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Lecture 1 — Monday, May 02, 2016

1. Multivariate Distribution Theory

Preliminaries

The central message of copula modelling is simple: separate marginal behaviour from dependence,
and do not let the margins distract from the dependence structure.

Unless otherwise stated, all random variables and random vectors are defined on a common prob-
ability space (2, F,P). When a function is evaluated at —oo or oo, its value is understood as the
corresponding improper limit, which may itself be infinite.

Let X = (X1,...,Xq): Q = R? be a d-dimensional random vector. Its distribution function
H:R?—[0,1] is
H(z) =P(X <z), xecR%.
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For j € {1,...,d}, the jth marginal distribution function is

where x occupies the jth coordinate. Similarly, the survival function of H is
H(z) =P(X >x), zcR%
and its jth marginal survival function is

Fi(x) = H(-o0,...,—00,x,—00,...,—00), z € R.

Remark 1.1 In more than one dimension, H is generally not equal to 1 — H. The bivariate
case is illustrated in Figure 1. The lower-left region represents H(x1,x2), the upper-right
region represents H (x1,z2), and the complement of the lower-left region represents 1 —
H(z1,x2). Only in the univariate case do we have F' =1 — F.
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FIGURE 1
A function T: R — R is increasing, denoted by T 7, if T(x) < T(y) whenever z < y. It is
decreasing, denoted by T' N\, if T'(z) > T'(y) whenever x < y. Finally, it is strictly increasing,
denoted by T' 1, if T'(z) < T'(y) whenever z < y.

Definition 1.2 Let T: R — R be increasing. The generalized inverse 7~ : R — R is
defined by
T (y) =inf{z e R: T(x) >y},



STAT 946 AN INTRODUCTION TO COPULA MODELING SPRING 2016

with the convention inf () := co. If T': R — [0, 1] is a distribution function, then 77 : [0, 1] —
R is called the quantile function of T. Jumps of T correspond to flat portions of 7~, and
conversely. If T' is continuous and strictly increasing, then

T (y) =T (y) for every y € ran(T),

where T~ is the classical inverse of T.

Remark 1.3 The geometry in Figure 2 is worth knowing in one’s sleep. In particular, the
horizontal segment in the graph of T" produces a jump in 7"~.

T (1) T (y2) T~ (y3)

FIGURE 2

The next result collects the main properties of generalized inverses. Their proofs require some
care; a detailed treatment is given by Embrechts and Hofert (2013).

Lemma 1.4 Let T: R — R be increasing, and let z,y € R. Then the following statements
hold.

1. We have T~ (y) = —oo if and only if T'(x) > y for every x € R. Similarly, 77 (y) = oo
if and only if T'(x) < y for every z € R.

2. If T~ (y) € R, then T~ is left-continuous at y and has a right-hand limit at y.
3. We have T~ (T'(x)) < z. If T' is strictly increasing, then T~ (T'(x)) = x.
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4. If T is right-continuous, then
T (y) <z <=T(z) > y.
Moreover, T(T~ (y)) = y whenever

y € ran(T") U {inf ran(T"),supran(T)}.

5. If y < infran(T"), then T(T~ (y)) > y, whereas if y > supran(7'), then T(T (y)) < y.
The converses hold when T is right-continuous. In addition, T'(z) < y implies x <

T~ (y).
6. With
T (y—) = lim T (z) and T (y+) = lim T (2),
z,/'y 2Ny
we have

(T7(y=), T (y+)) S{z eR:T(x) =y} C [T (y—), T (y+)]-
7. The function T is continuous if and only if T~ is strictly increasing on
[inf ran(T"), sup ran(7T)].

The function 7T is strictly increasing if and only if 7'~ is continuous on ran(7).

8. If T7 and T3 are right-continuous increasing functions, then

(TpoTh)” =Ty oT; .

Lecture 2— Wednesday, May 04, 2016

For a random variable X, write
ran(X) = {z € R: P(X € N;) > 0 for every open neighbourhood N, of z}

for its topological support. This set is closed and X € ran(X) almost surely. Unlike the dis-
tribution function’s numerical range, the support may have gaps; the distribution function can
therefore be constant between two of its points.
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Proposition 2.1 Let F be a distribution function, and suppose that X ~ F. Then the
following statements hold.

1. If F is continuous, then F'(X) ~ Unif[0, 1]. This is the probability transformation.
2. If U ~ Unif[0, 1], then F~(U) ~ F. This is the quantile transformation.

Proof. We first prove (2). By Lemma 1.4(4),
P(F~(U) < 2) = P(U < F(x)) = F(z)
for every € R. Hence F~(U) ~ F.

Now suppose that F' is continuous. The intermediate value theorem shows that every u € (0, 1)
belongs to the range of F', and Lemma 1.4(4) therefore gives

F(F~(u)) = u.

Consequently, if U ~ Unif[0, 1], then F(F~(U)) = U almost surely. Since the first part of the proof
gives F'~(U) 4x , we conclude that F'(X) 4 U. This proves (1) without requiring F' to be strictly
increasing; a continuous distribution function may be constant across gaps in its support. O

Proposition 2.1(1) can be used for estimation and goodness-of-fit testing. Suppose that X1,..., X,
are independent and identically distributed with an unknown continuous distribution function
F. To test Hy: F = Fy, we can instead test whether Fy(X1),..., Fo(X,) are independent and
uniformly distributed on [0, 1], for example by using a Kolmogorov—Smirnov or Anderson-Darling
test.

Proposition 2.1(2) can be used to sample nonuniform random variables. If F'~ has a convenient
form, the Mersenne Twister may be used to generate independent pseudorandom variables U; ~
Unif[0, 1]; then the variables F'~(U;) are independent with distribution function F'.

Both tasks become considerably harder in more than one dimension. The random variable F'(X)
in Proposition 2.1(1) is the probability integral transform. It is guaranteed to be uniform when F
is continuous, and the next definition extends it to discontinuous distributions.
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Definition 2.2 Let X ~ F. The modified distribution function is defined by
F(z,\) =P(X <z)+ AP(X =z) = F(z—) + A\(F(z) — F(z—))

for x € R and A € [0,1]. The generalized distributional transform of X is F(X,A),
where A ~ Unif[0, 1] is independent of X. Informally, F/(X,A) uniformly fills the gaps in
the range of F: if F' jumps at z, then F(x,A) is uniformly distributed on [F(z—), F(z)].

Proposition 2.3 Let X ~ F, and let A ~ Unif][0, 1] be independent of X. Then the
following statements hold.

1. If F is continuous, then F(X,A) = F(X).
2. We have F'(X, A) ~ Unif[0, 1].
3. We have F~(F(X,A)) = X almost surely.

Proof. For (1), continuity of F' gives

F(z,\) = F(z—) + A(F(z) — F(z—)) = F().

For (2), fix y € (0,1) and write x,, ;== F~(y). The event {F(X,A) < y} is the disjoint union
{X <z} U{X =2y, P(X < zy) + AP(X = z,) < y}.
If P(X = x,) = 0, the defining properties of z, imply that
P(X <zy) =P(X <z,) =y.
If P(X = z,) > 0, independence and the uniform distribution of A give

P(F(X,A) < y) = B(X < z,)

+P(X = 2,)P <A < m>
=P(X <zy)+y—P(X <zy)

Thus F(X,A) is uniformly distributed on [0, 1].
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For (3), first suppose that x is an atom of F'. Then
F~(y) =x forevery y € (F(z—), F(z)].

Because A > 0 almost surely, the asserted identity therefore holds on the event that X is an atom.
At any non-atom z, F(z,A) = F(z). The identity F'~ (F(x)) = z can fail at such an = only when
x is an endpoint of a nonempty interval on which F' is constant. There are at most countably
many disjoint maximal intervals of constancy, and their non-atomic endpoints have probability
zero. Hence

F~(F(X,A)) = X

almost surely. O

Lecture 3— Monday, May 09, 2016

2. Copulas and Sklar’s Theorem

Copulas

Definition 3.1 Let H: R? — [0,1], and let x,a,b € R? with a < b.

1. The function H is grounded if
H(.Tl,...,$j_1,—OO,.%'j+1,...,CL‘d) =0

for every j € {1,...,d}.
2. The jth margin of H is

where x occupies the jth coordinate.
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3. Define the increment in the jth coordinate by
A p)H () = H(z1,...,05, ... ,xa) — H(z1,..., 05, ..., 7a).
The H-volume of (a, b is

A H = Dy by Dagvg H

2 2
- Z o Z(_l)Z?:lin(xl,ilv e Tdyig)s

11=1 ig=1

aj, ij:]_,
T =
Jtj b i —9
g L= 4

4. The function H is d-increasing if A,y H > 0 for all a,b € R? satisfying a < b.

where

Remark 3.2 Being d-increasing is much stronger than being increasing in each coordinate.
When d = 2, the H-volume in Figure 3 is

AgpH = H(b1,ba) — H(ay,b2) — H(b1,a2) + H(a1,az).

Thus a 2-increasing function assigns nonnegative mass to every axis-aligned rectangle.

2
bof----
AfapH 20
as f----
: : > T1
al bl
FIGURE 3




STAT 946 AN INTRODUCTION TO COPULA MODELING SPRING 2016

Proposition 3.3 Let H be grounded and d-increasing. Then the following statements
hold.

1. Let k € {1,...,d} and {j1,...,7k} € {1,...,d}. Then
H(x)>0

(ajy b ] "7 A(ajk’bjk]

for every & € R,

d
[H(b) — H(a)| < ) |Fj(b)) - Fj(ay)|
j=1

for all a,b € R%.

Proof. For (1), extend aj,,...,aj to a vector a by setting a; = aj, when j = j, for some
¢ e {1,...,k}, and setting a; = —oo otherwise. Similarly, extend b;,,...,b;, to a vector b by
setting b; = b;, when j = jy, and setting b; = x; otherwise. Since H is grounded, all terms
containing a coordinate equal to —oo vanish. Hence

A( bjk]H(:D) = A(a,b]H > 0,

aj b ]t A(“jk’

where the inequality follows from the d-increasingness of H.

For (2), first use a telescoping sum and the triangle inequality to obtain

d
|H(b) — H(a)| <) |H(by,...,bj,aj41, ..., aq)
j=1
— H(bl,...,bj,l,aj,... ,ad)}.

Assume first that a; < b;. Part (1), with & = 1, shows that the difference inside the absolute value
is nonnegative. Repeatedly applying the same part with k = 2 gives

‘H(bl,...,bj,...,ad)—H(bl,...,aj,...,ad)|

:H(bl,...,bj,...,ad)—H(bl,...,aj,...,ad)
< H(oo,...,bj,...,00) — H(oo,...,aj,...,00)
= Fj(bj) — Fj(aj) = [Fj(bj) — Fj(a;)|-

10
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The same inequality follows after interchanging a; and b; when a; > b;. Summing over j proves
the claim. 0

Whenever the indicated mixed partial derivative exists, write

kH(z
H(z) = 0"H(z)

D . P A
J s e . '
az]k 82]1 z=x

KseesJ1

Proposition 3.4 Let H: R?Y — [0, 1] be grounded and d-increasing. Fix j € {1,...,d} and
all coordinates other than ;. Then D;H (x) exists for almost every x; € R with respect to

Lebesgue measure, and
D;H(x) >0,

wherever it exists. More generally, fix finitely many endpoint configurations in coordinates
other than j. For almost every z;, all the corresponding derivatives exist simultaneously,
and applying any increment formed from those endpoints gives a nonnegative result. In
particular, for k # j and aj < by,

DjH(m_k, b) > DjH(iU—ka ay)

whenever both derivatives exist.

Proof. Proposition 3.3(1) implies that H is increasing in ;. A monotone real-valued function is
differentiable almost everywhere, so D;H () exists for almost every x; with respect to Lebesgue
measure.

Fix increments in any collection of coordinates other than j, and denote their product by A_;.
Set
G(zj) = A_jH(x).

The d-increasingness of H implies that G is increasing in z;. Consequently, wherever the derivative
exists,

A_ijH(CC) = DjG(acj) 2 0.

Only finitely many coordinate configurations occur in this calculation, so their full-measure differ-
entiability sets have a full-measure intersection. The first assertion also follows directly because
H is increasing in xj; using a single increment in coordinate % gives the final inequality. O

These multivariate distribution properties lead directly to copulas.

11
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Definition 3.5 A d-dimensional copula is a d-dimensional distribution function with
standard uniform margins.

Proposition 3.6 A function C: [0,1]¢ — [0,1] is a d-dimensional copula if and only if the
following conditions hold.

1. The function C is grounded: C(u) = 0 whenever u; = 0 for some j € {1,...,d}.

2. The function C has standard uniform margins: C(1,...,1,u;,1,...,1) = u; for every
uj € [0,1] and every j € {1,...,d}.

3. The function C' is d-increasing: A 5 C > 0 for all a, b € [0, 1]¢ satisfying a < b.

Proof. Forward implication. Let C: [0,1]? — [0,1] be a copula, and let U ~ C. For (1),
0< C(ul,.. .,ujfl,O,ujH,.. . ,ud) < ]P(Uj = 0) =0.

For (2),
C(l,...,l,Uj,l,...,l) :P(Uj Su]) = Uj

for every j € {1,...,d}. Finally, for (3),
A@pC =P € (a,b]) 20
whenever a, b € [0,1]¢ and a < b.

Reverse implication. Condition (2) ensures the correct margins once C' is known to be a distribution
function, so it remains to prove that C' is a distribution function. Write

x Ay :=min{z,y} and x Vy = max{x,y}.
Extend C to H: R? — [0,1] by setting
H(z)=C((0Vz1)AL...,(0Vzg) AL).

Condition (1) gives
H(zi,...,2j-1,—00,Zj11,...,24) =0,

12
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SPRING 2016

whereas Condition (2) gives

For a,b € R? with a < b, define

?ij:(O\/aj)/\l and Zj:(()\/bj)/\l.

Then Condition (3) implies that
AasyH = A 55C > 0.

Thus H is grounded and d-increasing. By Proposition 3.3(2),

|Fj(x; + hj) — Fj(z;)]

M=

|H(z + h) — H(z)| <

<.
I
-

I
M=

<.
Il
—

M=

< |hjl — 0 as h —0.

