidence interval for 37 is obtained as usual. For example, a = 0.05 gives a 95%
interval.

7t1x/2(n - 2) t(k/Z(” - 2)

FIGURE 6

Figure 6 shows the two tails used for slope inference. With cutoff ¢y g25(n — 2), we have o« = 0.05.

19
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We use A
B — b1

P(&/m

Therefore, the interval has the form

<tgsa(n — 2)) =1-a.

Bi % toya(n —2) - se(Br),

which follows the standard template estimate & (critical value) - (standard error).

Corollary 4.3 A 100(1 — a)% confidence interval for g; is

A~

1 £ taya(n —2) - se(Br).

The repeated-sampling interpretation is that if this construction were applied to many independent
samples, then 100(1 — )% of the resulting intervals would contain the fixed value /3. For the
observed sample, the interval may be described informally as the range of parameter values that

remain plausible at the corresponding confidence level.

These distributional results lead directly to the usual hypothesis tests. For a two-tailed test, we

use Hy : B = b versus Hy : 81 # b. Under Hy,

Br—b ;
~7 — "~ ln-2)-
G/ Sz (n=2)
The sample test statistic is therefore R
6/ Sz

At significance level o, we reject Ho if [t*| > t,/2(n — 2).

t*

For an upper-tailed test, we use Hp : 81 < b versus Hy : 1 > b. The test statistic is again
t* = (1 — b)/(6//Szz). We reject Hy if t* > t,(n — 2); otherwise, we fail to reject Hp.

Suppose we construct a 95% confidence interval for 31. If we test Hy: 31 = b versus Hq : 81 # b
at the 5% significance level, then we reject Hy if and only if b does not lie in that interval.

The following worked example illustrates these calculations in a concrete data set.

T = 14881, y = 1822.3112, S,, = 731093.39, Sy, = 47854282.3674, S, = 4686071.3864.

20
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Coefficient Estimate Standard error Test statistic
Intercept  So se(Bo) = /1/n +2/Sy, Bo/ se(Bo)
Hours 51 se(81) =6/ Sax B1/se(Br)

R also reports the corresponding two-sided p-values for the tests Hy : 3; = 0.

Residual standard error: & on n — 2 degrees of freedom.

.S, .
b1 = S—y = 6.409675 and Bo =

xrx

— 317 = 868.487437.

<

noe? 1781 4344
5o 2= i [1TBIS0854344 o oz,
n—2 98

3. R2: the closer this value is to 1, the better the model fits the data. Here 0.628 indicates a
reasonably good fit.

4. In R, cor(x, y) computes the sample correlation.

5. Method 1 gives R
— 41
po D000 e
se(B1) 0.499

under Hy : $1 = 0. Since |t*| > t0.025(98) = 1.9845, we reject Hy in favor of H 4.

Method 2: the p-value from the table is < 2 - 10716 < 5%, so we again reject Hy.

6. Here the test is Hp : 81 < 6 versus Hy : 51 > 6. The largest rejection probability under the
null occurs at its boundary 87 = 6, where

o D=6 _ 64106

— = = 0.8215.
se(B)  0.499

If t* lies here, reject Hy.

(o)
0

£0.05(98)

FIGURE 7

Figure 7 shows the upper-tail rejection region for this test.

21
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0.8215 < t0.05(98) = 1.6606, so there is no evidence against Hy : 31 < 6 at the 5% significance
level.

7. Now we use t0.05(98) = 1.6606. Our estimate is Bl + 10.05(98) - se(f1), so
6.410 + 1.6606 - 0.499 = (5.5816,7.2378).

Thus we are 90% confident that one additional flight hour is associated with an average
increase between 5.5816 and 7.2378 cost units in maintenance cost. This interval contains
values both < 6 and > 6, which supports the conclusion in the previous part.

8. The predicted value is
Up = Bo + 1 - 120 = 868.487437 + 6.409675(120) = 1637.648497.

A 95% prediction interval is

1 (120 — z)2

Jp T ta2(98) - @(Z&p — Yp) = Yp £ t0.025(98) - \/&2 [1 + -+
n Sez

and therefore

1637.648497 £ 1.984467 - 428.767756 = (786.772839, 2488.524155).

Lecture 5 — Friday, May 23, 2014
Prediction Intervals

Recall from the previous lecture that

o estimate — assumed value
Test statistic = ,
standard error

and
Confidence interval = estimate = critical value - standard error.

We now turn to prediction at a new covariate value x = x,,. The fitted predictor
?jp = BO + lep

22
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is computed from the sample and estimates the mean response at x,. A future response

Yp = /80 +/81xp+€p

contains a new error ¢, that is independent of the fitted sample. The main quantity in a prediction
interval is therefore the prediction error 7, — y,.

Proposition 5.1 For a future response at & = x,, the prediction error satisfies

E[Qp _yp] =0
and ( )2
N 1 Ty, — X
Var(j, — yp) = 0 [1 + o+ ”57

Proof. Because ¢, = Bg + Bla:p and y, = Bo + B1xp + &p,
E [y — 4] = E (3] ~E[yp) = E [0 + Br2p| ~E [0 + Brzy + &) = o+ Brazy — (Bo+ Br+0) = 0.

Also,
Var(g)p - yp) = Var(g]p) + Var(yp) = Var(,&p) +0?
_ 2 l—i— (zp — 7)° 402 =o? 1+l+ (zp — 7)?

Corollary 5.2 The prediction error has estimated standard deviation

1 (2, — )2
0. — S i Il S -
se(Up — Yp) 0'\/ —i—n—i- [

so a 100(1 — a))% prediction interval for y,, is

~

Up = ta/Z(n -2)- Se(yp yp)‘

23




STAT 331 APPLIED LINEAR MODELS SPRING 2014

Analysis of Variance (ANOVA)

We can also use ANOVA in the simple regression case to test Hp : f1 = 0.

Our model is y; = By + Biz; + €i, for i = 1,...,n. Also, By = § — Blf, B = Szy/Sze, and
fii = Bo + Prx;. If B1 = 0, then y; = By + & and By = §. The idea of ANOVA is to separate
the total variability, written SST, into two components: variability due to regression, SSR, and
variability due to error, SSE.

s ~

Proposition 5.3 The total sum of squares decomposes as
SST = SSR + SSE,

where

and

SSR =Y (fii = §)° = 5} Sas-
i=1

Proof. Write

yi =y = (i — fui) + (fis — 9)-
Squaring and summing over 7 gives

n n n n

SST = Z(yi —9)? = Z(yi — f1;)* + Z(ﬂz‘ —9)°+2 Z(yz’ — 1) (fti — 7).

i=1 i=1 i=1 i=1
The first term is SSE. For the second term,

SSR = Z(ﬂz —9)?= Z(ﬂ — 517 + Piz; — §)* = ZB%(.TZ —2)% = 25,,.
i—1

i=1 i=1
For the cross term,

n

22(% — ﬂz)(ﬂz — g) =2 Zez(ﬁl(l‘z — SZ‘)) = 261 Zel(xl — i’) = 231 [Z e;r; — i‘Zel] =0.
=1 i=1 =1

i=1 i=1

Hence SST = SSR + SSE. O
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Theorem 5.4 Under Hy: 51 =0,

SSR/1

F =S58/ =2

~ F(1,n—2).

Proof. Since

we have E [&2] = o2, Also,
o

BISSR) = E [315,] = 8 ] = S [Vor3) + B [3]] = 500 [

+ﬂﬂ=¥+ﬁ&w

Under Hy : 1 =0,

B — B _ B ~ N(0,1)
Var(By) /Var(By)
S0 o
B oo
Var(Br)

Because Var(3;) = 02/S,,, this becomes

2S.. SSR

Also,

The projection argument used in the slope t-test shows that ,@ is independent of the residual vector
e. Since SSR = 25, is a function of 3 and SSE = e ' e is a function of e, the two sums of squares
are independent. It follows that

2 2
SSR/o /SSE/J _ SSR/1  F(Ln—2).

1 n—2  SSE/(n—2)
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Remark 5.5 We often write MSR = SSR/1 and MSE = SSE/(n — 2) so that F =

MSR/MSE ~ F(1,n — 2).

So the general rule is to reject Hy when

SSR/1

FF=_—""'" _>F,(1,n—2).
SSE/(n — 2) (Ln—2)
Lecture 6 — Wednesday, May 28, 2014
The Coefficient of Determination
Recall that the ANOVA F-statistic is
M Q2
SR SSR/1 _ B1Sax ~F(ln—2),

MSE ~ SSE/(n—2) &2

for testing Hy : f1 = 0 versus Hy : 51 # 0.

The coefficient of determination (or R-squared statistic) is the quantity

SSE ~ SSR

2
= 1 — =
R SST  SST’

which measures goodness of fit. Note that SSE represents unexplained variability and SST repre-

sents total variability.

~

Then the coefficient of determination satisfies

1. 0< R%2<1.
2. R2=1if SSE = 0.
3. R? =0if SSR = 0.

26

Proposition 6.1 Assume SST = S, > 0, so that R? and the sample correlation are defined.
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~ 2
R2 = SSR = B%SZECE = S%y = 75172/ = ’]"2
SST Sy Sz Syy /SzzSyy ’

where r is the sample correlation coefficient.

Proof. For (1), note that
SSE
RP=1-"".
SST

Because SSE = ) e > 0 and SST = SSR + SSE with SSR > 0, we have
=1

0< SS% <1
Hence 0 < R2 < 1.
For (2), if SSE = 0, then .
R*=1 57 = !
For (3), if SSR = 0, then SSR
R = oo = 0.
For (4), use Bl = Syy/Sze and

SSR = Z(gz - §)2 - B% Z(xz - 53)2 = B%S:m?

i=1 =1

Therefore,

T SST S,

Substituting By = Szy/ Sz gives

9 2
R — Szy Say — 2
- - - Y
Sxm Syy \/ szsyy
where r is the sample correlation coefficient. O
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2. Matrix Methods and Multiple Linear Regression

Before moving further into multiple regression, we review the matrix and random vector facts used
throughout the course.

Write Apyxn = (@ij)mxn for a matrix of constants with m rows and n columns; we omit the
subscripts when these values are clear. Likewise,

X1 un

denote vectors of constants.

s N

Definition 6.2

1. A, is symmetric when AT = A.

2. Two vectors are orthogonal when "y = 0. The matrix A is orthogonal when

ATA=AAT =1

3. Vectors x1, o, ..., x; are linearly independent if and only if cyx1 + -+ @ =0
only when
cpr=---=c =0.

4. The rank of A, x, is the maximum number of linearly independent columns.

5. The trace of A, «, is

tr(Aan) = i (0773
=1

6. A vector v; # 0 is an eigenvector of A when there exists A € R such that Av; = \v;,
where A is the corresponding eigenvalue.

7. A,y is idempotent when A% = A.
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The preceding matrix notions satisfy the following standard facts.

Lemma 6.3

1. If A,,x» and B,,«., are conformable, then

tr(AB) = tr(BA).