<.
Il
i

‘(OV(xj—i-hj))/\l—(O\/.%’j)/\H

Hence H is continuous from above. The extension theorem for distribution functions then gives a

unique probability measure P on (RY, Bga) satisfying

Po((a,b]) = Aap H.

This is the extension theorem presented in Billingsley (1995, pp. 179 and 260).
the restriction to [0, 1]¢ of the distribution function associated with P¢, since

C(u) =Pc((0, ul).

13

Therefore, C' is


https://books.google.com/books/about/Probability_and_Measure.html?id=d27jzQEACAAJ
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Lecture 4 — Wednesday, May 11, 2016

Remark 4.1

1. Proposition 3.3(2) gives
d

IC(b) - C(a)] <) |b; — aj

Jj=1

for all @,b € [0, 1]%. Thus every copula is Lipschitz continuous with constant 1 relative
to the ¢1-norm, and the family of all copulas is uniformly equicontinuous.

2. By Proposition 3.4, D;C(u) exists for almost every u; with respect to Lebesgue mea-
sure, and

0<D;C(u) <1
Moreover, the map u; — D;C(u) is Lebesgue integrable.
3. Let C be a copula, and let U ~ C. For each j € {1,...,d}, continuity from above

gives

0<PU =u) <P(U; = u )

=P (Uj c ﬂ (Uj — i,w})
neN
. 1
= nan;OP (Uj € (uj - n,w])

=0.

Therefore, the probability measure P¢ associated with C has no point masses. Never-
theless, Pc may have a singular component: a nonzero component of the measure
supported on a subset of [0,1]¢ with Lebesgue measure zero. This happens for the
copulas W, M, and the Marshall-Olkin family. If all probability mass belongs to the
singular component, then C' is itself called singular.

4. If Cy and Cy are copulas and A € [0, 1], then

C(u) = AC1(u) + (1 — N)Ca(u)

14
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is also a copula. Thus the set of copulas is convex.

Analytic proof. For j € {1,...,d}, let

0._
uj = (ul,...,uj_l,O,ujH,...,ud).

Then
C(ul) = AC1(ul) + (1 — \)Ca(ud) =0,

so C' is grounded. Similarly, with u} =(1,...,1,u;,1,...,1),

C’(ujl) = Auj + (1 = Nuj = ujy.

Finally,
A@p)C =AM (ap)C1+ (1 = A)A gy C2 = 0.

By Proposition 3.6, C is a copula. O

A probabilistic proof follows from a stochastic representation. Let U; ~ C7, Uy ~ Cs,
and X ~ Bin(1,\) be independent, so that P(X = 1) = A. Define

U, X=1,
U =
Uy, X =0.

Then U ~ C.

Probabilistic proof.
PU <u)=PU <u,X=1)+PU <u,X =0)
=\P(U; <u)+ (1 —NP(Uz <u)
= )\Cl(u) + (1 - )\)CQ(U)
= C(u).

O

More generally, if (Cg)gere is a family of copulas, 8 — Cg(u) is measurable for every
u, and F' is a mixing distribution, then the Stieltjes integral

Clw) = [ Colu)dF(0)

15
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defines a copula. The verification uses the same argument and the linearity of the
integral.

Theorem 4.2 (Fréchet—Hoeffding bounds) Let d > 2. Define

d
W(u) := max Zuj—d—l— 1,0
j=1

and

M(u) = min {u;}

1. Every d-dimensional copula C satisfies

W(u) < C(u) < M(u) for every u € [0, 1]%.

2. The function W is a copula if and only if d = 2.

3. The function M is a copula for every d > 2.

Proof. For (1), Proposition 3.3(2) gives

d
1-C(u) =C(1) = C(u) < 2(1 —u)=d—> uj

Together with C'(uw) > 0, this proves the lower bound. For the upper bound, monotonicity in each
coordinate gives
y ..,1,Uj,1,...,1):7J,j

C(u) <C(1,.

for every j € {1,...,d}. Hence C(u) <
For (2), first prove one direction.

Reverse implication. Suppose that d = 2, and let U ~ Unif[0, 1]. Then
P(U <u1,1 —U <wug) =P(1 —uy <U < up) =max{u; +uz — 1,0}.

Thus (U, 1 — U) has distribution function W, so W is a copula. O

16
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Lecture 5— Monday, May 16, 2016

Proof of Theorem 4.2, continued. Forward implication. Suppose that W is a copula. If d > 3,
then its volume on ((1/2)1,1] is

d-yd 1\ 1@ 1\ 1~
AW =Y ()" =i=bvWw 3 o lg

1€{0,1}¢

. d_ 7\ 10
= ) (-1)* %=1 max Z<2) —d+1,0
i€{0,1}4 Jj=1

N

= max{d —d+ 1,0} — dmax +d—1—d+1,0}

d 1 1
+<2>max{2—|—2+d—2—d—|—1,0}—...

+(1)dmax{;l —d+ 1,0}

d
=1--<0.
2<

This contradicts d-increasingness. Therefore, because d > 2 throughout, W can be a copula only
when d = 2. This completes the proof of (2).

For (3), let U ~ Unif[0,1] and set U = (U, ...,U). Then

PU<u)=P <U < min uj> = min u; = M(u).
1<j<d 1<j<d

Thus M is a copula in every dimension d > 2. O

Remark 5.1

1. For d > 3 and each u € [0,1]¢, we can construct a copula C satisfying C(u) = W (u).
Thus the lower bound W is pointwise sharp even when it is not itself a copula.

2. The functions W and M are called the lower and upper Fréchet—Hoeffding bounds,
respectively.

17
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3. In two dimensions, W distributes its mass uniformly on
{(uy,uz) € (0,1 s ug =1 — wy },
whereas M distributes its mass uniformly on
{(u1,u2) € [0,1)% : ug = us}.

Thus both are singular copulas and do not possess densities with respect to two-
dimensional Lebesgue measure. By contrast, the independence copula II(uj,u2) =
u1ug has the constant density ¢ = 1. The three measure geometries are compared in

Figure 4.
countermonotonicity independence comonotonicity
SN o
U2 7 U cog =1 U2 7
%

support of W support of M

Ui U1 U1

FIGURE 4

The copula functions themselves are shown in Figure 5. The countermonotone copula
W is zero on the lower triangle and rises linearly on the upper triangle, the indepen-
dence copula II forms the bilinear saddle uju9, and the comonotone copula M consists
of the two planar faces determined by min{u, us}.

countermonotonicity independence comonotonicity

C(u1,u2)

FIGURE 5

18
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A related geometric calculation in the region x1 + zo > 1 is

Wgeom(ﬂﬁ, 33‘2) = \/(xl _ (1 — $2))f/;_ ($2 - (1 - $1))2
_ V2(x1 + 20 — 1)2
- V2

=x1+ 29 — 1.

This is precisely the positive affine branch of W (x1, x2).

Theorem 5.2 (Sklar’s theorem)

1. If H is a distribution function with margins Fi, ..., Fy, then there is a copula C' such
that
H(x) = C(Fi(21),...,Fy(xq)) for every x € R%. (5.1)

The copula C' is uniquely determined on H?:1 ran(F;), where

C(u) = H(Fy (u), .., F (ug)).

2. Conversely, if C' is any copula and F1, ..., Fy are univariate distribution functions, then
the function H defined by (5.1) is a distribution function with margins Fi, ..., Fy.

Proof. For (1), let X ~ H, and independently let A be uniformly distributed on [0, 1]¢. Define
U= (Ui,...,Uy) by
Uj = Fj(Xj,Aj), jE{l,...,d}.

Let C* be the distribution function of U. Proposition 2.3(2) shows that each U; is uniformly
distributed, so C* is a copula. Proposition 2.3(3) gives X; = F; (U;) almost surely. Therefore,

d

H(z) =P | ({X; <z}
j=1

d
=P | ({F(U)) <5}
j=1

19
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d

=P | ({U; < Fj(=;)}
j=1
= C*(Fi(z1), - -, Fa(za)).
Hence C* satisfies (5.1). For u; € ran(F;), Lemma 1.4(4) gives Fj(F} (u;)) = u;. It follows that
C*(u) = C* (FL(FT (w1)), -, Fa(Fy (ua))) = H(Fy (w), ..., Fy (ua)),
which also proves uniqueness on H?Zl ran(F}).

For (2), let U ~ C and define

X = (Fl_(Ul),,Fd_(Ud))

Then
d
PX<z)=P ﬂ{FJ_(UJ) < zj}
j=1
d
=P | ({U; < Fi(z))}
j=1
= C(Fi(z1), ..., Fy(xq))
= H(x)

Thus H is the distribution function of X, and Proposition 2.1(2) shows that its margins are
Fi,....F,. O

Remark 5.3 Theorem 5.2(1) decomposes every multivariate distribution function into its
margins and a copula. Consequently, the dependence structure may be studied indepen-
dently of the margins, which is useful for parameter estimation and goodness-of-fit testing.
Theorem 5.2(2) constructs multivariate distribution functions from chosen margins and a
copula, which is useful for model building and stress testing.
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Lecture 6 — Wednesday, May 18, 2016

Remark 6.1

1. The copula C*, read as “C Maltese,” is also called the standard extension copula.
The classical proof of Theorem 5.2 constructs this copula analytically by multilinear
interpolation. The probabilistic construction used here is due to Riischendorf (2009).

2. The copula in (5.1) need not be unique when the margins are discontinuous. For
example, suppose that (X7, X2) has the bivariate Bernoulli distribution

1
P(X;=hXo=1/)= T h,¢ €{0,1}.
Each margin assigns probability 1/2 to both 0 and 1, so
ran(F;) ={0,1/2,1}, j € {1,2}.

Consequently, every copula C satisfying C'(1/2,1/2) = 1/4 gives the same joint distri-
bution through (5.1). One choice is the independence copula

Cy(uy,u2) = H(ug, u) == ujus.

Another is the diagonal copula

5(U1)+5(U2)}’ §(u) — 2

Ca(u1,u2) = min {ul,u2, 5

These copulas are distinct because
11 1 13 11
Cilzyz|==#==0Cy(=,-].
1(2’3) 67 72 2<2’3>

3. The construction in the proof of Theorem 5.2 also reveals this nonuniqueness. The
auxiliary vector A may have either the independence copula II or the upper Fréchet—
Hoeffding copula M, while still producing the same factorization. For a bivariate
Bernoulli vector X ~ H, write

p=P(X;=1)=1-P(X; =0), je{l,2}.
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The two possible mass allocations are illustrated in Figure 6.

a _pl)i pip2 3

P2 ‘
(-p) m ;
(1=p2)-(1=p2) |

FIGURE 6

4. If X ~ H has margins F1, ..., Fy, then X, or equivalently H, is said to have copula
C when (5.1) holds.

Lemma 6.2 Suppose that X; ~ F; and that each F} is continuous. Then X has copula
C if and only if
U = (Fi(Xa),...,Fa(Xq)) ~ C.

Proof. Forward implication. Let H be the distribution function of X, and suppose that X has
copula C. For u € [0,1]%, continuity of the margins and Lemma 1.4 give

d
PU<u)=P ﬂ{X] < Fj(uy)}
j=1
= H(F; (w),...,Fy (uq))
=C(u)

Here the first event equality is understood up to a null event when a margin is constant on an
interval, and continuity gives Fj(F; (u;)) = u; for u; € (0,1); the endpoints follow by continuity.
Thus U ~ C.

Reverse implication. Suppose that U ~ C. Continuity of each margin gives

d
H(z) =P | ({X; <z}
j=1

d
=P ﬂ{FJ(XJ) < Fj(xj)}
j=1
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= C(Fl(l'l), cee ,Fd(.’de)).

The first event equality again holds up to a null event: points beyond x; on which Fj remains
equal to Fj(x;) carry no marginal probability. By Theorem 5.2, X has copula C. O

Theorem 6.3 Let X ~ H have continuous margins Fi, ..., Fy and copula C. Then the
following statements hold.

1. If T; is measurable and strictly increasing on ran(Xj;) for each j € {1,...,d}, then
(T (X1),...,T4(X4)) also has copula C. Thus copulas are invariant under strictly
increasing transformations of the underlying random variables.

2. The random variables X1,..., Xy are independent if and only if
d
C(u) =1I(u) = Huj
j=1
for every u € [0,1]%.
3. When d = 2, we have C = W if and only if
Xy = F; o (1 — Fl)(Xl)

almost surely. In this case, X; and X5 are countermonotone.

4. We have C' = M if and only if
X;=F; oFi(X1) almost surely for every j € {2,...,d}.

In this case, X1,..., X, are comonotone.

Proof. For (1), let G; be the distribution function of T;(X;). The transformed variable has no
atoms: strict increase of T on ran(X;) makes the inverse image of any point contain at most one
point of that range, and X; has no atoms. Thus G is continuous. Moreover, for every x € ran(Xj),
strict increase on the range gives

Gj(Tj(x)) = P(T3(X;) < Tj(x)) = P(X; < x) = Fj(x),
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where X; € ran(X;) almost surely. Hence
G;(T;(X;)) = Fj(X;) almost surely.

The marginal probability transforms of the original and transformed vectors therefore agree almost
surely. By Lemma 6.2, the transformed vector has copula C.

For (2), Theorem 5.2 gives
d d
H(z) = [[ Fj(z;) <= C(u) = [ [ w»
j=1 j=1
where the reverse direction follows by substituting x; = F;~ (uj).

For (3), begin with one direction.

Forward implication. Suppose that
Xy = FQ_ o (1 — Fl)(Xl)

almost surely. First,
P(XQ < 33) = P(l — Fl(Xl) < FQ(.T)) = FQ(JJ)

Writing U = F1(X1) ~ Unif[0, 1], we obtain

Clur,ug) = P(Fi(X1) < up, Fo(X2) < ug)
=PU <wui,1 =U < uy)
= max{u; +u2 — 1,0}
= W(u1,u2).

Lecture 7— Wednesday, May 25, 2016

Reverse implication. Suppose that C' = W, and set U; = F;(X;) for j € {1,2}. By Lemma 6.2,
(Ul,UQ) ~ W. If uy +ug < 1, then

P(Ul § ul,UQ S UQ) = W(ul,ug) =0.

24



STAT 946 AN INTRODUCTION TO COPULA MODELING SPRING 2016

If uy + uo > 1, inclusion—exclusion gives
]P’(U1 > uq, Uy > u2) =1—u; —uyg+ W(ul,UQ) =0.

The two open half-squares on either side of the antidiagonal are countable unions of rectangles
with rational endpoints. Consequently,

P(U1+U2 = 1) =1.

Lemma 1.4(3) now yields
Xy = Fy (Uz) = Fy o (1 = F1)(X1)

almost surely.
It remains to prove (4).

Forward implication. Suppose that
X] = Ej_ OFl(Xl)

almost surely for every j € {2,...,d}. Since the margins are continuous, U = F;(X1) is uniformly
distributed on [0, 1], and F;(X;) = U almost surely for every j. Hence

C(u) =PU <uy,...,U <ug) =min{uy,...,us} = M(u).
Reverse implication. Suppose that C' = M, and again set U; = F;(X;). For each j € {2,...,d}
and each t € [0,1],
]P)(Ul §t<Uj):P(U1 St)—P(Ul St,Uj St) :t—M(t,t) = 0.

Interchanging Uy and U; gives P(U; <t < U;) = 0. Taking the union over rational ¢ € [0, 1] shows
that U; = Uy almost surely. Therefore,

almost surely for every j € {2,...,d}. O

Remark 7.1 The connection between copulas and dependence was developed systemati-
cally by Schweizer and Wolff. Theorem 6.3(1) formalizes the principle that a copula describes
dependence independently of the marginal scales. Parts (3) and (4) identify the lower and
upper Fréchet—Hoeffding bounds with perfect negative and perfect positive dependence, re-

25



STAT 946 AN INTRODUCTION TO COPULA MODELING SPRING 2016

spectively.

Theorem 7.2 Let X ~ H have margins FY, ..., Fy and copula C, which need not be unique.
If T} is measurable, continuous, and strictly increasing on ran(X;) for each j € {1,...,d},
then (T1(X1),...,Ty(Xq4)) also has copula C.

Proof. Let S; =ran(Xj), which is closed and has full marginal probability, and define

qj(y) = sup{z € S; : Tj(z) < y},

with the usual conventions when the set is empty or unbounded. Strict increase makes the sublevel
set an initial segment of S, while continuity on S; ensures that a finite boundary point is included
when it belongs to S;. Consequently,

{1;(X5) <y ={X; < 4(y)}
up to a null event. If G; denotes the distribution function of T;(Xj), then
Gi(y) = Fi(g;(y))- (7.1)

The same event identity applied simultaneously to all coordinates, followed by Theorem 5.2 and
(7.1), gives

1
= H(q1(v1),--->94(va))
= C(Fi(qi(n1)), - -, Falga(ya)))
= C(Gi(y1), - -+ Ga(ya))-

Therefore C' is also a copula of the transformed vector. O

Theorem 7.3 (Survival version of Sklar’s theorem) The following statements hold.

1. Let H be a joint survival function with marginal survival functions Fy, ..., F4. There
is a copula C' such that

~ —_—

F(w) = C(Fl(xl)y---aFd(-xd)) (72)
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for every & € R%. This copula is unique on H;l:l ran(F';). On that set,

~

Cu) = H(Fy (w1),..., Fq (uq)),

where
Fi(u)=inf{z e R: Fj(z) <u} =F; (1 —u).
2. Conversely, let C be a copula and let Fq,..., F4 be univariate survival functions. The
function H defined by (7.2) is a joint survival function with these marginal survival
functions.

Proof. For (1), let C be a copula of the distribution corresponding to H, whose existence follows
from Theorem 5.2. Choose U ~ C, and let C be the distribution function of 1 — U. This is a
copula because every coordinate of 1 — U is uniformly distributed on [0, 1]. Inclusion—exclusion
and the factorization in Theorem 5.2 then give

F(w) = P(Xl >x,...,Xg > xd)
= 5(1 — Fl(xl), ceey 1-— Fd(.l‘d))
= C(Fi(z1), ..., Fa(za)).

The uniqueness and inverse formula follow by the same argument that restricts the range in
Theorem 5.2.

For (2), set F; =1 — F;, choose V ~ 6’, and define
X; :Fj*(l—Vj), jed{l,...,d}.
Each X, has distribution function F;. Moreover, the quantile properties in Lemma 1.4 give

P(Xl >x,...,Xg > de) = P(Vl < Fl(xl), Vg < Fd(a:d))
= a(ﬁl(l'l), . e ,Fd(l'd)),

where strict and nonstrict inequalities agree because the margins of V' are continuous. This proves
the claim. 0
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Remark 7.4 The copula C in Theorem 7.3 is the survival copula of X, or equiva-
lently of its distribution function H. Although C' is a distribution function, the functions
H,Fy,...,F, are decreasing rather than increasing and therefore are not distribution func-

tions.

Proposition 7.5 Let C be a copulaand U ~ C. Then 1-U ~ 6, where C is the survival
copula of U. For J C {1,...,d}, define

1—Uj, jEJ,

aj(Jiu) = {1, jé

Then R
Cluy= > (-DIC(aa(J5u),...,aq(];w)). (7.3)

Proof. Since the margins of U are continuous,

a(u):P(l—UlSul,...,l—Udgud)
:]P’(U1>1—u1,...,Ud>1—ud).

Thus C is both the distribution function of 1 — U and the survival copula of U, by Theorem 7.3.
Applying inclusion—exclusion to the final probability gives (7.3). O

Remark 7.6 In two dimensions, (7.3) reduces to
a(ul,ug):ul—i—uQ—l—i—C(l—ul,l—ug). (7.4)

A copula C is radially symmetric when C = C. In probabilistic terms, U ~ C' then has
the same distribution as 1 — U. Thus, in two dimensions, the distribution is invariant under
rotation by 180° about (1/2,1/2). The copulas W, II, and M are all radially symmetric, as
follows directly from (7.4).
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Lecture 8 — Monday, May 30, 2016

3. Copula Properties, Simulation, and Association

Symmetry and Exchangeability

Definition 8.1 A random vector X is radially symmetric about a € R? if

X—aia—X.

When d = 1, this property is simply called symmetry about a.

Definition 8.2 A random vector X is exchangeable if
d
(Xjps oy X)) = (Xa, ..., Xa)

for every permutation (ji,...,Jq) of (1,...,d).

\ J

The two symmetries have different geometric meanings. Radial symmetry reflects every coordinate
about the centre, whereas exchangeability permutes the coordinate axes. Figure 7 illustrates the
distinction in two dimensions.

radial reflection coordinate exchange

FIGURE 7
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Proposition 8.3 Let X ~ H have continuous margins Fi,...,F; and copula C. The
following statements hold.

1. Suppose that X; is symmetric about a; for each j € {1,...,d}. Then X is radially
symmetric about a if and only if C'= C.

2. The vector X is exchangeable if and only if F} = --- = F; and
C(ul, ce ,Ud) = C(Ujl, e ,Ujd)

for every u € [0,1]% and every permutation (j1,...,jq) of (1,...,d).

Proof. For (1), set Y = X — a, and let G be the distribution function of Y;. By Theorem 7.2,
Y has copula C. Marginal symmetry and continuity imply that

Gj(-y) =1-Gj(y), yeR
If Uj = Gj(Y;), then U ~ C by Lemma 6.2, and the probability transforms of =Y are
Gj(—Yj)Zl—Uj, jE{l,...,d}.

It follows from Proposition 7.5 that —Y has copula C. The vectors Y and —Y have the same
continuous margins.

Forward implication. If Y and —Y have the same distribution, the uniqueness assertion in Theo-
rem 5.2 implies that their copulas are equal. Hence C' = C.

Reverse implication. If C = 6, then Y and —Y have the same margins and the same copula.

Their Sklar factorizations are therefore identical, so Y 4 V. This proves the first statement.
For (2), fix a permutation (j1,...,j4)-

Forward implication. Suppose that X is exchangeable. Permutations that interchange two coor-
dinates show that all margins are equal; write Fy, = --- = Fy = F. Moreover,

H(xj17"'7xjd) = H(xla---axd)
for every & € R%. By the inverse formula in Theorem 5.2,

C(uj17""ujd) = H(F_(ujl)v-"aF_(ujd»
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H(F™ (u1),...,F™ (uq))
C’(ul, . .,ud).

Reverse implication. Suppose that the margins are all equal to F' and that C is invariant under
every coordinate permutation. Then

H(zj,...,z;,) =C(F(zj,),...,F(z;,)) = C(F(x1),...,F(zq)) = H(z1,...,24).

Thus X is exchangeable. O

Remark 8.4 The implications among independence, identical marginal distributions, and
exchangeability must be distinguished carefully.

1. Identically distributed independent random variables are exchangeable, by Proposi-
tion 8.3(2), because their copula is II. The converse fails: a vector can have equal
margins and a permutation-invariant copula different from II.

2. Exchangeability implies identical marginal distributions, again by Part (2). The con-
verse also fails: equal margins may be combined with a copula that is not invariant
under coordinate permutations. A Marshall-Olkin copula with unequal parameters
provides such an example.

3. Exchangeability and radial symmetry do not imply one another.

Example 8.5 (Exchangeability without radial symmetry) For 6 > 0, the bivariate
Clayton copula is

Co(ur,uz) = vy (Vg "(ur) + 5 (u2))  and  hp(t) = (1 +1) /0.

This copula is invariant under exchange of w; and weo, so a random vector with uniform
margins and copula Cjy is exchangeable. It need not be radially symmetric. For example,
when 0 =1,

Ch(1/4,1/4) = % and  Cu(1/4,1/4) = —% +Ci(3/4,3/4) = %0

Thus C; # 61, so Proposition 8.3(1) shows that the vector is not radially symmetric.
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Example 8.6 (Radial symmetry without exchangeability) Let fi, fo € C'[0,1] sat-

isfy
f1(0) = f1(1) = f2(0) = f2(1) =0
and
1+ fi(u1) f3(u2) > 0 (8.1)
for every (u1,us) € [0,1]2. Then
C(u1,u2) = urug + fi(u1)fa(uz) (8.2)

has density
c(ur,u2) = 1+ fi(u1) f5(uz).

Condition (8.1) makes this density nonnegative, and the endpoint conditions give uniform
margins. Hence (8.2) defines a copula.

If each f; is symmetric about 1/2, then

é(ul,uQ) =ur+us—1+ C(l —uy, 1 — UQ) = Uruz + fl(l — ul)fz(l — UQ) = C(ul,uQ),
where the first equality is (7.4). Thus the copula is radially symmetric. On the other hand,
C(u1,uz) — Cluz,ur) = fi(ur) f2(uz) — fi(u2) f2(ur).

If f1 and fo are not proportional, this difference is not identically zero, so the copula is not
exchangeable.

For a concrete choice, take

filu) = %u(l —u) and fa(u) = %u(l —u)(1+ (u—1/2)%).

These functions are symmetric about 1/2; are not proportional, and satisfy (8.1) because
[f1l <1/2 and |f5] < 3/4.

Sampling Copulas

One motivation from quantitative risk management is the estimation of the value at risk of an
aggregate loss. If S = L1+ .-+ Lg, then

VaR,(S) = Fg (o),
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often at a high confidence level such as a = 0.999. When the marginal loss distributions and their
copula are specified separately, the following result provides a direct simulation procedure for their
joint distribution.

Proposition 8.7 Let H be a distribution function with margins Fi, ..., Fy and copula C.
If U ~ C, then
X = (Fl_(Ul),...,Fd_(Ud)) ~H

Proof. For every € R%, Lemma 1.4(4) and Theorem 5.2 give

P(X < @) =P(U1 < Fi(21),...,Uq < Fy(xq))

= C(Fi(z1), . d(l‘d))
= ;1‘;)

Thus X ~ H. U

Proposition 8.8 (Recovery of a copula from continuous margins) Let H be a
distribution function with continuous margins Fi, ..., Fy and copula C. If X ~ H, then

(F1(X1), ..., Fi(X4)) ~ C.

Proof. This is the forward implication of Lemma 6.2. Indeed, the marginal probability transforms
are uniform by Proposition 2.1, and their joint distribution function is C' by the calculation in
that lemma. O

Lecture 9— Wednesday, June 01, 2016

The two transformations in Propositions 8.7 and 8.8 move between a copula and a joint distribution
with prescribed margins. A basic example starts with

X ~ Nd(O, P),
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where P is a correlation matrix. If ® denotes the standard normal distribution function, then
U = (8(X1),...,8(X,))

has the Gaussian copula with correlation matrix P. Starting from a nondegenerate normal vector
Na(p, X), where X is positive definite, gives no additional copulas. Indeed, with o; = V755 >0,
standardizing each coordinate by
Y, Xj — 1

gy
is a strictly increasing transformation, so Theorem 6.3 shows that X and Y have the same copula.

To simulate an arbitrary copula recursively, conditional distributions replace the explicit normal
construction. Let C' be a d-dimensional copula and let U ~ C'. A version of the regular conditional
distribution function of U; given (Uy,...,U;j—1) is denoted by

C(u]' ’ Ui, . . .,u]‘_l) = ]P)(Uj < Uj | U1 = U, .. .,Uj_l = Uj_l). (91)

Because the event on the right usually has probability zero, this expression is understood as a
regular conditional distribution and is determined only almost everywhere with respect to the
conditioning distribution.

For indices ji, ..., ji, write
C(jl""’jk)(uj'l, . ,u]-k) = C(’Ul, R ,Ud),

where v; = u; when j € {ji,...,jx} and v; = 1 otherwise. Thus CU1-Jk) is the corresponding
marginal copula.

Theorem 9.1 Fix j € {2,...,d}. Suppose that the marginal copulas C(*»++7) and ¢ =1)
are absolutely continuous in their first 7 — 1 arguments and admit continuous mixed partial
derivatives with respect to those arguments. At every point where the denominator below
is positive,

D17..,’j,10(1"“’j) (ul, e ,’LL]')
D17.‘.’j710(1,...,j*1) (ul, v ,ujfl)

C(u]' ’ ul,...,Ujfl) = (92)

for almost every (u1,...,u;j—1) € [0, 17-1,

Proof. Let Uy.j—1 = (U,...,Uj—1). The joint density of Uj.;_1 is

1,....5—1
D17...7]’,10( J )(ul,...,uj,l),
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whereas the density of the subprobability measure
A— P(Ul;j_l S A, Uj < u]')

is
Dy j 1CYD (g, ).