2. For a symmetric matrix A, «,, the eigenvalues A1, ..., A, are real-valued. Furthermore,
A1 0

there exists an orthogonal matrix P such that A = PAP T, where A =
0 An
and P = [’Ul vn].

3. A symmetric idempotent matrix has the following properties:

(a) All eigenvalues of A are either 0 or 1.

(b) There exists an orthogonal matrix P such that A = PAPT, where A =
1 0

tr(A) = rank(A) = Z eigenvalue;,
i=1

which is the number of ones in A.

Proof of the idempotent claims. For the idempotent claims, if Av = Av, then
A%y = \w.

Since A% = A, we obtain
v = Mo,

so A € {0,1} because v # 0. The spectral form follows from symmetry, and then
tr(A) = tr(PAPT) = tr(PTPA) = tr(A),

which equals both the rank and the number of ones on the diagonal of A. O
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We begin with the notion of a random vector.

Definition 6.4 Suppose y1,¥2,. ..,y are random variables such that E [y;] = p;, Var(y;) =
n
o2, and Cov(y;,y;) = 0i5. Then y = | : | is called a random vector.
Yn
The expected value of y is
E [y1] i1
Elyl=| : | =
E [yn] Hn
o2 o2 ... O
. . on 03 L .
The covariance matrix is Var(y) = | | » which is symmetric.
Opl oer ... 02
o} 0
If y1,...,yn are uncorrelated, then o;; = 0 for i # j, and so Var(y) = M o? =02,
0 o2

then Var(y) = 02I,xn.
Lecture 7— Friday, May 30, 2014
Random Vectors and Covariance Matrices

Y1
Recall that a random vector y = | : | is a vector of random variables. If E [y;] = u;, then

Yn

M1
Elyl=1:|=n
[in
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Its covariance matrix is {Cov(y;, yj)}ﬁjzl. If y1,...,y, are independent and o? = o2 for all 4, then
Var(y) = 0®I. We can also write Var(y) =E [(y — p)(y —p) ']

Proposition 7.1 Let y be a random vector and let A, b, and ¢ be conformable constants.
Then

1. E [Apxnynxl + prl] = AE [y] + b.
2. Var(y + ¢) = Var(y).
3. Var(Ay) = A Var(y)AT.

Proof. For (3),

We also need the multivariate normal distribution. A random vector y = (y1,...,¥ys) ' is multi-
variate normal when every linear combination a "y is univariate normal. We write y ~ N (u, ),
where p = E[y] and 3 = Var(y). When X is positive definite, this distribution has density

1

T Gy

p —%(y — ) Sy — )

for —oo < y; < 00. The linear-combination definition also permits positive-semidefinite X, includ-
ing degenerate normal vectors that do not have a density on all of R™.

The following properties are useful.

Proposition 7.2 If y ~ N(u, X), then

L. If y ~N(p,X), then v = Ay ~ N(Ap, ASAT).

2. If y ~ N(u,X) and all off-diagonal covariances are zero, then yi,...,y, are indepen-
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dent.

3. Iy ~ N(p,X), v = Ay, and w = By, then u and w are independent if
A Var(y)BT = 0.

4. Ify ~ N(0,1), then 41, . . ., y, are independent and each follows A/(0,1). Consequently,
n
y'y=> v ~x(n).
i=1

If z = Py where P is orthogonal, then z ~ N(0,I). If y ~ A (0,X) where & = PAP "
is positive definite, then A~1/2PTy ~ A(0,1).

Proof. For (1), linear transformations preserve multivariate normality. Hence
v=Ay~N(Au, AXAT),
where the mean and covariance are from Proposition 7.1.

For (2), the random vector (y1,...,%,)" is jointly normal. In a jointly normal vector, pairwise

zero covariances imply mutual independence. Therefore, when all off-diagonal covariances are zero,
Y1, ..., Yn are independent.

For (3), define
u=Ay and w = By.

By (1), (u”,w")T is jointly normal. Also,
Cov(u,w) =E [(u —Ap)(w—Bp)'| = AVar(y)B'.
If A Var(y)B' = O, then Cov(u,w) = O, so u and w are independent by (2).

For (4), if y ~ N(0,I), each component has mean 0 and variance 1, so each y; ~ N(0,1). Since I
has zero off-diagonal entries, the components are uncorrelated, and by (2) they are independent.

Therefore,
n

y'y=> u ~x*(n)

i=1
If z = Py with P orthogonal, then by (1)

2z~ N(PO,PIP") = N(0,1).
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Finally, if y ~ AV (0,%) and ¥ = PAPT | let
qg=A"?PTy.
Again by (1), q is multivariate normal with mean 0 and covariance
ATVPPTEPATY2 = AT2PT(PAPT)PA /2 = 1.

Hence A~12PTy ~ N(0,1). O

The following differentiation rules are used repeatedly in the matrix derivations to come.

Lemma 7.3

1. Let f:R™ — R be differentiable with f(y) = f(y1,...,yn). Then

35 (v)
ofty) |V
oy f(y)
8yn

1
2. Ife=|:| and

Cn
n
fy)=c'y=> cuy
i=1

then
of(y)

W:C.

3. If A = (ajj)nxn and f(y) = y' Ay, then

F@) =Y ajuiy;

i=1 j=1

and

of(y) _
"oy (AT ATy.

In particular, the derivative is 2Ay when A is symmetric.

33



STAT 331 APPLIED LINEAR MODELS SPRING 2014

We now turn to the multiple linear regression model.
Multiple linear regression assumes that y is linearly related to a collection of predictors. Here

y is the response variable and z1,...,z, are the predictor or explanatory variables. The
data consist of {(y;,z1,...,2ip) 1@ =1,...,n}, where n is the sample size. The model is

yi = Bo + Bixia + Boxio + - + Bpzip + €5

As in simple regression, the predictor values are treated as fixed. We assume n > p+ 1, 62 > 0,
and that the design matrix X, including its intercept column, has full column rank p + 1.

We assume the following;:

1. Elg] =0.

2. Var(e;) = 02, which implies that Var(y;) = o2.

3. €1,...,&n are all independent, which implies that y1, ..., y, are independent.

4. €1,...,e, are independent and each follows A'(0,02), which implies that yi,...,y, are in-

dependent with distributions N (8 + B1xi1 + - + BpTip, 02). In analogy to simple linear
regression, this assumption implies Assumptions (1), (2), and (3).

The parameters are interpreted through
Elyi | i1,... 2] = Bo + Brxir + - + BpZip.
If x;1 is increased by ¢ while the other predictors are held fixed, then
Ely; | mi1 + ¢, zi2, ..., zip] = Bo + Bi(zin +¢) + - -+ BpTip.

Subtracting gives
Elyi | va +07$i27”-7$ip] —Efy | 331‘1,'.-7371‘;9] = pic.

Setting ¢ = 1 shows that (7 is the change in the conditional mean response when x; increases by
one unit and all other predictors are held fixed. The same interpretation applies to each 3;.
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Lecture 8 — Wednesday, June 04, 2014

Multiple Regression Least Squares Estimation

In multiple linear regression, fy, ..., 3, are unknown parameters, and BO, e Bp are their estimates
from the sample. The least squares estimator of 3 is obtained by choosing By, ..., 8, to minimize
n
S(Bos--1Bp) =D (yi — Bo— iz — -+ — Bpip)”

i=1
In matrix form,
SB)=(y—-XB) (y-XB)=(y' —B'X")(y —XA)

=y'y-y'XB-p'XTy+8'X'X3

—yly—y' XB-(B'X"y)  +8'X'X3

=y'y -2y XB+8'X'XB.
Differentiating gives

ag(g&) =0-2(y'X)" +2(X'X)8.

Setting this equal to zero yields
—2XTy+2X'XB=0 = X'XB8=X"y.
Assuming X has full column rank (that is, rank(X) = p 4+ 1), X "X is invertible, so
B=X"X)"'X"y.

Moreover, the Hessian is 2X "X, which is positive definite under full column rank. Thus this
stationary point is the unique global minimizer. To obtain 3;, take the ith entry of 3 (for i =
0,...,p), equivalently the ith row of (X' X)~!X" multiplied by y.

Proposition 8.1

1) E [B] = 3, so 3 is unbiased for 8.

2) Var(8) = o2(XTX)" .
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Proof. For (1)),
E[8] =B |(X"X) "X y| = X"X) X Ely] = (X"X)"'X X3 = 6.

For (2)),
Var(8) = Var(XX)7'XTy) = (XTX) !XT Var(y)[(X"X)'XT]T

=2(XTX)IXTX(XTX)t =o?(XTX)7 L,

An estimator for o2 is

SN

n
2
— T

A2_ 7 1 e e
g - )
n—@pP+1) n—-p-1

where e = y — X2. Accordingly,
Var(8) = 62(X X)L,

The estimated covariance matrix can be written explicitly as

Varl) ot o Covlo.
Var(3) = COV(/?bBO) Val"'(ﬁl) COV(?bﬁp)
Cov(By, fo) Cov(Bp,f1) -+ Var(By)
Lecture 9 —Friday, June 06, 2014
The Hat Matrix and Residual Structure
Recall that
B) = (X'X)"o?,

B=X"X)"1XTy, E[ﬁ}:g, and  Var(
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and 0 o -
52 — Do € _ _e€ee

n—-p—1 mn—-p-—1

where e = y — Xﬁ

The matrix H = X(XTX)™'X T is called the hat matrix.

Proposition 9.1 Let H=X(X"X) !XT be the hat matrix.

1. The fitted values satisfy gt = Hy.
2. The residual vector satisfies e = (I — H)y.
3. H is symmetric and idempotent.

4. T — H is idempotent.

Proof. For (1) and (2), the definitions give
p=XB8=XX"X)"'XTy=Hy, and e=y-—jn=(I-H)y.
For (3),
HH = [XX'X)" ' XT[X(X'X)"XT = X(X"X)"IX" = X(X"X)" !XT = H,
so H is idempotent. Moreover,
H =[XX'X)"'X"]" =XX"X)"'X" = H,
so H is symmetric.

For (4),
I-H(I-H)=I-2IH+H?*=1-H,
so I — H is idempotent.

We have several further results and consequences of the least squares formulation:
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Proposition 9.2

1. The fitted values satisfy fi = Hy. In particular, E[] = p and Var(1) = 0?H.

2. The residual vector satisfies e = (I — H)y. In particular, E[e] = 0 and Var(e) =
2
o*(I—-H).

3. X"e =0 and 1" e = 0. Equivalently, the residual vector is orthogonal to the fitted
subspace.

4. Under the fourth model assumption, B ~ N(B,c?(XTX)™h).

5. Under the fourth model assumption, B and e are independent of each other.

n
A el
e
& n— 122e n— p—l

is unbiased for o2. Under the fourth model assumption, it is also independent of 3.

7. Under the fourth model assumption, the variance estimator satisfies

(n—p—1)52
TNXQ(n—p—l)'

Proof. For (1),
1 =X8=XX"X)"'XTy = Hy.

Therefore,

E[i] = XE [5] —XB=p and  Var(ja) = Var(Hy) = HVar(y)H' = o?H.

For (2),
e=y—p=y—-Hy=(1-H)y.
Hence,
Ele]=(I-HE[y] = (I-H)X3 =0,
Var(e) = Var((I - H)y) = (I - H) Var(y)(I-H)" = o*(I - H).
For (3),

X'e=X"I-Hy=X"-X"Hy=X"-X"XX"X)"'XNy=X"-X")y=0.
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For the second part,
ple=(XB)e=8"X"e=pT0=0.

For (4), B8 = (X'X)"'XTy is a linear transformation of y. Since y ~ N(X3,02I), (1) of
Proposition 7.2 yields
B~ N(B*(XTX) ).

For (5), both B and e are linear transformations of y, so (3) of Proposition 7.2 shows that it is
enough to verify Cov(3,e) = 0. We compute

Cov(B,e) = Cov((X'X)'XTy,I-H)y) = (X 'X) ' X Var(y)(I - H)"
=X"X)"XTo2I-H) =0 |[(XTX)IXT - (X"X)"!XTH| =0.
Therefore ﬁ and e are independent.
For (6), by (2) of Proposition 9.2,

Var(e) = 21— H) = E [(e _Ele])(e — E [eﬂ —E [eeT] .

Therefore,
BfeTe] — & [tx(eTe)] =B [u(eeT)] = tr(E[eeT])
= tr(Var(e)) = tr(I-H)o?) =o*ln— (p+ 1) =o*(n—p—1).
Hence
E [6%] = [n_p_leTe] =07,
so 62 is unbiased. Since 62 is a function of e, (5) implies that 62 is independent of 3.

For (7), by (2) of Proposition 9.2, Var(e) = o?(I — H). Also, I — H is symmetric, so by spectral

decomposition I-H = PAP " where P is orthogonal. Because I—H is idempotent, its eigenvalues

are 0 or 1, and therefore A = diag(1,...,1,0,...,0) with n —p — 1 ones. Let
u=Ple~N(0,5%A).

Then uy,...,up—p—1 are independent and each follows N (0, o?), while Up—p, - - -, Up = 0. There-
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fore,

In simple linear regression, this expansion can be written explicitly in matrix form. Let

A*:A 3 * — 1 *
fix = Po+ Prae = [1 ] B Vie Vi

@0] , and Var(3) = [VOO VOI] ,
where Vbo = Var(,@o), an = Val"(Bl), and VOl = Vio = COV(BO,B:[). Then

. Voo Voi| |1
o=t 3 [

= Voo + Viozs + Vorzs + Vip22
= Var(Bo) + 2z, Cov(Bo, B1) + x2 Var(B1).

Lecture 10— Wednesday, June 11, 2014

The Gauss—Markov Theorem

We continue with another important property of the least squares estimator.

Theorem 10.1 (Gauss—Markov theorem) Under the fixed-design assumptions E[e] = 0,
Var(e) = 0?1, and rank(X) = p + 1, the least squares estimator

B=X"X)"'X"y
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is the best linear unbiased estimator (BLUE) of 3. More precisely, its covariance
matrix is minimal in the positive-semidefinite order among all linear unbiased estimators.
Equivalently, every linear combination :B*TB has no greater variance than the same linear
combination of any other linear unbiased estimator.

Proof. Consider another linear estimator @ = My, where M = (XTX)™'XT + A. Then
E [é} —EMy] =E [(X'X)'XT + A)y| = (X"X)"'X"X8 + AX8 = 8+ AXB.
Thus 6 is unbiased for every 3 if and only if AX = O. Also,

Var(0) = Var(My) = M Var(y) M =M -o’I-M'" = oMM "
=?[(XTX)7'XT + A)((XTX)'XT +A)7]
=2[((XTX) T+ (XTX)IXTAT + AX(XTX) 1+ AAT]
=o?2(XTX)' + 02AAT = Var(8) + c2AAT.

. . T e
For any linear predictor x, 0,

Var(z] 0) = 2] Var(0)z, = x| Var(B)z, + =] c?AA Tz,
= Var(z) B8) + (ATx,)T(ATx,)0? > Var(z] B).

Thus B has the smallest variance among linear unbiased estimators. O

Corollary 10.2 Under the normal multiple linear regression model, write
T~y — .
(X"X)™" = (o)} —o-

Then
—— ~tn—p-—1),

where se(Bj) = 0/Jj;- Also,

Var(y, — i) = 0> (1 + mI(XTX)_lm*) .
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In the simple two-parameter case,

Var(fi,) = Var(B8o) 4 22+ Cov(Bo, B1) + 22 Var(5,).

Proof. For (4), (5), and (7) of Proposition 9.2,

5. R4, —p—1)62
BB n,1),  and TPCDIT ),
0/ Jjj g

and these two quantities are independent. Therefore,

R Bi—B;
Bj — Bj j
= ~tn—p—1).
o\/Jjj (n—p—1)6%/0? ( b )
n—p—1

Also,
Var(§,) = Var(z,] 8) = ] Var(8)z, = o?e] (XTX) 'z,.

Since y, = x| B + ¢, with Var(e,) = 02 and ¢, independent of s, it follows that
Var(y. — ) = 0° (1 + wI(XTX)*lw*) .

The simple two-parameter formula is the expansion of the quadratic form . Var(B)m*. O

As an aside, the simple two-parameter variance expansion can be derived directly in matrix form.
Let X
g()] and Var(8) = [

1

flx = BO + le* = [1 x*}

Voo V01]
Vio Vi1’

where Vo = Var(Bo), Vi1 = Var(Bl), and Vo1 = Vig = COV(BO,Bl). Then

. Voo Voi| |1
o=t 3 [
= Voo + Viozs + Vor0x + Va122

= Var(fo) + 22, Cov(fo, B1) + 22 Var(B).
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Multiple Regression Inference Summary

The preceding distributional results give the following working forms. For j = 0,1,...,p, a
100(1 — a)% confidence interval for f; is

Bj Etosa(n—p—1)5/55;-

For the two-sided test Hy : 3; = by against Hy4 : 3; # bg, use

o/ Jjj

and reject when [t*| > t, /5(n —p—1). For the upper-tailed test Hy : 3; < by against H4 : 3; > bo,
reject when t* > to(n —p —1).

For a new unit with predictor vector . = (1, z41,. .., x*p)T, the predicted response is 4, = w;r,é
Since the new response is independent of the fitted sample,

Ely. — 9« = 0, and Var(y, — 9x) = o? [1 + mI(XTX)_lm*} )

Thus a 100(1 — a)% prediction interval is

U £toso(n —p— 1)&\/1 + ] (XTX) lz,.

The corresponding overall analysis-of-variance test is as follows.

Theorem 10.3 (Overall multiple regression F-test) Under the normal multiple re-
gression model and the null hypothesis
Ho:p1=pr=-=0p=0,
the statistic SSR/
* p
SSE/(n—p—1) (pn—p—1),
where
SSR=) (i —9)?  SSE=> (yi—p)’  and  SST=) (v —7)’
i=1 i=1 i=1
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and SST = SSR + SSE. The alternative is that at least one slope coeflicient is nonzero, and
the test rejects for large values of ™.

Proof. This is the special case of Theorem 20.2 obtained by taking A = [0 L,], ¢ = 0, and
r = p. Under these restrictions the reduced model contains only an intercept, so SSE;.q = SST
and SSE,.q — SSE = SSR. O

Lecture 11 — Friday, June 13, 2014

3. Specification and Categorical Effects

Specification Issues and Multicollinearity

Remark 11.1 For the regression model

y = Bo + fix1 + Pax2 + €,

the F-test is
Hy:B1=0p=0

versus Hy : at least one 3; # 0. This is a single joint test of the simultaneous null; it is not
equivalent to conducting two separate coefficient tests.

Recall the general setup y = X8 + ¢ where 8 = (X"X)'X Ty and Var(8) = 02(X"X)" 1.
A central specification issue in multiple linear regression is multicollinearity.

We assumed the columns of X were linearly independent, implying that (XTX)™! exists; then
B = (X"X)"'X Ty, where

1 r11 ... xlp

1 zm Tnp nx (p+1)
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There are two cases of multicollinearity:

1) Exact linear dependence. Suppose that at least one of the x; is a linear combination
of the others. Then |XTX| = 0, or Rank(X) < p+1. Then 8 = (X"X)"'X Ty does not
exist. For instance, suppose y = By + f1x1 + Pox2 + € and x1 = 5 + 3x2, so the predictors
are perfectly linearly dependent. Then

y = Bo+ B1(5+3x2) + faxa + ¢ = y = (Bo+561) + (351 + B2)r2 + <.

Renaming those two terms gives y = 35 + B7x2 + . In that case, drop z if x9 is included,
since x7 is redundant.

2) Near linear dependence. Suppose there exists a near (but not perfect) linear relationship
between an z; and the other . Then (XTX)™! still exists, but XX has a very small
eigenvalue and is ill-conditioned. Its inverse consequently has a very large eigenvalue in the
corresponding direction.

This has several consequences:

a) The computation of B can become numerically unstable.

(a)
(b) The signs of the estimated coefficients Bj can be misleading.
(c) The estimated coefficients can be highly sensitive to small changes in the data.
(d)

)

d
(e

Implausible coefficient values or magnitudes can appear.

Since Var(B) = 0?(XTX)™!, variance estimates tend to be inflated; important predic-
tors may appear insignificant, and confidence intervals can become too wide to be useful
for interpretation.

Common remedies for multicollinearity include the following.

1) Check pairwise correlation among predictors. In R, cov(X) gives the covariance matrix,
cor(X) gives the correlation matrix, and plot(X) gives a pairwise scatterplot. If two z;
are highly correlated, we may remove one. Low pairwise correlation does not rule out a
multivariable linear dependence.

2) A better measure is the variance inflation factor (VIF).

a) Treat x; as the response.

b) Regress x; on the other predictors. Modelis x; = ag+a121+- - +aj_12j_1+aj 17541+
o opx, + e
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c¢) Denote the model coefficient of determination as R?. Compute VIF; =1/(1— R?), the
variance inflation factor.

d) Calculate VIF; for j =1,2,...,p.

As a guideline,

IF; 1
llggp{v it =10

is often taken as evidence of multicollinearity, although some references use 5 instead.

The variance estimate \//a\r(ﬁj) is proportional to 1/(1 — RJQ) = VIF}, which explains the

name. If R? = 0, then the centered z; column is orthogonal to the span of the other
centered predictors and VIF; = 1. If R? > 0, then VIF; > 1, so the variance estimate of Bj
is inflated.