The conditional distribution in (9.1) is the Radon-Nikodym derivative of the second measure with
respect to the first. Taking the ratio of these densities gives (9.2). This formula also appears in
Schmitz (2003, p. 20). O

The identity for conditional distributions
1
Fea(oan) = [ P oz | 51) dF, () (93)
—0o0

is the bivariate instance of disintegration. It reconstructs a joint distribution by averaging the
conditional distribution over the first coordinate.

Theorem 9.2 (Conditional distribution method) Let C' be a d-dimensional copula,
and let U7,..., U} be independent random variables uniformly distributed on [0,1]. Choose
measurable versions of the regular conditional distribution functions and their generalized
inverses, and define recursively

U, =Uj,
Uj:C_(UJWUl,...,Ujfl), jE{Q,...,d},
where
C™(v|ui,...,uj—1) =inf{t € [0,1] : C(t | wq,...,uj—1) > v}.
Then U = (Uy,...,Uy) ~ C.

Proof. We prove by induction on j that (Uy,...,U;) has marginal copula C(1-3) . The claim is
immediate for j = 1.

For the bivariate step, the quantile transformation in Proposition 2.1 and the independence of U
and Uj give

ul
]P(Ul Sul,Ug SUQ)Z/ ]P)(UéSC(’U,Q ’171)) d?jl
0
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ul

:/ C(UQ ’ ﬂl)dﬁl
0

= C(u17u2)7

where the final equality is the identity for conditional distributions in (9.3).

Write
Upj1=U,...,Uj1) and U1 = (Ur,. .., Uj—1).

Suppose that Uj.;—1 has distribution function CcW--3=1) " Conditional on Uij—1 = uy—1, the
same quantile argument gives

P(U; <uj | Uy =uy,...,Uj—1 =uj-1) = C(uj | ur, ..., uj-1).
Consequently,
P(U <wuq,...,Uj Suj)
:/ Cluj @y, @j-1) dCH IV (@, 10)
[O,U1]><---><[0,Uj,ﬂ
= C'(l"“’j)(ul, .. ,Uj),

again by disintegration. This completes the induction. O

Remark 9.3 The conditional distribution method and its inverse have the following roles.

1. The construction in Theorem 9.2 transforms independent uniform random variables
into a vector with copula C. It is the multivariate analogue of the inverse transform
construction in Proposition 2.1.

2. The method applies broadly, but it may require repeated numerical evaluation and
inversion of conditional distribution functions. For a particular copula family, a spe-
cialized stochastic representation may be faster and more numerically stable.

3. When the relevant conditional distribution functions are continuous and strictly in-
creasing, the inverse map is the Rosenblatt transformation

R(u) = (u1,C(uz | u1),...,Clug | w1, ..., ug-1)). (9.4)

If U ~ C, then R(U) has independent uniform coordinates. This fact supports
goodness-of-fit testing: after fitting a copula, we can test the transformed observa-
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tions for uniformity and independence.

Example 9.4 Consider the bivariate upper Fréchet—Hoeffding bound M (ui,u2) =
min{uy, ua}.

Solution. Fix u; € (0,1). By Theorem 9.1, a version of the conditional distribution function is

0, wus <wuy,
M(UQ | ul) = DlM(U1,UQ) = { 2 ! (95)
1, u9 Z Uui.

The derivative fails to exist only at ug = wj, where the right-continuous version in (9.5) assigns
the value 1. The conditional distribution is therefore concentrated at w1, as shown in Figure 8.

M (ug | uq)
A

1

[

|

|

|

|

|

!

|

|

|
Y

U

\/

u2

—

FIGURE 8

Let U] and Uj, be independent and uniformly distributed on [0, 1]. The generalized inverse of (9.5)
is

M~ (v | uy) =inf{ug € [0,1] : M(ug | u1) > v} =wy

for every v € (0,1]. Consequently, the construction in Theorem 9.2 gives

This is precisely the comonotone representation of M from Theorem 6.3(4). O
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Lecture 10— Monday, June 06, 2016

Measures of Association

Example 10.1 Consider the d-dimensional Clayton copula

C(u) = Yo (vy ' (ur) + -+ + 1y ' (ug)) and  p(t) = (1+1)77,

where 6 > 0. Determine the conditional distribution functions required by Theorem 9.2 and
their generalized inverses.

Solution. The generator and its derivatives satisfy

g () =u™" =1
and

k—1 1
0 =0 I (e+5) aro-tam (10.1)

£=0

for every positive integer k. Its typical shape is shown in Figure 9.

Vo(t)

\ 4
~

FIGURE 9

Applying Theorem 9.1 and then (10.1) gives, for j € {2,...,d},

0§ (Shay v (w)
v§ ™ (S v ()

C(Uj ‘ ul,...,uj_l) =
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. ' _p\ —(1—1+1/6)
_ <1 —J +Ziluk0>

. i1
2—j+ Y0

Set
j—1
Aj_l =2—75+ Zu;e
k=1
Solving v = C'(u; | u1,...,u;j—1) for u; yields
- ~1/(j-1+1/0) —1/0
C (v uy,... uj_1) = [1 + A <v - 1)} . (10.2)

Equation (10.2), used recursively, gives a direct implementation of the conditional distribution
method. O

Example 10.2 Let V be positive with Laplace transform

P(t) = E[e_tv] = / e fy(v) do. (10.3)
0
Let Eq,..., E4 be independent standard exponential random variables, independent of V,

and define
szw(Ej/V), jE{l,...,d}.

Show that U has Archimedean copula

Solution. Since % is decreasing, conditioning on V' gives

P(Uy <ut,y...,.Ug<uq|V)=P(E; > Vi~ (uy) for every j | V)
d
=exp | =V Z 1/)71(u]~)
j=1
Taking expectations and using (10.3) yields
d
PU<u)=¢ | > ¢ (u) | =C(u).
j=1

For the Clayton generator 1y(t) = (1 +t)~'/%  the mixing variable has the gamma distribution
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with shape 1/60 and rate 1.

Definition 10.3 The Fréchet class .#(F1,..., Fy) is the set of all distribution functions
with margins Fy,..., F;. By Theorem 5.2,

F(Fr,....,Fy) ={H : Hx) = C(Fi(z1),..., Fa(xq)) for some copula C'} .

Thus a Fréchet class fixes the marginal distributions while allowing the dependence structure

to vary.

.

J

In applications, it is often useful to summarize the degree of dependence between two random
variables by a real number. Before introducing scalar measures of association, it is helpful to

compare copulas through a partial order.

e

Definition 10.4 For two d-dimensional copulas C7 and Cy, write
C1 X Cy

if C1(u) < Cy(u) for every u € [0,1]%. This relation is the lower-orthant order. When
d = 2, it is also the concordance order: the bivariate identity

6’(1}1,1}2) =01 + v — 1+C(1*’L)1,1 *Ug)

shows that the same inequality automatically holds for the survival copulas. Accordingly, in
the bivariate setting used below, C1 < Cy means that C is less concordant than Cs.

Definition 10.5 Let X; and X5 have finite, positive variances. Their Pearson correla-

tion coefficient is

Cov(Xy, X
p(X1, X2) = v X, Xo)
v/ Var(X7) Var(Xg)
~ E[(X1 —E[X4])(X2 — E[X3))]
~ VE[X1 - E[X1))?E[(X: — E[X2])?]
For observations (x;1,%2), @ € {1,...,n}, from a random sample, the sample Pearson

correlation coefficient is

o = Yo (i — T1) (zi2 — T2)
! V(@ —71)2 0 (w2 — T2)? (10.4)
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where
1 n
Tj = E 2.%1']‘, ] € {1,2}
1=

The expression in (10.4) is defined whenever neither sample variance is zero.

Proposition 10.6 (Hoeffding’s covariance identity) Let (X, X2) ~ H have margins
F1, F5 and finite second moments. Then

COV(Xl,XQ) = /_OO /_oo (H(xl,xg) — F1($1)F2($2)) dIl de‘Q. (10.5)

Proof. Let (X1, X)) be an independent copy of (X1, X2). Independence between the primed and
unprimed vectors gives

E[(X1 — X])(X2 — X3)] =2Cov (X1, Xa). (10.6)
For real numbers a and b,
a—b= (Lp<ay — Lia<ay) da. (10.7)

Applying (10.7) to both factors in (10.6), and then applying Fubini’s theorem, gives
2 Cov(X1, Xo)
= /R E[(1x<en) — Lixien) (Lxg<an) — Liase) | do
The expectation in the integrand equals

— ]P’(Xl < :rl)IP’(Xé < J}Q) —i—P(Xl <z,X9 < .1‘2)
= 2(H(a;1,a:2) — Fl(:L’l)Fg(l’g)).

Substitution and cancellation of the factor 2 prove (10.5). The use of Fubini’s theorem is justified
because the finite second moments imply

E[|X1 — X1[| X2 — X35]] < o0

by the Cauchy—Schwarz inequality. O
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Lecture 11 — Wednesday, June 08, 2016

Proposition 11.1 Let X; and X5 have finite, positive variances. The following statements
hold.

1. We have |p(X1, X3)| < 1. Equality holds if and only if
Xo=a+bX,

almost surely for some a,b € R with b # 0.
2. If X; and Xy are independent, then p(X;, X2) = 0.

3. Pearson correlation is invariant under strictly increasing affine transformations of both
variables.

4. For i,j € {1,2}, let X;; have distribution function Fj, and let (Xj1, X;2) have copula

Ci. If Cl j CQ, then
p(X11, Xq2) < p(Xo1, X22).

Proof. For (1), set Y; = X; — E[X|]. The space L? is a Hilbert space under the inner product
(Y, Z) = E[Y Z]. The Cauchy—-Schwarz inequality gives

| Cov(X1, Xo)|* = (Y1, Yo) I
< (1, Y71)(Y2,Y2)
= Var(Xl)Var(XQ).

Dividing by the positive product of the variances proves |p(X1, X2)| < 1.

Forward implication. Suppose that |p(X1, X2)| = 1. Equality holds in the Cauchy—Schwarz in-
equality, so Yo = bY7 almost surely for some nonzero b. Therefore,

Xo = E[XQ] — bE[Xl] + bXq,

which has the required affine form.
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Reverse implication. Suppose that Xo = a + X1 almost surely with b £ 0. Then

b
p(X1, X2) = o
so |p(X1,X2)| = 1. In particular, positive and negative slopes correspond to correlations 1 and

—1, respectively.

For (2), independence gives

Cov(X1, X5) = E[(X1 — E[X1])(X2 — E[XZ])]
= E[X1 — E[X1]]E[X; — E[X}]]
=0.

Hence p(X1, X2) = 0.
For (3), let aj,az > 0. Then

Cov(a1 X1 + b1, a2 Xs + be) = ajas Cov(Xy, Xa),
Var(anj + bj) = CL? Var(Xj), je{1,2}.

Substitution into Definition 10.5 proves the invariance.

Finally, consider (4). By Proposition 10.6 and Theorem 5.2,

Cov(Xa, Xe) = [ (CUR(@). Fale)) = Falon) Pa(es) do.

The assumption C7 < Cs makes the first integrand no larger than the second. Thus
COV(XH, X12) S COV(XQl, X22).

The two pairs have the same marginal variances, so division by their common product of positive
standard deviations proves the desired correlation ordering. O

Remark 11.2 The following common claims are false.

1. Pearson correlation does not exist for every pair of random variables. For example, a
Pareto random variable with tail index 3/2 has an infinite second moment, so it cannot
be assigned a Pearson correlation with another variable through Definition 10.5.
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2. Pearson correlation is not invariant under arbitrary strictly increasing transformations.
Let X; and X5 be independent and identically distributed Pareto random variables
with tail index 3, so that

Flz)=1-273, z>1.

Proposition 11.1(2) gives p(X1, X2) = 0. The transformation z ~ 22 is strictly in-
creasing on their range, but X? has a Pareto distribution with tail index 3/2. Indeed,

P(X?>z)=P(X; > Va) =232, z>1,

and therefore Var(X?) = co. Consequently, p(X?, X5) is not defined.
3. Zero Pearson correlation does not imply independence.

4. Marginal distribution functions together with Pearson correlation do not determine
the joint distribution function.

The last two claims fail simultaneously within the copula family from Example 8.6. Let

fu) = %u(l —u)(1 - 2u),

falw) = su(1 — u),

and define
C(u1,u2) = wrug + fi(ur) f2(u2). (11.1)

The derivative bounds |f{] < 1/2 and |fj| < 1/2 ensure that 1 + f](u1)f5(u2) > 3/4, so (11.1)
is a copula. If (Uy,Usz) ~ C, then both margins are uniform and hence have variance 1/12. By
Proposition 10.6,

(Ul,UQ) =12 COV Ul,UQ)

—12/ / (u1,u2) — uyug) duy dug
—12 (/0 fl(ul)dul) (/0 fg(uQ)dW)

—0,
because fi(1 —u) = —fi(u). Nevertheless, C' # II, so the variables are dependent. Moreover,

varying the nonzero multiplier in front of f; fo, while retaining a nonnegative density, produces
distinct joint distributions with the same uniform margins and the same zero correlation.

44



STAT 946 AN INTRODUCTION TO COPULA MODELING SPRING 2016

Lecture 12— Monday, June 13, 2016

The counterexample in (11.1) belongs to a full one-parameter family. Set
filw) =2u(u —1/2)(u—1) and fap(u) =0u(l —u), 6e€[-1,1].

The function f; is antisymmetric about 1/2, so its integral over [0,1] is zero. Moreover, |f{] <1
and |f5 ,] <1, which makes

Co(ur,u2) = urug + fi(ur) fo,0(uz)

a copula. The calculation in Remark 11.2 shows that every Cy has zero Pearson correlation. For
nonzero distinct values of 0, these are distinct dependent joint models with the same uniform
margins.