Example 11.2 The following simulated example contrasts perfect and near-perfect linear
dependence. In the first fit, zo = 5 + 3z, so R reports the coefficient of xo as undefined.
The second fit adds only a tiny amount of noise to that relationship.

set.seed(1000000)

# Perfect linear dependence: R cannot estimate both slopes.
x1 <- 1:10

x2 <- 5+ 3 % x1

y <- 4 + x1 + rnorm(10, 0, 0.5)

perfect_fit <- lm(y ~ x1 + x2)

coef (summary (perfect_£fit))

# Near linear dependence: the fit ts strong but the slopes are unstable.
xl <- 1:10

x2 <- 5 + 3 * x1 + rnorm(10, 0, 0.01)

y <- 4 + x1 + rnorm(10, 0, 0.5)

near_fit <- Im(y ~ x1 + x2)

reduced_fit <- 1lm(y ~ x2)

vif_x1 <- 1 / (1 - summary(lm(xl ~ x2))$r.squared)

cor(xl, x2)

vif_x1

coef (summary (near_fit))
coef (summary (reduced_£fit))
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In the near-dependence fit, the predictor correlation is 0.9999995 and the variance inflation
factor is approximately 967,749. Although the overall fit has adjusted R?> = 0.983, the
two fitted slopes are —15.87 and 5.63, with standard errors 44.91 and 14.96; neither is
individually significant. After dropping 1, the coefficient of zo is 0.3451 with standard
error 0.0144. The example shows why a high R? does not prevent individual coefficients
from becoming unstable under multicollinearity.

35 | correlation = 0.9999995; VIF = 967,749

T

FIGURE 8

Figure 8 shows the near-perfect linear relationship from Example 11.2. The points are visually
indistinguishable from a line even though the dependence is not exact.

Lecture 12— Friday, June 20, 2014

Dummy Variables for Categorical Predictors

We can extend the linear regression model to include categorical variables (or factors) through
indicator variables (or dummy variables).
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Example 12.1 Data:

make < categorical xo,

engine size < predictor x1, and fuel consumption < response y.

Suppose n = 10. BMW observations are y1,...,ys, and AUDI observations are ys, ..., y10.

Let
0, 1=1,2,3,4
Tio = ]
1, +1=25,...,10.

First assume make has an effect on y and that the effect is the same regardless of engine
size.

Bo + Bz, i=1,...,4
Elyi] = . = E[yi] = Bo + Biwi1 + Bawiz
Bo + Bixin + B2, t=05,...,10
—1 T11 0_
Model y; = Bo + Bizi1 + Paxio + &;. In matrix form, y = X8 + &, where X = T4 .
x51
L1 w101 1]

For instance, we may test Hp : B2 = 0 to determine whether make has an effect on y.

w1 = Bo + Brx1 + B2
o = Bo + B171

il

FIGURE 9

Figure 9 shows the parallel fitted lines produced by a make indicator effect with no interac-
tion.

Second, suppose make again has an effect on y, but the effect changes with engine size; this
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is called an interaction.

E[i]_{/BO‘i‘ﬂlfCilv i=1,...,4

. = E[yi] = Bo + Brixzia + Pawiz + Psziixio
Bo+ (B1+ B3)xi1 + B2, i=05,...,10

1 11 0 0 7

41 O 0

Here X =
r51 1 w51

11 z101 1 z101]

For instance, we may test Hp : 83 = 0 to determine whether the effect of engine size on y
depends on make.

Example 12.2 Data:

diet < categorical predictor x and weight <— response y.
Suppose n = 10. Diet 1 observations are yi,...,¥ys, Diet 2 observations are 4, ..., ys, and
Diet 3 observations are y7, ..., y10.

Does diet affect weight gained? Let u; denote the mean response under Diet j, for j = 1,2, 3.
We can test

Hoy : pn = p2 = ps.

) 1, i€ Diet j .
One formulation lets x;; = ~ 7, etc. We remove the intercept 3y because X
0, otherwise
does not have linearly independent columns when all group indicators and an intercept are

included. This avoids multicollinearity. Then

Yi = B1xi1 + Poxio + Paxiz + €,
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with
[1 0 0]
010
X = )
0 0 1

If an intercept were included, X would contain a column of ones that is the sum of the
current indicator columns, so it would be redundant.

A more common formulation is y = X3 + €, where

110
10 1
X=1| .
100

Then
w1 = Bo+ B, w2 = Bo + Ba, and p3 = Po.

Diet 3 is the base case in this formulation. (j is the average weight gained under Diet 3,
b1 = p1 — ps is the excess average weight gained under Diet 1 relative to Diet 3, and s is
interpreted similarly. Testing

Ho: g1 = po = s is equivalent to Hy:p51=02=0

in the ANOVA F-test reported by R.

Example 12.3 Consider forced expiratory volume (FEV), a measure of pulmonary func-
tion, for 654 children and young adults. The response is FEV in litres; age and height are
quantitative predictors; sex and smoking status are binary predictors. The data come from
the Journal of Statistics Education data archive.

The following code compares parallel age trends for smokers and nonsmokers with a model
that permits the age slope to depend on smoking status.

50


https://jse.amstat.org/datasets/fev.dat.txt

STAT 331 APPLIED LINEAR MODELS SPRING 2014

fev_data <- read.table("data/fev.dat.txt")

names (fev_data) <- c("age", "fev", "height",

fev_data$smoke <- factor(fev_data$smoke,
levels = c(0, 1),
labels c("Nonsmoker", "Smoker"))

"gex" R "smoke" )

parallel_fit <- 1lm(fev ~ smoke + age, data = fev_data)
interaction_fit <- lm(fev ~ smoke * age, data = fev_data)
coef (summary (parallel_fit))

coef (summary (interaction_fit))

Without the interaction, the fitted smoking coeflicient is —0.2090, with p = 0.0099. Once
the interaction is included, the fitted lines are

BV - 0.2534 + 0.2426 age, nonsmoker,
2.1970 + 0.0799 age, smoker.

The interaction estimate is —0.1627, with p = 1.65 x 10~7, and adjusted R? increases from
0.5753 to 0.5922. The fitted association between age and FEV therefore differs by smoking
status in these observational data; it should not be given a causal interpretation.

Residuals from parallel lines

Interaction fit

5| Nonsmoker
0 - Smoker i
é a moker =
g . =
> 3 K
62|
M 2 ]
1 B e
1 T T T T T
5 10 15 5 10 15
Age (years) Age (years)
FIGUure 10

Figure 10 shows FEV against age with fitted lines from the interaction model between age and
smoking, together with residuals from the parallel lines model. The opposing residual trends reveal
the missing interaction; the smokers in this observational sample are also concentrated at older
ages, so the two groups have very different age distributions.
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Lecture 13— Wednesday, June 25, 2014

4. Residual Analysis

Residual Diagnostics and Studentized Residuals

We now turn to residual analysis for the multiple regression model. The true error is €; = y; — 4,
where p; = 8o+ B12i1 + - - - + BpTip. The model assumption is that €1, ..., €, are independent and
each follows N (0,02). The estimated errors (i.e., residuals) are e; = y; — ji;. Some key properties
follow:

Proposition 13.1
1)
n
i=1
and therefore e = 0.
2)
n
Z € Lil — 0
i=1
for k = 1,...,p. Thus the residual-predictor sample cross-product is zero; the corre-
sponding sample correlation is zero whenever both sample variances are positive.
3)
n
Z eiﬂi = 07
i=1
so the residual and fitted-value vectors are orthogonal. Their sample correlation is zero
whenever both sample variances are positive.
4)
e=y—-y=y-—Hy=I-H)y,
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where H = X(X"X)™'XT. Therefore
e~ N(Ov (I - H)GQ)a

so e; ~ N(0, (1 — hi;)o?) and Cov(e;, ej) = —h;jo? for i # j.

5) The studentized residuals are d; = e;/(6+/1 — hy;) for i = 1,...,n. These do not
follow a t-distribution because the numerator and denominator are not independent.
In practice, the d; are often treated as approximately AN(0, 1).

Proof. For (1)), the normal equations in multiple regression give
XTe=0.

Because the first column of X is 1, this implies

and hence e = 0.

For (2)), the kth predictor column of X is (1x,...,2nk) ", so the kth component of XTe = 0

gives
n

Zeifﬁik:(), k=1,...,p.
=1

For (3)), since i = X3, we have
ple=(XB)Te=8"X"Te=0.
Thus > 7" eifii = 0.

Ror (4)),
e=y—-y=y—Hy=(1-H)y.
Under the normal model, y ~ N (X3, o%I), so

e~ N((I ~H)XB, (I-H)s(I - H)T> = N(0, (I - H)o?),
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since (I — H)X = 0 and I — H is symmetric idempotent. Therefore,

Var(e;) = o*(1 — hy;) and Cov(e;,e;) = —0*hy, i # .

For (5)),
di= —
" oVT = hy
does not have an exact t-distribution because e; and & are not independent (& is computed from
the residual vector containing e;). In practice, d; is often treated as approximately N(0,1). O

Useful diagnostics include plotting (i) the d;, (ii) the e; versus each predictor, and (iii) the e; versus
the fi;. If the assumptions hold, these plots should show random scatter.

Random scatter Omitted predictor
1 .. .
"9 07.'0. ...o..o:o'.. .~- .'.o,_g
q@) ° e o - e o .".. .. 5
~ : . © X
1 .
T T T T \
-2 -1 0 1 2
NPr dictor Candidate predictor u
onlinearity Nonconstant variance
2 .
1 .
< < PR Iy :—' b Feo o .
{I; m 4 ° LIl
1 .
f 72 I I I I I
2 —2 -1 0 1 2
Predictor Fitted value
FIGURE 11

Figure 11 collects canonical residual patterns. Random scatter is compatible with the model
assumptions, while systematic association, curvature, and changing spread point to an omitted
predictor, a nonlinear mean, and heteroscedasticity, respectively. The coordinates are generated
in R and rendered natively with PGFPlots.
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To assess normality, sort the studentized residuals as d(;) <--- < d(,) and set

—1/2
piziz /, t1=1,...,n.
n

If the residual distribution is approximately normal, then

Eldg)] = @' (pi),

so a plot of d;) against ®~1(p;) should be approximately linear. Systematic departures from the

reference line reveal tail or skewness behaviour.

Normal Heavy tailed

Sample quantile

=
=
+~
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ThC(ﬂ',c ical ,ua{ntilc Th%,retica}(quaéltilc

1ght taillec 1ght skewe

o
W
|

Sample quantile
=)
!
Sample quantile

o o 000 —1 e e ees

—2 T T T T T T T T T

-2 -1 0 1 2 -2 -1 0 1

Theoretical quantile Theoretical quantile

FIGURE 12

Figure 12 compares normal Q—Q patterns for normal, heavy-tailed, light-tailed, and right-skewed
samples. The samples are generated in R, and the Q—Q coordinates are rendered natively with

PGFPlots.

An added-variable plot checks a candidate predictor u after accounting for the predictors already

in the model. Let e be the residual vector from regressing y on z1,. .., xp, and let e, be the residual

vector from regressing u on those same predictors. A plot of e against e, shows the part of the
response—candidate relationship not explained by the current model. Random scatter gives little
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reason to add wu, whereas systematic association supports its inclusion.

Curvature may be handled through polynomial regression. For one predictor, a degree-r model
has mean

1= Bo+ Brx + for® + -+ Bpa’,

which is an ordinary multiple linear regression with predictors x,z2,...,z". The degree should
be kept as small as the diagnostics permit, and hierarchical polynomial models retain every lower-
order term whenever a higher-order term is included. With several predictors, inspect residuals
against each predictor and against the fitted values to decide which variables may require polyno-
mial terms.

Example 13.2 The FEV data from Example 12.3 also provide a useful residual diagnostics
example. We first fit an additive model with age, height, sex, and smoking status. The
curvature in the residuals against height suggests adding a quadratic height term.

fev_data <- read.table("data/fev.dat.txt")

names (fev_data) <- c("age", "fev", "height", "sex",
fev_data$sex <- factor(fev_data$sex)
fev_data$smoke <- factor(fev_data$smoke)

"smoke")

linear_fit <- lm(fev ~ age + height + sex + smoke, data = fev_data)
quadratic_fit <- lm(fev ~ age + height + sex + smoke + I(height~2),
data = fev_data)
cubic_fit <- lm(fev ~ age + height + sex + smoke + I(height~2) + I(height~3),
data = fev_data)

c(linear_adjusted_r2 = summary(linear_fit)$adj.r.squared,
quadratic_adjusted_r2 = summary(quadratic_fit)$adj.r.squared,
cubic_adjusted_r2 = summary(cubic_fit)$adj.r.squared)

coef (summary (quadratic_fit)) ["I(height~2)", ]

coef (summary (cubic_fit)) ["I(height~3)", ]

The coefficient of I (height~2) is 0.003125, with p = 7.35 x 10~!, and adjusted R? increases
from 0.7740 to 0.7924. Adding a cubic height term provides a useful hierarchy check: its
coefficient has p = 0.7372, while adjusted R? falls slightly to 0.7921, so the quadratic model is
retained. It removes much of the systematic curvature, but the residual spread still increases
with the fitted mean and the Q—-Q plot still shows heavy tails. Adding a term can repair one
aspect of model specification without repairing every model assumption.
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Linear height term  Residuals versus height Residuals versus age
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FIGURE 13

Figure 13 shows the FEV residual diagnostics before and after adding a quadratic height term, in-
cluding residuals against age and, after the quadratic term is added, against height. The diagnostic
values are computed by the R code in Example 13.2 and rendered natively with PGFPlots.

Lecture 14 — Friday, June 27, 2014

Variance Stabilizing Transformations in Regression

€q

FIGURE 14
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Suppose that after fitting the model y; = Bg + B1x; + €;, the residual plot in Figure 14 is produced.
If we want to predict the value of y at x = z*, would the width of the prediction interval be
overstated or understated?

It would be understated. The constant-variance fit pools information across the full predictor
range, so its estimate need not equal the larger local error variance near x*. More generally, a
homoscedastic prediction interval is too narrow in regions where the true variance exceeds the
fitted common variance and too wide where it is smaller.

More generally, consider the model y; = p;+¢; where pu; = Bo+pB12i1+- - -+ B,Tip, and assume more
realistically that Var(y;) = o?[h(p;)]?> — that is, the variance of y; is a function of y;. Instead of
using y;, we use a transformation g(y;) so that Var(g(y;)) is reasonably stable. A Taylor expansion

gives g(y) ~ g(u) +¢' (1) (y—p). Then Var(g(y)) = [¢' (1)]*0[1(p)]*. We want ¢'(1)-h(n) = c € R,
which implies ¢'(1) = ¢/(h(1)) and therefore

s = | i dn

Such a function g is called a variance stabilizing transformation. For example:

h(p) =p = g(n) Z/Zduzclog(u)-

Here we could try g(y) = log(y).

M) = Vi — g(n) =/jﬁdu=2cw7.

Here we could try g(y) = \/y.

A widely used family of such transformations is given by the Box—Cox family, which requires
yi > 0. Here the model is y; = p; + €;. The Box—Cox transformations are a family of power
transformations

g(yi) = (g} — 1)/X  for\ 0.

Here A is chosen such that Var(g(y;)) is approximately constant. Observe the following:
1. A = 1 gives g(y) = y — 1, which is equivalent to no transformation in a model with an

intercept.

2. A =1/2 gives g(y) = 2(y/y — 1), which is equivalent up to shift and scale to a square root
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transformation.

3. A =0 implies lim)_,q g(y;) = log(y;) by L’Hopital’s rule.

We would like to estimate the new parameter A\ by maximum likelihood. Assuming g(y;) ~
N (i, 03), the log-likelihood is

=537 g(yi) — s, ,\ — glog(ag\) +(A=-1) Zlog(yi).
o) =1 ,

We want to maximize this with respect to A, 5,0/2\. Unfortunately this is not very easy to do

directly in practice, so instead we use the profile likelihood as follows:

1. Consider a sequence of \’s, for example {—2,—1.9,...,1.9,2}.

2. For each \, using g(y;) as the response, find the least squares estimates of 3y and o). Also
compute /().

3. Select the value of A\ which gives the largest £()\); denote it by A

In R, we can load MASS and run boxcox (mod).

Example 14.1 A Box—Cox transformation is most useful when it is illustrated with repro-
ducible data. Applying boxcox() to the positive FEV response gives the following example:

fev_data <- read.table("data/fev.dat.txt")

names (fev_data) <- c("age", "fev", "height", "sex", "smoke")
fev_data$sex <- factor(fev_data$sex)

fev_data$smoke <- factor(fev_data$smoke)

fev_fit <- 1lm(fev ~ age + height + sex + smoke + I(height~2),
data = fev_data)

lambda_grid <- seq(-1, 1, by = 0.01)
boxcox_values <- MASS::boxcox(fev_fit, lambda = lambda_grid, plotit = FALSE)
lambda_hat <- boxcox_values$x[which.max(boxcox_values$y)]
cutoff <- max(boxcox_values$y) - qchisq(0.95, df = 1) / 2
lambda_interval <- range(boxcox_values$x[boxcox_values$y >= cutoff])
c(lambda_hat = lambda_hat,

lower_95 = lambda_interval[l], upper_95 = lambda_interval[2])
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The profile likelihood is maximized at A= 0.13, with an approximate 95% profile likelihood
interval of (—0.02,0.28). Since A = 0 lies in this interval, a log transformation of FEV is a
reasonable simple choice. The purpose of the plot is to identify a small collection of plausible
transformations; it does not make the final model checking step unnecessary.

—860
g —880
:: —900 —
20
S —920
Ec 010 —— Profile likelihood
g ---95% cutoff
960 - Log transform
- N —— Maximum
T T T \
-1 —-0.5 0 0.5 1
A
FIGURE 15

Figure 15 shows the Box—Cox profile log-likelihood for the FEV model. The dotted line marks the
log transformation, and the solid vertical line marks the maximizing value.

Lecture 15— Wednesday, July 02, 2014

Weighted Least Squares

Another remedy for heteroscedasticity is weighted least squares. Again consider the model
y; = Wi + &; where the g; are independent with distributions N (0,021)12), the known relative
standard deviations satisfy v; > 0, and p; = fo + fizi1 + -+ - + Bpip. Since Var(e;) = 021)1-2, we
have Var(e;/v;) = o2, which is constant. Thus we rewrite the model as

y%:ﬂ(?+ﬂ1<x¢1>+,..+5p<%>+&‘

(% (% i (% U
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Let zfy = 1/v; and xf;, = x/v; for k=1,...,p. Then

Y = ;z = Poxip + Brxgy + -+ - + Bpay, + &5,

)

where the transformed errors are independent and each follows N(0, o2).

Weighted least squares estimates are obtained by minimizing the function

S(8) = Z(yz* — Boxiy = — Bpﬂﬁfp)Q = Z ,Uig(yz —Bo—Piza — - — 5pl‘ip)2-
i=1 i=1 %

In matrix form, let W = diag(ws, ..., w,) where w; = 1/v2. Then S(B8) = (y—X38) W (y —X23),
which is another quadratic form.

Key results are as follows:

Proposition 15.1

1. The weighted least squares estimator of 3 is By = (XTWX) ' X TWy.
2. E [Bw] = 3, so it is unbiased.

3. Var(By) = c2(XTWX) 1.

4.

n
2 1 2
o :715 wje;
n_ pa—
p i=1

where €; = y; — Bow — BrwTit — -+ — BpwTip-

Proof. For (1), write
S(8) = (y — XB) W(y — XB).

Differentiating with respect to 3 gives

&(S;;B) = 92X "Wy + 2XTWXg.
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Setting this equal to 0 yields the weighted normal equations
XWX 3, = X"Wy,
so (assuming X TWX is invertible)

Bw = (XTWX)"'XTWy.

For (2),

E[Bs] = (XTWX)'XTWE[y] = (XTWX)"'X"WX3 = 3.

Hence 3,, is unbiased.

For (3), since
Var(y) = o2 diag(v,...,v2) = c?W™1,
we have

Var(B,) = Var((XTWX)_lXTWy>
= (XTWX)IXTW Var(y) WX(XTWX) !

= X"WX) ' XTW(*W HwX(X"WX) !

=o?(XTWX).

For (4), define transformed variables
yt = W%y and X* = W/2X.
Then weighted least squares is ordinary least squares on
y'=X"B+e* and Var(e*) = oI

Ife*=y*— X*Bw, then

n
ele*=e We = E w;e?.
i=1

By the usual OLS result in the transformed model,
Ele*"e*] = (n—p—1)o?,

SO

1 n
~92 2
0" = ——— w;€;
n—p—1; o
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is an unbiased estimator of 2.

For diagnostics, plot e;/v; = e} versus z;; or fi; to check whether the variance has stabilized.

Estimating v; is difficult in practice. We can start with a plot of e; versus z;;, try a form such as
v; = :U?k for some k =1,...,p and v € R, and then recheck plots of e;/v; versus fi; or x;; until the
variance pattern is approximately constant.

Why use weights? The homoscedastic linear model assigns every error the same variance o2,

whereas weighted least squares allows Var(e;) = 0?02 and accounts for the known relative variances

through the weights.

To make Var(e;) constant, use y;/v; = u;/v; + €i/vi, where €;/v; ~ N(0,02). This transformed
model is equivalent to the weighted formulation.

Proposition 15.2 The weighted least squares criterion can be written as
—~ (yi ?
-3 (55
and the corresponding variance estimator is

n

> (ei/vi)®

5_2: S(Bw) :izl )
n—p—1 n—p—1

These weighted residuals should have constant variance. That is why we plot e;/v; versus fi; or
x;, rather than plotting e; alone.

Outliers (Extreme Observations)

We also need to assess the effect of extreme observations. There are essentially two cases:

1. If an apparent outlier is a recording error, we should correct it from the original source when
possible; otherwise, we should treat it as missing rather than inventing a replacement value.