The same construction extends to nonuniform margins with finite second moments. Indeed, Propo-
sition 10.6 and Theorem 5.2 make the covariance contribution factor as

</R fl(F1<$>>dw> ( i fz,e(Fz(y))dy> .

If Fy is symmetric about zero, then F)(—x) = 1 — Fj(x), and the first integrand is odd. Its integral
vanishes, so the resulting variables remain uncorrelated without being independent.

There is a further limitation: for fixed margins, not every value in [—1, 1] need be attainable as a
Pearson correlation. To see this, suppose that

Xj = %% and Zj NN((), 1)7 JE {1’2}'

Thus X; has a lognormal distribution with parameters (0,0]2.). Parts (4) and (3)- (4) imply that
the smallest and largest correlations occur at W and M, respectively.

For the countermonotone coupling, take
(X1, Xo) = (e91Z,e72%)  and  Z ~ N(0,1).
Since E[etZ] = ¢t*/2,
Cov(X1, Xo) = E[e(71772%] _ E[e1Z|E[e~ 27|

— elor—02)?/2 _ (0i+03)/2
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Using
Var(e??) = (e”2 - 1)602,
we obtain
s 1) = —— 1 (12,1
Ve e |
Therefore,

Pmin = ,3(0'17 _02) and Pmax = 5(0-170-2)' (122)

The upper endpoint follows from the same calculation with the comonotone coupling (e?1%, e?2%).
For example, if 02 = 1 and 03 = 16, then

—0.0003 < p < 0.0137.

Thus even the entire Fréchet class of these margins permits only a very narrow range of Pearson
correlations.

The preceding examples expose three principal drawbacks of Pearson correlation.
1. It is not defined for every pair of random variables.

2. Its attainable values and numerical magnitude depend on the marginal distributions.

3. It is invariant under increasing affine transformations, but not under all increasing transfor-
mations.

To address these drawbacks, Scarsini (1984) proposed an axiomatic definition.

Definition 12.1 A measure of concordance is a functional (X1, X2) on pairs of con-
tinuously distributed random variables that satisfies the following axioms.

1. The value k(X1, X2) is defined for every such pair.
The range of x is [—1,1].

We have k(X1, X2) = (X2, X1).

We have k(—X1, X2) = —r(X1, X2).

Independence of X7 and Xo implies x(X7, X2) = 0.

AN B R
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6. If (X1, Xi2) has copula C; for i € {1,2} and C; < Cq, then

K(X11, Xi2) < k(Xa1, X22).

7. Suppose that (X1, Xn2) ~ Hj,, for every positive integer n, that (X, X2) ~ H, and
that the distribution functions are continuous. If H,, converges pointwise to H, then

K(Xn1, Xn2) — £(X1, X2).

Proposition 12.2 Let k be a measure of concordance, and let (X, X2) be a pair of
continuously distributed random variables with copula C'. The following statements hold.

1. The value of k(X1, X2) depends only on C, and may therefore be written as x(C).
2. If Tj is strictly increasing on ran(X;) for j € {1,2}, then

H(Tl (Xl), TQ(XQ)) = H(Xl, XQ)
3. If Ty is strictly increasing on ran(X;) and 7% is strictly decreasing on ran(Xs), then

H(Tl(Xl), TQ(XQ)) = —H(Xl, XQ).

4. The Fréchet-Hoeffding bounds satisfy k(W) = —1 and k(M) = 1.

Proof. For (1), let U ~ C. The copulas of both X and U are C. Applying Definition 12.1(6) in
both directions gives

K(Xl,XQ) S I{(Ul,UQ) and H(Ul,Ug) S H(Xl,XQ).
Hence the two values are equal and depend only on C.

For (2), Theorem 6.3(1) shows that the transformed pair has the same copula C. The conclusion
follows from (1).

For (3), Definition 12.1(3) and (4) imply that

K/(}/l) _}/2) = _H(Yla Y2)
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for every continuously distributed pair (Y7, Y2). Since —T5 is strictly increasing, Part (2) gives

K(Th(X1), T2(X2)) = —w(T1(X1), —Ta(X2)) = —K(X1, X2).

Finally, Theorem 4.2 and the ordering axiom give

k(W) < k(C) < k(M)
for every bivariate copula C'. The range axiom supplies copulas at which the values —1 and 1
are attained. The displayed inequalities and the range restriction then force k(W) = —1 and

k(M) = 1. 0

Remark 12.3 The axioms address several, but not all, limitations of Pearson correlation.
They ensure existence for every continuously distributed pair and invariance under arbitrary
strictly increasing marginal transformations. They do not make zero concordance equivalent
to independence. For example, let (X1, X2) be uniformly distributed on the unit circle, as
illustrated in Figure 10.

\/

I

FiGURE 10

The coordinates are dependent because X? + X3 = 1 almost surely, but
d
(X1, X2) = (= X1, X2).
The reflection axiom therefore gives

K(X1, X2) = k(—=X1, Xo) = —r(X1, X2),
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and hence x(X1,X2) = 0.

Nor do the margins and a single concordance value determine the joint law. For instance,
distinct Archimedean families such as the Clayton and Gumbel families can be calibrated to
have the same Kendall’s tau.

The full range [—1,1], however, is attainable for fixed continuous margins. For ¢ € [0, 1],
define
Cy=(1—t)W +tM.

This is a copula by Remark 4.1. The map ¢ — k(C}) is continuous by Definition 12.1(7), and
its endpoint values are —1 and 1 by Proposition 12.2(4). The intermediate value theorem
therefore gives every value in [—1,1].

Two particularly important measures of concordance are Spearman’s rho and Kendall’s tau.

Definition 12.4 Let (X, X2) have continuous margins Fi, Fy, and let (X1, X)) be an
independent copy. Spearman’s rho is

ps(X1, X2) = p(F1(X1), F2(X2)),
and Kendall’s tau is
7(X1, X2) = E [sign((X1 — X1)(X2 — X3))],

where
sign(z) = 1(0,00) (%) = L(—00,0)(2)-
Thus Spearman’s rho is the Pearson correlation of the probability transforms, whereas

Kendall’s tau is the probability of concordance minus the probability of discordance between
two independent observations.

Proposition 12.5 Let (X1, X3) be continuously distributed with copula C. Then the
following formulas hold.

1. We have

1 1
ps(X1, Xo) = 12/ / (C(ul,u2) — u1u2) duq dug
0 JO
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1 1
= 12/ / C(ul, UQ) du1 dUQ - 3.
0 JO

2. If (Ul,UQ) ~ O, then

(X1, X2) =4 - C(uy,up) dC (uy, uz) — 1 = 4E[C(Uy, Us)] —
0,1

Proof. For (1), let U; = F;(X;). Each Uj is uniformly distributed on [0, 1], so E[U;] = 1/2 and
Var(U;) = 1/12. By Proposition 10.6,

(Xl,XQ) = 12Cov Ul, UQ)

= 12/ / ul, U2 — U1UQ) du1 dUQ

Since the integral of ujug over the unit square is 1/4, the second formula follows.

For (2), continuity of the margins makes ties have probability zero. Hence
T7(X1, X2) = QIP’((Xl — X)) (Xo — X)) > O) —1=4P(X; > X|, Xo > X)) —

where the second equality uses the symmetry between the two independent observations. Condi-
tioning on (X1, X3) gives

T(Xl,XQ 4E[P X1<X1,X5<X2 ‘Xl,XQ)] —1
=4E[H (X1, X2)] —
= 4E[

E[C(F1(X1), Fa(X2))] —

4/ C(ul,uQ)dC(ul,uz)—l.
[0,1]2

Example 12.6 Let (X7, X3) have a Gaussian copula with correlation parameter r € [—1, 1].
Then

6 2
ps(X1, X2) = — arcsin <g) and 7(X1, X2) = — arcsin(r).
s T
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Solution. We use the bivariate normal quadrant identity
1 1 .
P(Z; > 0,23 > 0) = — + — arcsin(g), (12.3)
4 27
where (Z1, Zs) is standard bivariate normal with correlation g.

Let (Z1, Z3) be standard bivariate normal with correlation r, and let Y7, Y5 be independent stan-
dard normal variables, independent of (Z, Z2). Then

E[(I)(Zl)(I)(ZQ)] = P(Yl < 71,Ys < Z)
=P(Z1 -Y1>0,Z5 - Y5 >0).

The two differences have correlation /2. Applying (12.3) and then Proposition 12.5(1) yields

1 1 . 6 .
ps = 12 <4 + 7 arcsm(r/2)> -3 = - arcsin(r/2).

For Kendall’s tau, let (Z1, Z) be an independent copy. The vector (Z1 — Z1, Zo — Z}) is bivariate
normal with correlation r. Therefore,

T=AP(Zy — Z, > 0,2, — Z, > 0) — 1
1 1 .
=4 <4+27Tarcsm(r)> -1

2 .
= arcsin(r),

again by (12.3). O

Lecture 13— Wednesday, June 15, 2016

Suppose that (z;1,x2), @ € {1,...,n}, are observations from a continuously distributed random
vector. Let R;; be the rank of x;; among z1;,...,z,;. With probability one there are no ties, and
the sample version of Spearman’s rho is the sample Pearson correlation of the two rank vectors:

> oii(Ria — R1)(Riz — Roy)
VI (R~ Ra)2 0y (Riz — Ro)?

b\S,n =

o1
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12 u n+1)\2
_ R+ Rio — 13.1
n(nQ—l) ; 11442 n( 9 > ( )
Indeed,
— n+1 - — 5 nn?-1)
R.j = 9 and Z;(RZ] — R]) = T,
i—
because each rank vector is a permutation of (1,...,n).
The sample version of Kendall’s tau is
~ 1 .
Tn = m Z Slgn((u’cn —xj1)(Ti2 — $j2))- (13.2)
2

1<i<j<n

It is the proportion of concordant sample pairs minus the proportion of discordant sample pairs.

Lemma 13.1 For any bivariate copulas C and C’,

C(u)dC’ (u) = C'(u)dC(u). (13.3)
[0,1]2 [0,1]2

Proof. Let (U1,Us) ~ C and (Uj,U)) ~ C’ be independent. By conditioning on the primed
vector,

P(Ul S U{,UQ S Ué) = C(ul,UQ)dC/(Ul,UQ).
(0,1]2

The continuous margins make coordinate ties have probability zero. Hence the event on the left

agrees almost surely with {U; > U;,U} > U}. Conditioning instead on (Uy,Us) and using
inclusion—exclusion gives

P(U{ > Ul,Ué > UQ)

:/ (1—u1 —u2+0/(U1,U2)) dC'(uy,u2)
(0,1)2

— [ ]20/(u17u2)d0(u1,u2),
0,1

because E[U;| = E[Us] = 1/2. This proves (13.3). O
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Taking C’ = II in Lemma 13.1 yields

1yl
/[ . ujug dC(uy, ug) = / / C(u1,u2) duy dus.
0,1 0 0

Consequently, the lemma gives an alternative derivation of the Spearman formula in (1); the
Kendall formula in (2) is the other part of the same proposition.

Proposition 13.2 Let (X7, X2) have continuous marginal distribution functions and copula
C. If k denotes either Spearman’s rho or Kendall’s tau, then the following statements hold.

1. If k=1, then C = M.
2. If k=—-1,then C =W.

Proof. First suppose that k = pg. By Proposition 12.5(1),

ps =12 C(u)du — 3.
[0,1]2

If ps =1, then [ C'du = 1/3, which is also the integral of M. Since C' < M and both functions
are continuous, equality of their integrals implies C' = M. Similarly, if pg = —1, then [Cdu =
1/6 = [ W du. The inequality C' > W and continuity therefore imply C' = W.

Now suppose that x = 7, and let (Uy,Usz) ~ C. Proposition 12.5(2) gives
T =4E[C(Uy,Us)] — 1.
If 7 =1, then E[C(Uy,Uz)] = 1/2. The inequalities
C(U1,Uz) <min{U;,Us} <Uj;, je{l,2},

and E[U;] = 1/2 show that U; = min{U;, Us} = U almost surely. Thus the vector is comonotone,
and its copula is M. If 7 = —1, then E[C(Uy, Us)] = 0. Since

C(Uy,Uz) > W(Up,Us) >0,

we have W (Uy,Us) = 0 almost surely, so Uy + Uy < 1 almost surely. But E[U; + Us] = 1, and
consequently U; 4+ Uy = 1 almost surely. The vector is countermonotone, and its copula is W. [
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Remark 13.3 If a copula C' is absolutely continuous and has sufficiently regular first partial
derivatives, then integration by parts gives
1

- C(u)dC(u) = 3 o D1C(u)D2C(u) du. (13.4)

Indeed, writing the copula density as Di2C', integration by parts in the first coordinate
produces the boundary term fol ug dug = 1/2. Formula (13.4) is often useful for computing
Kendall’s tau; see Nelsen (2006) for further details.

Tail Dependence

Tail dependence measures the strength of association when both components of a bivariate random
vector are simultaneously in the lower tail or simultaneously in the upper tail. The two regions

are illustrated in Figure 11.

‘ [pper-tail
l . !
! - reglon -t --
u9 ! u9 :
- Jpwor—fta,ﬂ !
| region !
U1 U1
FiGure 11

Definition 13.4 Let (X3, X2) have continuous marginal distribution functions F} and Fs.
Provided that the limits exist, the lower coefficient of tail dependence and the upper
coefficient of tail dependence are, respectively,

A = 11?011@()(2 < Fy (u) | X1 < Fy (u)), (13.5)

Ay = 11%11@()(2 > Fy (u) | X1 > Fy (u)). (13.6)

Proposition 13.5 Let (X7, X3) have continuous marginal distribution functions and copula
C, and write ¢ (u) = C(u,u). Then the following statements hold.
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1. For every u € (0, 1],

C’(u,u).