2. If an outlier is a valid observation, it may reveal a missing predictor or a poorly specified
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model. We should compare the fit with and without the point. If the conclusions are
essentially unchanged, we keep it. If they change substantially, the point is influential; any
decision to exclude it needs a substantive justification, since removal can redefine the target
population.

high leverage,
. low influence
Y N

fitted line without outlier

high leverage,
high influence

i i/r fitted line with outlier

N\

FIGURE 16

Figure 16 contrasts a high-leverage but noninfluential point with an influential point that substan-
tially changes the fitted line.

The effect can be severe because least squares minimizes squared errors, so large residuals can
dominate the fit.

In R, car: :outlierTest (mod) implements a Bonferroni-adjusted test based on deleted studentized
residuals.

Lecture 16 — Friday, July 04, 2014

Recall that

n n

SB) =D (yi— )= e

i=1 i=1
is minimized in ordinary least squares. Because residuals are squared, outliers can have a large
effect on the fit. An alternative criterion is minimizing

n
Z‘ei‘¢
=1
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which is less sensitive to extreme observations.

To detect outliers, start by constructing a residual plot. Using the studentized residuals d; =
ei/(6v/1 — hy;), check whether dy,...,d, look approximately N(0,1). Typically, most values
should lie within 3 standard deviations, and roughly 95% should lie in (—2,2).

A standard formal procedure is based on the following result:

Proposition 16.1 Fix an observation ¢, assume n > p+2, hy; < 1, and suppose the design
matrix remains full rank after observation ¢ is deleted. Refit the model with the remaining
n — 1 observations. Then

1 " 1 "
52 2 b N
DT 1) - (p+1) Pt LG B — ;ey(—w’
i i
and .
N R T
(n—p—2) 5z X (n—p—2).

The deleted residual test statistic is

ti=—— T t(n—p—2).
0(—4) 1—hy

Proof. Delete observation 7, and write the reduced model as
Y—i) = XpB+ iy and gy ~N(0,0°L,_1).

By the usual normal theory result for multiple regression applied to this reduced sample, the
residual variance estimator is

2
DY L S

€j(—i)
j#i

T D=+ n-p-2

and ( 162
n—p-—2)o;_,
) P —p—2).

g

Now define the deleted residual

~

Ty = Yi = Yi(—i)s and Yi(—i) = wiT'é(*i)'
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Because y; is independent of the reduced-sample data and B(_i) is a linear function of the reduced-
sample response vector, r; is normal with mean 0 and variance

2
o
Var(r;) = :
ar(r;) [
Using the standard leave-one-out identity
e
r; = ,
C1 = hy
we obtain ..
—— ~ N(0,1).

ov/T—hi
Also, &(Q_i) is computed from the reduced sample and is independent of r;, hence independent of
ei/v/1 — hy;. Therefore
e
G oVl i ~tn—p-—2).

VT h \/(n—p— 2)6( /0"

t;

n—p—2

To conduct the outlier test for observation ¢, we delete it, refit the model to the remaining n — 1
observations, and compute #; as in Proposition 16.1. If [t;| > t, /2(n—p—2), we flag the observation
as an outlier.

That pointwise rule does not control the chance of making at least one false discovery across all n
observations. We can instead test each observation at level a/n; this is a Bonferroni correction.

1) For a single test (n = 1) with o = 0.05, the false positive probability is

P(reject Hy | Hyp is true) = % = 5%.
2) For n > 1 independent tests, each at nominal level o = 5%,

Ny |

P(> 1 false positive) =1 —[1 —a]" =1-0.9
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The Bonferroni correction does not require independence: by the union bound,

n
P(> 1 false positive) < Z ¢_a
n
i=1

Influential Cases

The main question here is whether an outlier is influential, meaning that removing it changes
conclusions substantially.

Leverage measures how unusual an observation is in the predictor space. A large residual mea-
sures outlyingness in the response direction, while influence measures how much the fitted model
changes when we remove the observation. A point is most likely to be influential when it combines
substantial leverage with a large residual.

Lecture 17— Wednesday, July 09, 2014

Leverage and Influential Observation Patterns

We next examine leverage more closely. A point has high leverage when it lies far from the bulk

of the data in the z-direction. High-leverage points can strongly affect fitted coefficients and
predictions.

Cases:
Figure 17 shows a point far from the other pre-
1. dictors that substantially changes the fitted line,
. so it has high leverage and high influence.
FIGURE 17
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O,
B In Figure 18, leverage is low because the point
2. el lies near z. Its influence is also low because fitted
./': coeflicients and predictions change only slightly.
FIGURE 18
3 Figure 19 shows high leverage without high influ-
‘ ence.
°
FIGURE 19

Overall, high leverage is usually a prerequisite for strong influence, but not every high-leverage
point is influential.

To formalize leverage, recall the hat matrix
H=XX"X)"'X" = [hij]nxn,
and e; ~ N(0,0%(1 — hy)).

If hy; = 1, then ¢; = 0, so y; — f1; = 0, and hence y; =~ [i;. In this case, the fitted line is pulled
toward the ith observation. The quantity h;; is the leverage of point 7.

Proposition 17.1

1) H=X(X"X)"!XT is a function of the z alone, so h; is also determined only by the
x.

2) We have the bounds
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Therefore, the average leverage is h = (p+1)/n. A common guideline is that hy; > 2h
indicates a high-leverage point.

4) hj; is smallest when x; is near Z. In the SLR case,

1 (a;z — i‘)2
hij = — + —5——
n + Sy

Y

which is minimized at z; = .

Proof. For (1)),
H=XX"X)"1x"

is determined entirely by X, so each diagonal entry h;; depends only on the z-values.

For (2)), from
Var(e) = o(I — H),

we get
Var(ei) = 02(1 — h“) Z 0,

so hy; < 1. To show the lower bound when an intercept is present, write

his = =+ (2 — )" (X X,) " Ha; — @),

1
n
where X, is the centered predictor matrix (excluding the intercept). The quadratic term is non-
negative, and hence h;; > 1/n.

For (3)),

n
3" his = tr(H) = tr(X(XTX)—le) - tr((XTX)_leX) — tr(Ipatyx(pen) =P+ L.
i=1

For (4)), in simple linear regression,

1 (1’1 — .f')2
hip = — + —5——,
n Sez
so h;; is minimized when (x; — 7)? is minimized, namely at z; = 7. a
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To identify highly influential cases, we use the following diagnostics.

Proposition 17.2 The coefficient perturbation quadratic form satisfies

(B-8)"X"X)(B-0)/(p+1)

6-2

~Fp+1l,n—p-—1).

Proof. Under the normal multiple regression model,
BN (B, A(XTX)).
Therefore,

Z = ngxW?(ﬁ —B) ~ N(0,L41),

which implies

T, B-8TX'X)B-8)
Z Z= o2 ~ X(p+1)-
Also,

(n—p—1)5° 2
o2 ~ X(n—p-1)°
Under the normal model, B and 62 are independent, so these two chi-square variables are inde-
pendent. Hence

Q>

B)

(B-8)"X'X)(8 -
(p+ 1)02

n—p-1) ~Fp+1l,n—p—1),
(n—p—1)o

lOl\')

which is exactly A .
(B-B)T(XTX)(B-B)/(p+1)

6-2

~F(p+1l,n—p-—1).

Cook’s distance for the ith observation is defined by

1

Grna BB TXTX)B By,

i =

where B(,i) is the coefficient vector obtained after deleting observation ¢. It is a measure of
influence.

70



STAT 331 APPLIED LINEAR MODELS SPRING 2014

Several practical remarks are useful:

1. D; does not have an exact F-distribution, but it is often compared with an F(p+1,n—p—1)
reference.

2. A common rule of thumb is that D; > 1 (and sometimes D; > 0.5) indicates that observation
7 may be influential.

3. An equivalent fitted value form is

A~

(U — 9" (G — 9
(p+1)62

D; =

Y

so Cook’s distance measures the impact of an observation on fitted values (and therefore on
estimated coefficients).

4. Another equivalent expression is

D'L = hZZ . dl2
1- hzz D+ 1

Lecture 18 — Friday, July 11, 2014

Recall Cook’s distance:

(B =B T(XTX)(B - By

D; = -
(p+1)62
_ (- Yn) (U —9) _ hi &
(p+1)5’2 1—hu‘p+17

where hy; is leverage and d; = e;/(6v/1 — hi;).

5. Model Selection
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Model Selection Criteria

We now turn to model selection. For a model with p predictors, the prediction error variance is

Var(ynew - @new) = Var(ynew - ,&new) = Var(ynew) + Var(,&new) = ‘72 + Var(/lnew)-

Proposition 18.1 At the n observed design points, the average prediction error variance
for independent future responses is

1 — p+1
2 - 2
+ g \% i) = 1+ .
o - ar(fi;) = o { }

=1

Proof. We compute

1 1 1 1 1
o+ - ;Var(ﬂi) =0’ + - tr(Var(f1)) = o + - tr(o?H) = 0 + EUQ(p +1) = o? [1 + p;; } .

O

Thus, at the observed design points, each additional predictor increases the average estimation
component of prediction variance by 02 /n; the irreducible o2 term is unchanged.

On the other hand, adding predictors can never decrease R?, so raw R? by itself is not a reliable
model selection criterion:

Proposition 18.2 If Model 1 contains Model 2 as a special case, then R% > R%. Equiva-
lently, among nested models with the same response, R? cannot decrease when predictors
are added.

Proof. We have R? =1 — SSE/SST, where

n

SST = (v — 9)°

i=1

is fixed across competing models. Thus, comparing R? reduces to comparing SSE. Consider Model
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1:
yi = Bo + Brwin + Baziz + €iy
and Model 2:
yi = Po + frzi1 + &
Then

n n
SSEy = min i — Bo — Bimin — fawiz)?,  and  SSEp = min . — By — Brzin).
! Bo,61,82 ;(yl Bo — Brzin — Bowin) 2 Bo.B ;(yl Bo — Brxi)

Model 2 is Model 1 with the constraint 85 = 0, so removing that constraint cannot increase the
minimum. Therefore SSE; < SSEs, and hence R? > R3. O

A standard correction is adjusted RZ2, defined by

_SSE/(n—p—l)_1 n—1

2 _ e —
Rag =1 SST/(n—1) = n—-p—1

(1 - R?).

Unlike ordinary R?, adjusted R? can decrease when an added predictor does not reduce SSE
enough to offset the loss of degrees of freedom. For this reason, among models fit to the same
response, adjusted R? is often used as a quick goodness-of-fit measure adjusted for complexity,
with larger values preferred.

Proposition 18.3 When one predictor is added to a nested model, adjusted R? increases
if and only if the absolute value of the t-statistic for that added predictor exceeds 1.

Proof. Suppose the reduced model has p predictors and the full model has one additional pre-
dictor. Since SST is common to both models, adjusted R? increases precisely when

SSEfull < SSEred
n—-p—2 n—-p-—1
Rearranging gives
SSEyred — SSEsun
SSE¢an/(n —p —2)
The left-hand side is the partial F-statistic with one degree of freedom, which equals the square of
the t-statistic for the added coefficient. Hence the condition is t? > 1, or equivalently [¢t| > 1. [

> 1.