P(Xz < Fy (u) | Xo < Fy () = o (13.7)
Thus Ay, exists if and only if the following limit exists, in which case
dc(u
A = lim C{i ). (13.8)
2. If ¢ is differentiable near zero and the indicated limit exists, then
AL = 11%1 5 (u). (13.9)
If, in addition, C is totally differentiable near (0,0), then
AL = %(ch(u, u) + DoC(u,u)), (13.10)
whenever this limit exists.
3. For every u € [0, 1),
P(Xy > Fy (u) | X1 > Fy (u))
_ 1 —2u+ C(u,u) _ a(l—u,l—u)‘ (13.11)

1—u 1—u

Thus Ay exists if and only if either of the following equivalent limits exists, in which

case ~
1—2u—+94§
Mo = lim L 2uF el O ) (13.12)
utl 1—u vl0 v
4. If §¢ is differentiable near one and the indicated limit exists, then
Au = 2 — lim 6 (u). (13.13)
utl
If, in addition, C is totally differentiable near (1, 1), then
Ay =2— 11%1(1)10(% u) + DyC(u,u)), (13.14)
u

whenever this limit exists.
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Proof. Set U; = F;(Xj) for j € {1,2}. Continuity of the marginal distribution functions implies
that (U, Us) ~ C and that both components are uniformly distributed. Therefore, for u € (0, 1],

P(Xz < Fy (u) | X1 < Fy ()

P(Uy <u,Us <u)  C(u,u)
=PUs;<u|U; <u)= P, < ) ==

This proves Part (1). Since d¢(0) = 0, 'Hopital’s rule gives (13.9) under the stated assumptions.

The chain rule yields
5c:(u) = D1C(u,u) + DaC(u, ), (13.15)

which completes Part (2).

For the upper tail, inclusion—exclusion gives

]P)(Ul > u, Uy > u) =1 —]P)(Ul < u) —P(UQ < U) —I—P(Ul <u,Uy < u)
=1-2u+ C(u,u).
Dividing by P(U; > u) = 1 — u proves the first equality in (13.11). The second follows from the

bivariate survival-copula identity C (v,v) =2v— 1+ C(1 —v,1 —v), established in Theorem 7.3.
This proves Part (3). Finally, 'Hopital’s rule gives

. 1 —=2u+0c(u) oy
lim ———2 0t oy
al  1—u lim dp (w),
and combining this identity with (13.15) proves Part (4). O

The limits in Definition 13.4 need not exist. The following notion isolates the function of one
variable that controls them.

Definition 13.6 A function ¢: [0, 1] — [0, 1] is a bivariate copula diagonal if it satisfies
the following conditions.

1. We have (1) = 1.

2. We have 6(u) < u for every u € [0, 1].

3. Forall 0 <u<w<l1,
0<d(v)—d(u) <2(v—mu). (13.16)
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If C is a bivariate copula, then the function d¢(u) = C(u,u) is called the diagonal section
of C. Parts (2) and (3) together imply 6(0) = 0. The endpoint ratios in (13.8) and (13.12)
can oscillate, so the corresponding tail dependence coefficient can fail to exist.

Lecture 14 — Monday, June 20, 2016

Proposition 14.1 The diagonal section of every bivariate copula is a bivariate copula
diagonal in the sense of Definition 13.6.

Proof. Let dc(u) = C(u,u). The copula margins give dc(1) = C(1,1) = 1, and monotonicity
gives

do(u) = Cu,u) < Clu,1) =u

for every u € [0,1]. If 0 < uw < v < 1, monotonicity and the Lipschitz bound in Remark 4.1(1)
yield
0 < C(v,v) — C(u,u) < 2(v—u).

Thus all three conditions in Definition 13.6 are satisfied. O

The converse also holds: every function satisfying those three elementary conditions occurs as the
diagonal section of a copula.

Theorem 14.2 Let § be a bivariate copula diagonal. Then

S(ur) + (5(1@)}

5 (14.1)

Cs(u1,u2) = min {ul, Uo,

is a copula whose diagonal section is 4.

Proof. Define
Fi(t) =6(t) and Fy(t)=2t—4(t), telo,1].

The observations following Definition 13.6 give §(0) = 0. Hence F;(0) = F»(0) = 0, while F;(1) =
F5(1) = 1. Part (3) of that definition shows that, whenever 0 < s <t <1,

Fi(t) — Fi(s) = 8(t) — 8(s) > 0,
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Fy(t) — Fo(s) = 2(t — s) — (6(t) — 6(s)) > 0.

Thus F} and F» are distribution functions supported on [0, 1].

Now define 1
C'(ul,uQ) = 5 [M(Fl(Ul),FQ(UQ)) + M(FQ(Ul),Fl(ug))] . (14.2)

Each summand is a bivariate distribution function, so their convex mixture is also a bivariate
distribution function. Moreover,

Fi(u) + Fa(u)

C'(u,1) = 5 = u,
- PO

Therefore, C’ is a copula. It remains to verify that C' = Cj.

Fix (u1,u2) € [0,1]?, and set
O(ur) + 0(uz)

\)

The inequalities

2u; — 5(U1) > (5(1@),
2ug — d(u2) > d(uy)

are equivalent to u; > m and us > m, respectively. We consider the four possible combinations.

If w1 > m and uo > m, then

0(u1) + 0(u2)

Cl(ul,u2) = B

=m = Cs(ug,ug).

If u1 > m and ue < m, then

2ug — O(ug) + 6(u2)

C'(ul,uQ) = B

= Uy = C’(;(ul, UQ).

The case u; < m and uy > m is symmetric and gives C’(uy,uz) = u3 = Cs(uj,ug). Finally,
suppose that both u; < m and up < m. Since §(u;) < uj,

uy +ug < 2m = 0(uq) + 0(uz) < up + us.

Equality holds throughout, so u; = ug = m, and again C’(uy,us) = m = Cs(u,us). This proves
C' = Cy.
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Finally, Definition 13.6(2) gives

Cs(u,u) = minfu, §(u)} = d(u),
so Cs has the required diagonal section. O
The construction in Theorem 14.2 allows a diagonal to oscillate between the curves u? and u

increasingly rapidly near one. This produces a copula without an upper coefficient of tail depen-
dence.

Corollary 14.3 There exists a bivariate copula for which Ay does not exist.

Proof. Let a; = 1/2, and recursively define

% and n+1 = Vbp, neN.

b, = 2a, —a

2

Both sequences increase to one. Define §(u) = u® on [0, a1], and, for every n € N, extend it linearly

by
2
at +2(u—ap), ap <u<by,,
Suy=3 " ( n),  an " (14.3)
b, bp <u < apga.
The pieces meet because a?l + 2(by, — ap,) = by, and a,% 11 = bp. The function is nondecreasing, has
slopes between zero and two, lies below the identity, and satisfies §(1) = 1. Hence it is a bivariate
copula diagonal. Its first few pieces are shown in Figure 12.

116 (u) .
,Hlope 0
// //
L slope 2
P _u
ai b1 1
FIGURE 12

Let Cs be the copula supplied by Theorem 14.2. At the alternating endpoints, &(a,) = a2 and
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d(br) = by. Consequently,

1 —2a, + Cs(ap, ay,)

lim = lim (1 —ay,) =0,
n—00 1—a, n—00
i 1 — 2by, + Cs(by, by) 1
n—00 1-1b,
Thus the limit in (13.12) does not exist, and neither does Ay . O

Example 14.4 For 6 > 0, compute Az, and Ay for the Clayton copula Cy.

Solution. On the diagonal,
Coluyu) = (2u™® —1) 77 —u(2—u®) 7.
Proposition 13.5(1) therefore gives

Az = lim M —9-1/0
ul0 U

Moreover, differentiating the diagonal gives

d —0-1(q, —0 —1/6-1
@Cg(u, u) =2u (2u — 1) ,
whose limit as u 1 1 is 2. Proposition 13.5(4) yields Ay =2 — 2 = 0. O]

Extensions to Higher Dimensions

Let (X1,...,X4) have continuous marginal distribution functions and copula C, and write U; =
F;(X;). Several extensions of bivariate tail dependence have been proposed. In this subsection,
d>2.

Definition 14.5 Provided that the indicated limits exist, the following quantities measure
different aspects of joint tail dependence.

1. Let J be a nonempty proper subset of {1,...,d}, let C’ be the marginal copula of
(Uj)jes, and let C" be its survival copula. The lower and upper coefficients relative to
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the partition (J, J¢) are

Ay = lim P (Xk < F(u)forall k¢ J ‘ X; < Fy (u) forall j J)
Clu,...,u)

— i 14.4
Jﬁ)l CY(uy...,u)’ (14.4)

Mg = lim P (Xk > F(u) for all k ¢ J ’ Xj > F; (u) forall j € J)
_ Cl-wu,...,1—u) (14.5)

im — :
utl CI (1 —wy..., 1 —u)

The copula is lower or upper tail dependent relative to this partition if the correspond-
ing coefficient is positive.

2. The lower and upper extremal dependence coefficients introduced by Frahm (2006)
are

€L :limP<maX Uj<u ’ min U §u>
ul0 1<j<d 1<j<d

i — ) , (14.6)
w0 ] —-C(l—uy...,1—u)

SU:limP<min Uj>u‘ max Uj>u>
utl 1<j<d 1<j<d

Cl—u,...,1—u)
Cunt 1-C(u,...,u)

(14.7)

The denominators are the probabilities that at least one component enters the relevant
tail, whereas the numerators are the probabilities that all components enter that tail.

3. Schmid and Schmidt (2007) introduced the conditional version of Spearman’s rho for

the lower tail
A
C(v)dv — <>
B [O,u}d 2

ps,r(u) = , ue(0,1]. (14.8)
ud+1 uj d

d+1 2

The subtracted term is the integral of the independence copula over [0, u]d, and the first

term in the denominator is the corresponding integral of the upper Fréchet—Hoeffding
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bound. The limit in the lower tail is

ps,L = lim pg 1.(u). (14.9)
ul0

Lecture 15— Wednesday, June 22, 2016

4. Elliptical Copulas

Elliptical Distributions and Copulas

Elliptical distributions arise by applying an affine transformation to a random point whose direc-
tion is uniform on the unit sphere and whose distance from the origin is governed by an independent
radial variable.

Definition 15.1 Let
Sqg={x € R? x| = 1}.

A random vector X = (Xi,...,Xy) has an elliptical distribution with location vector
1 € R?, positive-definite scale matrix ¥ € R4*?¢ and nonnegative radial variable R if

X L i+ RAU, (15.1)

where AAT = ¥, U is uniformly distributed on Sy, and R and U are independent. We
can take A to be the Cholesky factor of 3. We write X ~ E4(u, X, ¢), where ¢ is the
characteristic generator introduced below.

The geometry of (15.1) is shown in Figure 13. The radius R selects a sphere, the direction U
selects a point on that sphere, and the linear map A changes spherical level sets into ellipses.
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~-

ol
(7

spherical representation elliptical representation

FIGURE 13

Theorem 15.2 Suppose that the setting of Definition 15.1 holds. Then the following
statements are valid.

1. The characteristic function of X is
Ox(t)=E [eitTX} = it Hp(tTSH), (15.2)
where -
o(s) = / Qq(r?s) dFg(r). (15.3)
0

Here Fr is the distribution function of R, and £, is determined by
E [eiSTU} = Q4(s's).

2. The vector X has a density if and only if R has a density. In that case there is a
density generator g: [0, 00) — [0, 00) for which

Fx(@) = ———g (@~ )5 (@~ ). (15.4)

/det(3X)

The radial density and the density generator are related by

fr(r) = 2?2 rd1g(r?) r>0 (15.5)
I'(d/2) ’ 7
/2
fre(s) = T(d2) s¥21g(s), s> 0. (15.6)
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3. If d > 2 and X has a density, then X; ~ Eyi(uj,055,91), where

d—1)/2

g1(t) = " ) /Oo(y — )2 g (y) dy, > 0. (15.7)

I'((d—1)/2

In particular,

1 ald=1)/2 T oo (y — p;)? (d—1)/2—1
Fi(x)==-+ // <z]> g(z) dz dy.
i =5 L((d=1)/2)\/755 Ju; Jy—pj)2/0y 0jj ) .
15.8

Consequently, the standardized components (X; —p1;)/,/7;; are identically distributed.

4. If p =0 and A = I, so that the distribution is spherical, then on the event {R > 0},

X
(1X1 57 ) = R0, (159)
5. If E[R?] < oo, then
2
Cov(X) = E[j; s, (15.10)

If E[R?] > 0, the component variances are positive, and the correlation matrix P =
(Pij)?jzl is determined by
0ij

—9 (15.11)

Pij =

Proof. For Part (1), condition first on R = r. Since HATtH2 = t"3t, rotational invariance of U

gives
E [eitTX |R= r] ) {eir(ATt)TU}
_ eitTug, (TQtTEt) ‘
Integrating with respect to Fr proves (15.2) and (15.3).

To prove Part (2), first consider the spherical vector RU. Polar integration shows that a density
of the form g(||«||*) induces the radial density

/
fr(r) = area(Sd)Tdflg(TQ) = 2m Tdilg(r2).

- I(d/2)

Conversely, this formula defines g from any radial density. The affine change of variables x =
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p+ Ay, whose Jacobian has absolute determinant /det(X), then gives (15.4). The usual change
of variables in one dimension from R to R? gives (15.6).

For Part (3), standardize one component and integrate the spherical density over the remaining
d — 1 coordinates. Polar coordinates in R¢~! give

/ g(t+ yl?) dy
Rd—l
d—1)/2

l 00
= F((d—1)/2)/t (s —t)(d_l)/2—1g(s) ds,

which is (15.7). Scaling and integrating this marginal density from its symmetry centre p; yields
(15.8).

Part (4) follows immediately from [|[RU|| = R and ||U|| = 1. Finally, rotational invariance gives
E[U] = 0 and E[UU"] = 1/d. Independence of R and U therefore implies

2
Cov(X) = AE [R2UUT] AT = E[dR]AAT,

proving Part (5). These properties are also developed in McNeil, Frey, and Embrechts (2005). O

Remark 15.3 Suppose that X ~ Ey(p, X, ¢), and let D = diag(,/011, - - ., /0dd). Assume
that the margins of X are continuous; when d > 2, it is enough to assume P(R = 0) = 0.

1. The standardized vector
Y =D YX —pu)~FEy0,P,¢) and P=D'ZD!

has the same copula as X, by Theorem 6.3(1). Thus an elliptical copula is determined
by the correlation matrix P and the radial law.

9. Since U < -U,
X-piRAUL _RAU L - X. (15.12)
Therefore, every elliptical copula is radially symmetric, so C' = C. In two dimensions,
every correlation matrix has the form (/1) " ), which is invariant under coordinate ex-

change; hence every bivariate elliptical copula is exchangeable. In higher dimensions,
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full exchangeability corresponds to the equicorrelation form
P=(1-pli+pll,

subject to the usual positive-definiteness constraint —1/(d —1) < p < 1.

Proposition 15.4 Let P be a positive-definite correlation matrix, let A satisfy AAT =
P, and let F' be the common marginal distribution function of RAU. Assume that F' is
continuous; for d > 2, it is enough to require P(R = 0) = 0. The following procedure
produces one observation from the associated elliptical copula.

1. Sample R from Ffj.

2. Independently generate Z ~ Ny(0,1;), and set U = Z/| Z||.
3. Set X = RAU.

4. Return (F(X3),...,F(Xq)).

Proof. Rotational invariance of the standard multivariate normal distribution implies that
Z/||Z]| is uniformly distributed on Sy and is independent of || Z||. Thus (3) has the stochastic
representation in Definition 15.1. Because P has unit diagonal, Theorem 15.2(3) shows that all
components have the common distribution function F'. The probability transform in Part (4)
therefore preserves the copula and produces uniform margins. O

Lemma 15.5 Let X ~ E5(0,X, ¢), suppose that P(X = 0) = 0, and let

012

\O11022

Then

1 1
+ or arcsin(p). (15.13)

P(X1>0,X2>0) =

Proof. After positive coordinatewise rescaling, which does not change signs, it is enough to
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consider Y ~ E5(0,P, ¢), where

p_(l7” and A= |1 0 .
p 1 p V1-p?

For —1 < p < 1, write p = sin, where ¢ € (—m/2,7/2). A uniform direction on the unit circle
can be written as (cos ©,sin ©)7, where © is uniformly distributed on [—7, ) and is independent

of R. Hence
d cos © - cos ©
Y=r <sin@bcos@ + cos 1 sin @) =i <sin(@ + ¢)> '

Because R > 0 almost surely under the stated assumption,

P(X; > 0,X5 > 0) = P(cos© > 0,sin(O + v) > 0)
7T
:IP<—1/) <O < 5)

Cr24 11
=5 = Z—i— %arcsm(p).

The endpoint cases follow by continuity, or directly from comonotonicity and countermonotonicity.
O

No general closed formula for Spearman’s rho is known for every elliptical copula. For the Gaussian
family, however, the calculation in Example 12.6 gives the following special case.

Proposition 15.6 If (U, Us) has a Gaussian copula with correlation parameter p, then

6 .
ps(Uy,Us) = —arcsin <g) )

Lecture 16 — Monday, June 27, 2016

The Gaussian formula was derived in Example 12.6. The more striking fact is that Kendall’s
tau has the same simple form throughout the elliptical class and does not depend on the radial
distribution.
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Proposition 16.1 Let X ~ FE3(0,P,¢), suppose that P(X = 0) = 0, and let p = Pa.
Then 5
7(X1,X2) = — arcsin(p). (16.1)

™

Proof. Let X’ be an independent copy of X, and set Y = X — X’. By the definition of Kendall’s
tau and the absence of ties,
T(Xl,XQ) = Q]P)(YlYé > O) —1. (162)

Central symmetry gives ®_x = ®x. Hence Theorem 15.2(1) implies

Py (t) = Px(t)P_x(t)
= $*(t"Pt).

Thus Y ~ FE5(0,P,¢?). The events in which both components of Y are positive and both are
negative have equal probability, so

T(Xl,Xg) = 4P(Y1 >0, > 0) -1
1 1 .
=4 (4 + o arcsm(p)) -1
2 :
= arcsin(p),

where the second equality follows from Lemma 15.5. O

Remark 16.2 The assumption that the margins are continuous can be weakened. As
shown by Lindskog, McNeil, and Schmock (2003), if X ~ Eg(u,X,¢) is componentwise
nondegenerate, then for distinct ¢ and 7,

(X5, Xj) = (1 - ZIP’(Xi = x)2> %arcsin(pz-j). (16.3)
z€R

The factor in parentheses is the probability that two independent copies of X; are unequal.
It equals one for continuous margins, recovering (16.1).

\ J

There is no single tail-dependence formula for all elliptical distributions: the coefficient is governed
by the radial tail. Regular variation gives an important general case.
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Theorem 16.3 Let X ~ Ey(p,X,¢). Suppose that its radial variable R is regularly
varying at infinity with index o« > 0, meaning that

Fg(tr)
11m —
T—500 FR(I)

= (16.4)

for every t > 0, and suppose that P(R = 0) = 0, so the margins are continuous. If o;; > 0,
oj; > 0, and |p;;| < 1, then

m/2—arcsin(p;;))/2

/2
/ (cos s)*ds
0

w/2
/ (coss)“ds
(

AL(Xi, Xj) = v (Xi, Xj) = (16.5)

The equality of the upper and lower coefficients follows from radial symmetry. The explicit inte-
gral, proved by Hult and Lindskog (2002), shows that even uncorrelated components can be tail
dependent when the radial distribution is sufficiently heavy-tailed.

Gaussian Copulas

Definition 16.4 The Gaussian copula with positive-definite correlation matrix P is the
copula of
X ~ Nd(Oa P) = Ed(ov P, e—t/?)‘

Its density generator is

g(t) = (2m)~42e7t/2, (16.6)
If Z ~ Ny(0,1;) and AAT = P, then
Z
X=AZ=|Z|A—.
1]l
Thus the radial variable is
d
R=|Z| ~ xa and R? ~ X2 (16.7)

The correlation matrix has (‘21) free entries. To simulate from the Gaussian copula, compute a factor
A, generate d independent standard normal variables as the components of Z, set X = AZ, and
return (®(X1),...,2(Xy)).
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Proposition 16.5 For a bivariate Gaussian copula with correlation parameter p € [—1,1],

0, —-1<p<1,
A=Ay = =F (16.8)
1, p=1.

Proof. Radial symmetry gives \;, = Ay. For —1 < p < 1, exchangeability and Proposition 13.5(2)
give
AL =2lim D C(u,u) =2 lim P(Xe <z|X;=ux).
ul0 T——00

The conditional normal distribution has mean pz and variance 1 — p?, so

A\ 2 Tim @(—P>
T——00 1 _ p2

1 —
=2 lim <I)<:L‘1/p>:0
T——00 14+p

When p = —1, the copula is W, which also has zero lower and upper coefficients of tail dependence.
When p = 1, the copula is M, and both coeflicients equal one. O

Lecture 17— Wednesday, June 29, 2016

Within the elliptical class, a diagonal correlation matrix does not generally imply independence.
The Gaussian family is exceptional: independence of nondegenerate components characterizes the
normal distribution among elliptical distributions.

Proposition 17.1 Let P be a positive-definite correlation matrix, and set x; = ®~1(u;).
The Gaussian copula has distribution function

CP(’U,) = op ((I)_l(ul), cee (I)_l(ud))

o a 1 L Tp-1 >
= exp| —=x P x| dxy---dxq, 17.1
/_oo /_oo (2m)d/2, /det(P) p( 2 @ 171

70



STAT 946 AN INTRODUCTION TO COPULA MODELING SPRING 2016

and density

ep(u) = ——— exp —%mT(P_l—Id)m C = (B (w),... 0 (). (17.2)

Proof. Formula (17.1) follows directly from Theorem 5.2. Differentiating, or equivalently dividing
the joint normal density by the product of its standard normal marginal densities, gives

(27) /2 det(P)~1/2 exp(—z"P 'z /2)
H?:1 (2m)~1/2 exp(—m?/Q)

which simplifies to (17.2). O

cp(u) =

For the bivariate Gaussian copula, Figure 14 shows how the sign of p rotates the region in which
the density is largest. Both panels use the same colour scale, truncated at density value five;
warmer colours represent larger values. The boundary is omitted because the density may be
unbounded near two corners of the unit square.

negative association: p = — positive association: p = 0.7
F AN\ \ f
3 3 y
= = 7]
3 3 )
= = —
Q AA\ Q
% S
Ul 10 u2 U1 10 u2
FIGURE 14

Reflecting either coordinate about 1/2 transforms one panel into the other, in agreement with the
change from p to —p.
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Student ¢t Copulas

Definition 17.2 Let v > 0, let V ~ x2, and set W = v/V. Independently, let Z ~
N4(0,1;), and let AAT = 3. The random vector

X =p+VWAZ (17.3)

has a multivariate Student ¢ distribution with v degrees of freedom, written ¢, 4(p, 33). When
pu =0 and ¥ = P is a correlation matrix, the copula of X is the Student ¢t copula with
parameters (v, P).

The mixing variable W has an inverse-gamma distribution with shape and scale parameters v/2.
Conditional on W, the vector in (17.3) is normal. Consequently, it is elliptical with characteristic
generator and density generator

¢u(t) =E [6‘”"/ 2} , (17.4)
Dw+d)/2) ()™
Gua(t) = )T 2) <1 - V) : (17.5)
Moreover, , ,
d R*  x3/d
R=VW|Z| and ‘E:X%ywﬁw (17.6)

Proposition 17.3 A d-dimensional Student ¢ copula has (g) + 1 free parameters. The
following procedure generates one observation.

1. Compute A such that AAT = P.
Generate Z ~ Ny(0,1,).
Independently generate V ~ 2.
Set X = WAZ, and return

Ll

(t(X1), - - (X)),

where ¢, is the univariate Student ¢ distribution function.
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Proof. The first three steps produce the normal variance mixture in (17.3) with scale matrix P.
Since the diagonal entries of P equal one, each component has the univariate Student ¢ distribution
with v degrees of freedom. The final probability transform therefore gives uniform margins and
preserves the copula. O

Proposition 17.4 If X ~ ¢, ;(p, %), then

L((v+4d)/2) (1+ (m_H)Tz—l(m_u)>(zﬂrd)/2‘

fx(@) = L(v/2)(7v)%/2\/det(X) v

(17.7)

Proof. Let ¢ = (z — p)"X7!(x — p). Conditional on V = v, X ~ Ny(u,vE/v), and therefore

fx(xz) = /000 Ixw(z|v)fv(v)dv

1 o0
_ (v+d)/2—1 _
(27v)4/2, /det(X)2v/2T (v/2) /0 ! P { 2 (

1+ g)] dv.

The integral is a gamma integral with shape (v + d)/2 and rate (1 + ¢/v)/2. Evaluating it and
simplifying the constants yields (17.7). O

Stirling’s formula,

I(x) = \/? <§>x (1+0@=™h), z— o0,

shows from (17.7) that the density converges pointwise to the NVy(u, X) density as v — co. Accord-
ingly, the Student ¢t copula converges to the Gaussian copula with the same correlation matrix.

Proposition 17.5 For a bivariate Student ¢ copula with v > 0 degrees of freedom and
correlation parameter p € [—1,1],

(17.8)

A= Ay — 21 ( <+1><1—p>>

1+p

with the endpoint values interpreted by continuity.

Proof. Radial symmetry gives A\ = Ayy. For —1 < p < 1, the same derivative argument used in
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Proposition 16.5 gives
AL =2 lim P(Xy<z|X;=ux).
Tr——00
For a bivariate Student ¢ vector, the conditional distribution of Xs given X; = x is Student ¢ with
v + 1 degrees of freedom, location px, and scale

v+ 22
v1— 2\/ .
P v+1

B . z(1—p)
Ap =2 lim t,4 (\/1 — 2/ (v+22)/(v+ 1)>
=2ty 1 (‘ (V4‘1)(1—P)> '

It follows that

1+p

At p = —1 the value is zero, while at p = 1 it is one. O

Proposition 17.6 Let ¢, p denote the distribution function of t, 4(0,P), and set z; =
t,; Y (u;). Then

Cl,jp(’u,) = t,,yp(:l?l, ce ,:Ed)

_ [ e L'((v+d)/2) 2TP-1g\ (/2
I ey e (14+522) 0 dan

(17.9)

Its density is

X (17.10)

Proof. Equation (17.9) is Sklar’s factorization applied to Proposition 17.4. Dividing that joint
density by the product of the d univariate Student ¢ densities gives (17.10). O
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At correlation p = 0.7, Figure 15 compares the bivariate Student ¢ copula density for two choices
of v. The common colour scale is the same one used in Figure 14 and is truncated at density value
five.

heavier tails: v = 3 lighter tails: v = 12

g %‘\- 7 BB \\X\ 4
N 3 L
%\/ 1 %\/ 1
u1l 10 U up 10 U
FIGURE 15

As v increases, the density approaches the positively associated Gaussian density in Figure 14; for
finite v, substantially more density remains in the two corners where the variables enter the same
tail.

Remark 17.7 The construction can use different mixing variables for different coordinate
groups. Let 0 =dp < dy < ---<dg=d, let Y ~ Ny(0,P), and define

X; = WsY; whends_1 <j<d,. (17.11)

The vector (Wi, ..., Wg) is independent of Y. Its components may be mutually dependent,
but W, has the inverse-gamma distribution associated with degrees of freedom vs. The
resulting copula is a grouped Student t copula; when every group contains one coordinate,
it is called a generalized Student t copula. See Demarta and McNeil (2005) for these
extensions. Implementation details and common parameterization pitfalls are discussed by
Hofert (2013).
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Lecture 18 — Monday, July 04, 2016

5. Archimedean Copulas

Generators and Complete Monotonicity

Definition 18.1 An Archimedean generator is a continuous, nonincreasing function
1: [0,00] — [0, 1] such that

YO=1  and  (o0) = Jim ¥(t) =0,
and 1) is strictly decreasing on [0, t,], where
ty = inf{t > 0:4(t) = 0}.
The class of these functions is denoted by ¥. The generalized inverse is defined on [0, 1] by

Y7 (u) = inf{t > 0:9(t) <u},

so ¢1(0) = t,. A copula is Archimedean if it can be written as

d
Cyp(u) = [ > o (uy) (18.1)
j=1

for a generator ¥ having the monotonicity required in dimension d.