Because R? is monotone in model size, we use criteria that explicitly trade off fit and complexity.
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One classical option is Mallows’ C):

~2

g
Cp=(n=p—1)0> — (n—2(p+ 1),

Full

where 62 = SSE,/(n—p—1) is the error variance estimate from a candidate model with p predictors,
and 62, is the corresponding estimate from a sufficiently rich full model. If the candidate model
is approximately unbiased for the true mean structure, then 6’,3 R~ &1«211117 so C)p is expected to be
close to p + 1. In practice, we prefer models with relatively small C),, paying particular attention

to those for which Cj, is near p + 1.

Another widely used criterion is the Akaike information criterion (AIC). For Gaussian linear
models (up to constants common to all candidate models),

E
AIC = nlog(si> +2(p+1).

A lower AIC indicates a better tradeoff between goodness of fit and model complexity. This
criterion motivates the forward, backward, and stepwise procedures in the next lecture.

In all-subsets regression, all 2¢ models formed from ¢ candidate predictors are fitted and then
compared using a criterion such as adjusted R?, AIC, or Mallows’ Cp. This is practical only when
q is small enough for exhaustive enumeration.

Lecture 19— Wednesday, July 16, 2014

Forward, Backward, and Stepwise Selection

In forward selection, we start from the model containing only an intercept, y = [y + €, and
compare it with all models obtained by adding one predictor. If an addition lowers AIC, the
candidate with the lowest AIC becomes the new current model. We repeat this comparison one
predictor at a time and stop when no available addition reduces AIC.

In backward selection, we move in the opposite direction: we start from a full model containing
all available predictors, compare models obtained by deleting one term at a time, and remove
the term whose deletion gives the best AIC improvement. This process continues until no single
deletion lowers AIC.
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Stepwise selection combines both directions at each stage. After each move, we check whether
adding any excluded predictor or deleting any included predictor can further improve AIC, and
then take the best available move. The method stops when neither a one-step addition nor a
one-step deletion improves the criterion.

Versions of these algorithms can instead use significance thresholds, usually with a prespecified
level between 5% and 15%. Forward selection adds the excluded predictor with the smallest
partial test p-value, provided that p-value is at most the entry threshold. Backward elimination
removes the included predictor with the largest p-value, provided that p-value exceeds the removal
threshold. Stepwise regression alternates these two checks and may use different thresholds for
entry and removal.

The procedures that move in only one direction have corresponding limitations. A predictor
admitted by forward selection can never be removed, even if it later becomes insignificant, and
a predictor discarded by backward elimination cannot return. Forward selection can also miss
a group of predictors that is important jointly even though none is sufficiently significant when
considered alone. Stepwise regression mitigates the first two restrictions, but it remains a local
search rather than an exhaustive comparison.

For out-of-sample assessment, the PRESS statistic uses leave-one-out predictions. Let g
denote the predicted value for observation 7 obtained from a model fitted without that observation.
Then

n
. 2
PRESS = > (yi — f-i)) " -
=1
Smaller values indicate better leave-one-out predictive performance among models fitted to the
same response.

Example 19.1 The saved course project training data contain 2,103 flights and 13 vari-
ables. Arrival delay is the response, while the candidate predictors include calendar variables,
scheduled and actual timing variables, carrier and airport factors, distance, and taxi times.
The following code treats month and day of week as factors, fits a large model, and performs
backward AIC selection.

flight_data <- read.csv("data/project_train.csv")
flight_data$Month <- factor(flight_data$Month)
flight_data$DayOfWeek <- factor(flight_data$DayOfWeek)
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full_fit <- 1m(

ArrDelay = Month + DayOfWeek + CRSArrTime + UniqueCarrier + DepDelay +

Origin + Dest + Distance + TaxilIn + TaxiOut,
data = flight_data
)

selected_fit <- step(full_fit, direction = "backward", trace = 0)

formula(selected_fit)
rbind(

full = c(AIC = AIC(full_fit), adjusted_R2 = summary(full_fit)$adj.r.squared,

residual_SE = summary(full_fit)$sigma),
selected = c(AIC = AIC(selected_fit),
adjusted_R2 = summary(selected_fit)$adj.r.squared,
residual_SE = summary(selected_fit)$sigma)
)

selected_fit$anova

The full fit has residual standard error 5.687, adjusted R? = 0.9069, and AIC 13,680.7.
Backward selection removes Dest as one grouped factor term; the selected model has residual
standard error 5.859, adjusted R? = 0.9011, and AIC 13,638.2. Thus AIC accepts a modest
reduction in fit to avoid the 211 destination coefficients. This is a useful reminder that the
model preferred by a complexity-penalized criterion need not maximize R? or minimize the

in-sample residual standard error.

Selected model Residual Q-Q plot

Sample quantile
=)
|

Studentized residual

\ \ \ \ \ \ \ \ \ \
0 50 100 150 -3 -2 -1 0 1 2

Fitted arrival delay Theoretical quantile

FIGURE 20

3

Figure 20 shows residuals against fitted values and normal Q-Q diagnostics for the flight delay
model selected by backward AIC, rendered natively with PGFPlots. The central residual distri-

bution is reasonably regular, but the tails contain several influential candidates.
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A few applied modeling notes are worth recording. In high-dimensional data, it is helpful to begin
with basic screening and data quality checks, since some predictors (for example, scheduling code
variables) may contribute little information or have problematic sparsity.

For exploratory diagnostics, we can inspect variable cardinality with apply (train, 2, function(x)
length(unique(x))) and examine a few pairwise relationships with pairs(train[c("ArrDelay",
"DepDelay", "Distance")]).

When a level-specific effect appears (for example, DestEWR), it is often useful to create a targeted
indicator such as train$OnlyDest <- train$Dest == "EWR" and then compare its interpretation and
stability against related variables, such as origin indicators. These simple checks and recodings
often make automated selection more stable and the resulting model easier to interpret.

Lecture 20 — Friday, July 18, 2014

The General F-Test

Example 20.1 As a motivating example, suppose we compare treatment and control via
y = [ - (treatment) 4 35 - (control) + &.

If
Hy: py = p2 = B",

then
y = By - (treatment + control) + .

Treating trt and ctrl as indicators,

o oF
1

trt = (1) , and ctrl = ol
L1 0]

(s
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and trt + ctrl = 1, so under Hy this reduces to y = * + ¢.

The additional sum of squares principle compares nested models, where the reduced model
is obtained by imposing linear restrictions on the full model.

For example, consider Model 1: y = By + f1x1 + [axa + Psxs + ¢ (full model) and Model 2:
y = Bo+ B1x1+ B3xs+e (reduced model). The reduced model is obtained by setting f2 = 0 in the
full model. The question is whether the reduced model is adequate, and we can get a data-driven
answer using a hypothesis test called an F-test.

As a non-nested example, let Model 1 be y = By + SBiz1 + Boxs + ¢ and let Model 2 be y =
Bo + Boxe + PB3xs + . Neither can be obtained by constraining the other, so they are non-nested.

s ~

Theorem 20.2 Under the normal multiple regression model, let 3 be a (p+ 1) x 1 vector
of regression coefficients, let A be a full-row-rank r x (p + 1) matrix of constants, and let ¢
be a r x 1 vector of constants. To test Hy : A3 = ¢, define @ = A3 and 8§ = AB3. Then

0 ~N@O,AXTX)ATH?).

Under Hy,
0 TAxTxflATflA_
O AKX O 0 L
ro
Equivalently,
o (SSEred — SSEgun) /7 >0

SSEtan/(n—p—1) —

Proof. Under the normal linear model,
B~ N’(ﬁ, 02(XTX)*1) .
Define & = A3 and = AS3. Since 0 is a linear transformation of 3,
6 ~ N(a, a2A(XTX)—1AT) .

Let
- [A(XTX)*lAT}_l/Q.
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Then ]
—P(0—6) ~N(0,1,),
o
SO . L
@—-6)7 [A(XTX)_lAT] - (0-0) 9
o2 ~ Xp-
Also,

(n —p— 1)6’2 _ SSEqu 2
) = 5 ™~ Xn—p—1-

o g

Under normality, ,é (hence é) is independent of 62, so the two chi-square variables above are
independent. Therefore,

6-0)T [AXTX)'AT] ' (6-0)

ro?
~F(rn—p—1
(n _p_ 1)6_2 (Tvn p )7
(n—p-—1)0?

Under Hy, we have 8 = ¢, so this gives

(0-9 " (AX'X)'AT) (0 - ¢)

ré?

~F(r,n—p—1).

For completeness, the sum-of-squares identity follows directly from constrained least squares. The
normal equations give

S(8) = SSExui + (8~ B) ' X X(B - B).
Minimizing the quadratic term subject to A3 = ¢ by Lagrange multipliers gives

~ ~

-1
B=06-(X"X)AT [A(XTX)*AT} (AB —¢).
Substitution yields
A -1 .
SSEred — SSEgu = (6 — ¢)7 [A(XTX)‘IAT} 6 ¢).

Hence the equivalent statistic is

P (SSEred — SSEga) /7 0.
SSEgan/(n —p—1)

Thus we reject Hy if F* > F,(r,n—p—1). For example, suppose y = 5y + B121 + fex2 + B3x3 + €.
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1) Suppose we wish to test

Bo
b1 0 0 1 .
Then Hy : A3 = ¢ where 3 = 3 , A= 0 0 and ¢ = . Alternatively, we may
2
Bs
001 -1 0
take A = [O 00 1},0_[0}

2) Now suppose we wish to test

Hy:B2=0 and  j1 =ps.

0 01 O 0
ThenA—[0 1o _1] andc—[o}.

Lecture 21 — Wednesday, July 23, 2014

For a general F-test of linear hypotheses, we compare a full and a reduced model using

v _ (SSErea = SSE0)/r _ (SSEyea — SSEr)/r
SSEq/df; 52 ’

and reject Hy if F* > F,.

For example, consider the grouped data setup from Example 12.2. The response is continuous
weight gain, n = 10, and diet is categorical, with observations yi, y2,y3 on Diet #1, observations
Y4, Y5, Ys on Diet #2, and observations y7, ys, g, y10 on Diet #3. The model is

y = Pix1 + Paxe + PBazs + ¢,
with 21 = Lic123)), T2 = Liicqas,6)): and x3 = Lieqr, 10}
The question here is whether weight gained depends on diet. Thus, we want to test
Ho: p1 = B2 = Ps.

Note that the standard ANOVA F-test in this coding tests whether all coefficients are zero, which is
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A1

1 -1
different. To answer the question at hand, write Hy : AB =c, with 8= | 52|, A = [ 0 } ,
65

c= [8} Here r = 2, so

(SSEyeq — SSEy) /2

/\2 b)
O

F* =

compared against F, (2,10 —3 = 7).
For the setup of Example 20.1, the model is
weight = f3; - treatment + (5 - control + ¢

and we want to test Hy : §1 = [2. Equivalently, Hy : A3 = ¢ with A = [1 —1], c= [O], r=1.
Then
_ SSEipeq — SSE¢

)
O¢

F*

The exact data from the plant weight example and the nested model comparison are reproduced
by the following code.

control <- c(4.17, 5.58, 5.18, 6.11, 4.50,
4.61, 5.17, 4.53, 5.33, 5.14)
treatment <- c(4.81, 4.17, 4.41, 3.59, 5.87,
3.83, 6.03, 4.89, 4.32, 4.69)
plant_data <- data.frame(
weight = c(control, treatment),
group = factor(rep(c("Control", "Treatment"), each = 10))
)

full_fit <- 1m(weight ~ group - 1, data = plant_data)
reduced_fit <- lm(weight ~ 1, data = plant_data)

coef (full_fit)
anova(reduced_fit, full_fit)
c(SSE_reduced = deviance(reduced_fit), SSE_full = deviance(full_fit))
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From the output, we see that

6¢=0.6964 and  SSE;= (0.6964)% - 18,
6: =0.704, and  SSE.q = (0.704)% - 19.

Hence
_ SSEreq — SSE¢

)
O

F* = 1.4191.

Since qf (0.95, 1, 18) returns Fpos(1,18) = 4.413873, we have F* < Fp g5, so we do not reject
Hy. The command anova(reduced_fit, full_fit) gives F* = 1.4191 and p = 0.2490, agreeing
with the direct calculation.

Note that R’s multiple R-squared is R? = 1 — SSE/SST, where SSE = 2 - df and SST is obtained
from the base model (y ~ 0); that is,

n

> (yi —0)?

i=1
for y = Brx1 + Boxo + €. For y = By + B1x1 + €, the base model is y ~ 1, so

n

SST =) (v —9)*

=1

Theorem 10.3 is a special case of the general F-test with

Hy:pr=p2=---=pp,=0.

Taking A = [0 I,], ¢ = 0, and r = p imposes these p restrictions while leaving the intercept
unrestricted. The general F'-statistic is

. (SSE;eq — SSE¢)/p
F* = :
SSE¢/(n —p—1)
Also,
SSEred = SSE(Z/ = 60 + 5) = Z(yz — g)Q = SST.
i=1
Therefore,
(SST — SSE¢)/p SSR¢/p

B = SSEn—p 1) SSE/n—p 1)’

which is the ANOVA statistic.
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Lecture 22 — Friday, July 25, 2014

6. Logistic Regression

Binary Response Modelling

We now turn to logistic regression for binary responses. In earlier lectures, the response y; was
continuous. For a binary response model, let

{1, if the event of interest occurs for observation i,
Yi =

0, otherwise,
where the augmented predictor vector for observation i is @; = (1, 241, . . . ,xip)T.

If we naively apply linear regression (for example y ~ z1), fitted values can fall outside [0, 1], as
shown in Figure 21:

FIGURE 21

For conditionally independent y; ~ Bernoulli(7;), we have E [y; | @;] = m;, so we model 7; through

n; = Bo + Brxin + - + BpTip and g(mi) = ni,

where the link function g maps (0,1) to R. This defines a Bernoulli generalized linear model,
the term logistic regression refers specifically to the logit link. Common links are:

1. The logit link: g(m;) = log(m;/(1 — m;)), the log-odds.
2. The probit link: g(m;) = & !(7;), where ®(2) = P(Z < 2) for Z ~ N(0,1).

3. The complementary log-log link g(m;) = log(—log(1 — m;)).
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Under the logit link,

.
log<1 _zW) =i = Bo+ Pz + -+ + Bywip = B,
7

SO -

= 1+€Ui = 1_‘_61’?’3

T

Holding the other predictors fixed, 3; is the change in the log-odds for a one-unit increase in x;.
If 7ri+ denotes the probability after that increase, then

+
. iy
| A ¢
& %<1_ﬁ-1_ﬂ)’

so €% is the corresponding odds ratio.

To estimate B, we can use maximum likelihood. Since y; ~ Bernoulli(m;),
Py =) =n/(1-m)'", j=01,

and

n n

LB =[] @ —m)"¥ and  £B) = (yilog(m)+ (1 - y;)log(l—m)).

i=1 i=1

Lecture 23 — Wednesday, July 30, 2014

Recall the logistic regression setup:
m=Ely @], gm)=m=z{8,  and g:(0,1) =R

For the logit link,
C14em’

1—7'('2'

g(m) = log( i > = log(odds of success), and T
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and the log-likelihood is

(B) =Y {yilog(m) + (1 — ;) log(1 — m;)}.
=1

Proposition 23.1 For each j =0,...,p, with ;0 = 1,

o o

In matrix form,

or
% = XT(y — )

0,

which defines the score equations for a finite interior maximum likelihood estimate ﬁ, when
one exists.

Proof. For each observation,

4;(B) = yilog(m;) + (1 — y;) log(1 — ),

SO .
(B)=> 4i(B)
i=1
Fix j € {0,...,p}. By the chain rule,
ﬁ _ " 8& 87‘(‘1' 877@
0B; = Om On; OB
Now
o yi 1—uy and O
om; mm 1—m

and for the logistic mean function m; = e /(1 + ™),

6771-

o (14em)? mill = ).

eni
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Therefore,

9B; - Z (m 1 m) (1 — ;)45
i=1
= Z[%(l —mi) — (1 — yi)mi| @i
i=1

n
= (yi—m)zij =) (y — 7).
=1

Stacking these equations for all j yields

ot B
%—X(y ).

At a finite interior maximum likelihood estimate 3, the score is zero, so

X (y—m) =0.

When a finite maximum likelihood estimator exists, B solves
XT(y - 7‘-) = 07

which generally has no closed-form solution. We therefore use numerical methods, most commonly
iterative reweighted least squares, a version of Newton’s method. This idea is developed in STAT
431.

Example 23.2 Two small R examples make these comparisons concrete. The first uses
the two binary predictors type and group; the second uses a simulated continuous predictor
to compare the logit, probit, and complementary log-log links.

# Two categorical predictors from the lecture handout.

y <- ¢(1, 0, 1, 0, 1, 1, 0, O, 1, O, 1, 1)

type <- factor(e(1, 1, 1, 0, 0, O, 1, 1, 1, 0, 0, 0))

group <- factor(c(rep(l, 6), rep(0, 6)))

categorical_fit <- glm(y ~ type + group, family = binomial(link = "logit"))
new_groups <- expand.grid(type = levels(type), group = levels(group))
new_groups$probability <- predict(categorical_fit, new_groups, type = "response")
coef (summary (categorical _fit))
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new_groups

# One continuous predictor, comparing the three links used in lecture.
set.seed(1000)
y_continuous <- y
x <- rnorm(length(y_continuous), 0, 5)
x[y_continuous == 1] <- x[y_continuous == 1] + 4
link_names <- c("logit", "probit", "cloglog")
link_fits <- lapply(
link_names,
function(link) glm(y_continuous

x, family = binomial(link = link))
)
sapply (link_fits, coef)

# Move one failure left to make the groups more nearly separated.
X_near_separation <- x
x_near_separation[4] <- x_near_separation[4] - 7
near_separation_fits <- lapply(
link_names,
function(link) {
glm(y_continuous

X_near_separation,
family = binomial(link = link))

)

sapply (near_separation_fits, coef)

# Moving a second failure left produces complete separation.
x_complete_separation <- x_near_separation
x_complete_separation[8] <- x_complete_separation[8] - 7
complete_separation_fits <- lapply(

link_names,

function(link) {

suppressWarnings (
glm(y_continuous ~ x_complete_separation,
family = binomial(link = link))

)
sapply (complete_separation_fits, coef)
sapply (complete_separation_fits, function(fit) fit$converged)
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For the categorical model, the fitted linear predictor is
7 =10.3573 — 0.7146 1 f¢ype—1} + 0.7146 1 group—1} -

The four fitted probabilities for (type, group) = (0,0),(1,0),(0,1),(1,1) are 0.5884, 0.4116,
0.7450, and 0.5884, respectively. In the continuous example, all three links map the real-
valued linear predictor into (0,1), but their shapes and tail behaviour differ slightly. With
only 12 observations, the three fitted curves are quite similar over the well-populated portion
of the predictor range.

Moving one observed failure to the left reduces the overlap between the two response groups.
The fitted logit slope increases from 0.3135 to 0.5232, and all three curves become steeper.
Moving a second failure to the left produces complete separation: every failure lies below
every success. In this final configuration, R reports nonconvergence and fitted probabilities
numerically equal to 0 or 1; the logit coefficients grow to approximately 50.15 and 30.49. This
illustrates why ordinary finite maximum likelihood estimates do not exist under complete
separation.

Z Categorical predictors Three link functions
g 1 Je ° e o ° e o 1 " logit o oo oo
8. 0.75 - X X X ; 0.75 - —— probit
2 X X X X X X --- cloglog
£ 0.5 s 0.5
Nt X X X B
o 025 & 0.25
2 =
§ 0 - ° ° o o ° 0 —fe o ° oo
7) \
~ 2 4 6 8 10 12 -6 -4 -2 0 2 4

Observation Continuous predictor

e Observed xFitted
FIGURE 22

Figure 22 shows the observed and fitted values for the categorical example, followed by the fitted
logit, probit, and complementary log-log curves for the continuous example.

Figure 23 shows two perturbations of the continuous predictor example. As overlap decreases, the

fitted links steepen; under complete separation, numerical fitting drives the curves toward a step
function. The fitted coordinates are generated in R and rendered natively with PGFPlots.
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Response / fitted probability

Reduced overlap

Complete separation
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FIGURE 23
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Appendix: Lecture and Tutorial Index

—_

© ° N o ok W

NONN NN R = R = = = e s
W N = O O 0Nt WwWw D= O

. Lecture 1— Wednesday, May 07, 2014
Lecture 2 — Friday, May 09, 2014
Lecture 3— Wednesday, May 14, 2014
Lecture 4 — Friday, May 16, 2014
Lecture 5 — Friday, May 23, 2014
Lecture 6 — Wednesday, May 28, 2014
Lecture 7— Friday, May 30, 2014
Lecture 8 — Wednesday, June 04, 2014
Lecture 9 — Friday, June 06, 2014

. Lecture 10— Wednesday, June 11, 2014
. Lecture 11 — Friday, June 13, 2014

. Lecture 12— Friday, June 20, 2014

. Lecture 13— Wednesday, June 25, 2014
. Lecture 14— Friday, June 27, 2014

. Lecture 15— Wednesday, July 02, 2014
. Lecture 16— Friday, July 04, 2014

. Lecture 17— Wednesday, July 09, 2014
. Lecture 18 — Friday, July 11, 2014

. Lecture 19— Wednesday, July 16, 2014
. Lecture 20— Friday, July 18, 2014

. Lecture 21 — Wednesday, July 23, 2014
. Lecture 22— Friday, July 25, 2014

. Lecture 23— Wednesday, July 30, 2014
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