\ J

If ¢ is strict and twice continuously differentiable, with ¢’ < 0, differentiating (18.1) gives the
bivariate density

() = " (¢ (ur) + ¢ (ug))
¢<1’2)"w%w—%un)w%w—%ug)’ (182)

Three standard choices are the Clayton, Gumbel, and Frank generators, respectively:

Ygh(t) = (1+t)71°, 0> 0,
Yg(t) = exp(—t7), 0>1,
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UE (1) = —log (1 (1 - e)e), 950

The corresponding densities are compared in Figure 16 at representative positive dependence
parameters. The panels share the same colour scale, truncated at density value five; warmer
colours represent larger values. Together, the panels make Clayton’s lower-tail concentration,
Gumbel’s upper-tail concentration, and Frank’s more diffuse dependence immediately visible.

Clayton: ¢ = 2 Gumbel: § =2 Frank: § =5

ul u2 Ul ul

FIGURE 16

This contrast anticipates the general tail formulas in Proposition 19.3.

s N

Remark 18.2 The following observations explain several basic features of the class.

1. For every ¢ > 0, the rescaled generator v.(t) = 1(ct) generates the same copula as v,
because ;. (u) = =1 (u)/c.

2. Define the serial iterates by

C2(ur,uz) = (v () + 97" (wa)),
C™" M (ur,. .. uny1) = C*H(C™(ur, ... up), tng1), n > 2. (18.3)

If u,v € (0,1), we can choose a positive integer n such that ny='(u) > ¥~ 1(v). It
follows that
C™(u,...,u) =1p(np~ " (u)) <v. (18.4)

This analogue of the Archimedean property for multiplication motivates the name of
the copula class.

(s
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3. The generator 1(t) = e~ produces the independence copula in every dimension, since

d
d
e Zj:l(_lOguj) — H uj.
j=1

4. The upper Fréchet—Hoeffding bound is not Archimedean. Indeed, for u € (0,1) and
d > 2, strict decrease of the generator gives

Cy(t,...,u) =p(dp~ () < u,

whereas M (u,...,u) = u.

Definition 18.3 Let a < b be extended real numbers, and let f: [a,b] — R.

1. The function f is absolutely monotone if it is continuous on [a, b], infinitely differ-
entiable on (a,b), and f*)(z) > 0 for every nonnegative integer k and every z € (a,b).

2. For an integer d > 2, the function f is d-monotone if it is continuous on [a,b], is
(d — 2)-times differentiable on (a, b), satisfies

(-1 f®(z) >0, ke{0,....,d—2},

and (—1)%2f(@=2) is nonincreasing and convex.

3. The function f is completely monotone if it is d-monotone for every integer d >
2. Equivalently, it is infinitely differentiable on (a,b) and (—=1)¥f*) > 0 for every
nonnegative integer k.

We write

U, ={y € ¥: ¢ is d-monotone}, (18.5)
Voo = {9 € ¥ : 1 is completely monotone}. (18.6)

Theorem 18.4 (Bernstein—-Widder theorem) A generator ¢ belongs to ¥, if and only
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if it is the Laplace transform of a unique probability distribution F' on [0, 00); that is,

mo:gwww:A;)fwﬂm»:mwa Ve F (18.7)

This classical transform characterization is the source of the frailty representation below. A modern
copula treatment appears in McNeil and Neslehova (2009).

s N

Corollary 18.5 Let ¢ € U, and let F = Z~![¢] be the distribution in Theorem 18.4.
Then the following statements hold.

1. The distribution has no atom at zero: F(0) = 0.

2. The generator is strict: 1(t) > 0 for every finite ¢t > 0.

Proof. By dominated convergence,

lim ¥ (t) = P(V = 0) = F(0).

t—o00

The defining condition 9 (0c0) = 0 therefore proves Part (1). For Part (2), choose vg > 0 such that
F(vg) > 0. For each finite ¢ > 0,

P(t) > E [e_tvll{vgvo}] > e "0 F(v) > 0.

Theorem 18.6 Let 1) € U. The function

d
Calw) = | Y ¢ (uy) (18.8)
Jj=1

is a copula for every integer d > 2 if and only if ¢ € V.

Proof. Forward implication. Suppose that Cy is a copula in every dimension. A finite difference
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criterion for complete monotonicity states that v is completely monotone if

n

3 (Z) (—=1)"Fap(z — kh) > 0 (18.9)

k=0

whenever n is a positive integer and x — nh > 0. To obtain this inequality from a copula volume,

put

s:x_nh, a=1yY(s+h), and b=1(s).

n

At a vertex of the box (a,b]™ having k upper coordinates and n — k lower coordinates, the sum of
the inverse generator arguments is

ks+ (n—k)(s+ h) =x — kh.

Therefore,

n n .
A((a,...a), (b)) Cn = Z <k> (=1)"Kep(x — kh) > 0.
k=0
The finite difference criterion proves that 1 is completely monotone.

Reverse implication. Suppose that 1 € U,,. By Theorem 18.4, there is a distribution F' on (0, 00)
such that

0o d
Cy(u) = /0 exp —vzwfl(uj) dF'(v)
j=1

o d
:/0 1 Go(wy) dF(v), (18.10)
j=1

where
Gy(u) = exp(—vy~ ! (u)).

For each v > 0, the function G, is a distribution function on [0, 1], so the integrand in (18.10) is
a product distribution and its mixture is a multivariate distribution function. Its jth margin is

/0 " Gu(w) dF @) = $(d (u) = u.

Thus Cy is a copula in every dimension. O

The Laplace transform representation also gives a direct sampling method. The common random
variable V is called a frailty; it creates dependence by acting simultaneously on all coordinates.
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Proposition 18.7 Let ¢ € ¥, and let F' be the mixing distribution in (18.7). A random
vector with the Archimedean copula generated by 1 can be simulated as follows.

1. Generate V ~ F.

2. Independently of V', generate independent random variables FE1, ..., E4, each having
the standard exponential distribution.

() () o

The construction with shared frailty in Proposition 18.7 is illustrated in Figure 17.

3. Return

(5] /(@0 N\ [&]

Y Y A

U = P(EV) || Uz = 9(E2/V) | " |Us = (Ea/V)

FIGURE 17

<

Proof. Because v is decreasing, conditioning on V = v gives

PU<u|V=0)=P(E; >v¢ u;) for j =1,...,d)

d
= [[exp(—vv™" (uy))
j=1

d
=exp | —v Z Y (uy)
i=1

Integrating with respect to F' and applying (18.7) yields
d

. d
PO <) = [ e |03 w) | aPw) = | S v (w)

j=1
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This is precisely the copula in (18.1). O

Lemma 18.8 For k € {0,1}, let Cy be a d-dimensional Archimedean copula with strict
generator 1. Then

Cyp < () = wo_l o 1)1 is subadditive on [0, 00). (18.12)

Proof. Since vy is decreasing, the pointwise inequality Cp(u) < Ci(u) is equivalent to
d d
D tg ) =gt | e | Do v (w)
j=1 J=1

Set t; = wl_l(uj) and f = wo_lowl. Because 1)1 is strict, the variables ¢4, ..., t; range independently
over [0,00). The preceding inequality therefore becomes

This is finite subadditivity of f, which is equivalent by induction to ordinary subadditivity for two
terms. n

Lecture 19— Wednesday, July 06, 2016
Concordance and Tail Dependence

Complete monotonicity forces an Archimedean copula to lie above the independence copula. Con-
sequently, every concordance measure that is monotone under the pointwise copula order is non-
negative on this class.

Proposition 19.1 Let C' be an Archimedean copula with generator 1) € ¥,. Then

C(u) > II(u) for every u € [0,1]%. (19.1)
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Proof. Write o(t) = [;°e " dF(v), as in Theorem 18.4. For ¢ > 0 and arbitrary a,b € R,
differentiation under the integral is justified by the exponential factor, and

() H)6)- [mmre ez

Thus the displayed matrix is positive semidefinite, and hence

()" (t) = ' (1) > 0.
Strictness of 1, proved in Corollary 18.5(2), now gives

Y)Y (t) — ()

(log )" (t) = > 0.
P(t)?
Therefore f = —log is concave on (0, 00), and continuity at zero extends the concavity to [0, c0),
with f(0) = 0.
If z,y > 0 and x + y > 0, concavity gives
Y
x) > T+ and > T +y).
f()_ﬂyf( y) f(y)_Hyf( y)

Adding these inequalities proves that f is subadditive. The independence generator is ¥g(t) = e,
and v Lo 4 = —logtp = f. The conclusion now follows from Lemma 18.8. O

Unlike Kendall’s tau, Spearman’s rho does not generally reduce to an integral in one dimension
involving only the generator. For a smooth strict generator, Kendall’s tau has the following two
useful forms.

Proposition 19.2 Let C be a bivariate Archimedean copula with a strict, twice continu-
ously differentiable generator . Then

1 N2 ) 5
HCO) =1 4/0 1 (1) dt—1+4/0 TRt (19.2)

Proof. By Proposition 12.5(2),
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Put z; = ¢*1(uj). The density factors involving the derivatives of 1~! cancel with the Jacobian,

aumcwy_éwémwwywmm%m+xg¢mma_/mwww%om

[0,1]2 0

Integration by parts, together with 1(0) = 1, ¥(c0) = 0, and the corresponding boundary limits,
yields

* " _ > / _ > 1(4)\2 _17 > 1(4\2
/0 Hb(E)" () dt = /0 /(1) dt /0 (1)t = /O o (1)? dt.

This proves the first equality in (19.2). Finally, the substitution s = (t), or equivalently ¢ =

»~1(s), gives N L)
/(1\2 _ S s
f, wera=- [ ooy e

which proves the second equality. O

Proposition 19.3 Let C be a bivariate Archimedean copula with a strict generator .
Whenever the indicated limits exist,

_ o $(28)

)\L == tll)l'go W’ (193)
_ 1 —(2t)

Au=2-— 1tlm Ty (19.4)

Proof. The diagonal of C' is
do(u) = Clu,u) = (207 (u).
In the lower tail, set u = 1)(¢t). Then u | 0 if and only if ¢ — oo, and Proposition 13.5(1) gives

do(u) lim Y(2t)

Ap =1 = .
L Jﬁ)l U t—oo 1)(t)

Similarly, u 1 1 if and only if ¢ | 0, so Proposition 13.5(3) gives

oy Lew) 1= (20)
Av=2-lm——" = =2l 1— o)
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Proposition 19.4 Let ¢ € U..
1. Suppose that
oo
P(t) = Zpkefx’“t and O<z1 <9 < -+,
k=1

where (pg)ren is a probability mass function. Then A\, = 0.

2. Suppose that the mixing variable V' in (18.7) satisfies E[V] < co. Then Ay = 0.

Proof. Under the assumption in Part (1),
o (0.9}
D) = 3 pre I < eIy pren i = ().
k=1 k=1

Consequently,

P(2t)

0< 22 <e™t 50 ast — oo.
P(t)
Equation (19.3) proves A\j, = 0.
For Part (2), differentiation of the Laplace transform at zero gives

- (0+) = /OoovdF(v) =E[V] € (0,0).

Therefore,

lim 1_71“20 = 92lim [1 _ w<2t)]/(2t)
o T—9(t)  “wo [L-9(1)]/t

Equation (19.4) now gives Ay = 0.

= 2.
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Lecture 20— Monday, July 11, 2016

Finite-Dimensional Generators and Extensions

Parametric generator families and their transformations provide flexible models beyond the stan-
dard one-parameter examples. Many such families are available in the copula package for R. Two
transformations have particularly transparent frailty representations.

Proposition 20.1 Let 1) € ¥, and let V have the mixing distribution .Z~1[2}].

1. For a positive integer m, the function

Ui (t) = ()" (20.1)
belongs to V.. Its mixing variable has the representation
& d
3
j=1
where V1,...,V,, are independent copies of V.

2. For h > 0 and « € (0, 1], the tilted outer-power transform
() = ((h+)* — 1) (20.2)
also belongs to V. If S, is positive a-stable, normalized by
E[e 1%] = 71",

define, conditionally on V' = v, an exponentially tilted version S by

APz, _
#(s) = exp(fhvl/as + vh®). (20.3)
Sa
Then a mixing variable for 12? is N N
vV =vl/eg, (20.4)
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Proof. For Part (1), independence gives

Elexp | —t> Vi || =][Ele "] =vt)™
j=1

For Part (2), the right-hand side of (20.3) integrates to one because
E [efhvl/aSQ:| _ efvho‘.
For t > 0, exponential tilting then gives
E |:eftV1/a§ ’ V= ”U] — exp(’uho‘)E |:ef(h+t)v1/a5a} — exp(—v((h + t)a _ ha))‘

Taking expectation with respect to V' produces (20.2). The special case e = 1 is interpreted using
S1 =1 almost surely. Further sampling details are given by Hofert (2011). O

Exercise 20.2 Let ¢ € U, let o € (0, 1], and define 9(t) = ¢ (t).

1. Show that the Kendall’s tau values of the original and transformed copulas satisfy
T=1—a(1l-"7).

2. For the Clayton generator 1) (t) = (1 +t)~'/, where 6 > 0, show that

X, =27/ and Ay =2 — 2%

Complete monotonicity is sufficient in every dimension, but it is stronger than necessary when the
dimension is fixed. The precise finite-dimensional condition has a useful geometric interpretation.

Theorem 20.3 Let d > 2 and ¢ € V.

1. The function in (18.1) is a d-dimensional copula if and only if ¢ € ¥,.

2. Suppose that Cy is a d-dimensional Archimedean copula and U ~ Cy,. Then

X = (7N, ..., v (U)) £ RS, (20.5)
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where R > 0, Fr(0) = 0, and R is independent of a random vector S uniformly
distributed on the unit simplex

Sa={seRL:|s|; =1} (20.6)

Thus X has a simplex, or ¢1-norm symmetric, distribution.

3. Conversely, let X = RS have the representation in (20.5). Its survival copula is
Archimedean with generator

w(t) = /too (1 - i)d_l dFa(r) = E <1 - ;)i_l

This is the Williamson d-transform of Fr. Moreover,

= WalFR](?). (20.7)

R=|X|h and S = almost surely,

X1

and these two quantities are independent.

Proof. For the necessity in Part (1), apply the d-increasing property of Cy to boxes whose
endpoints are written in coordinates of the inverse generator. The resulting nonnegative divided
differences of 1 are equivalent to d-monotonicity. For sufficiency, Williamson’s inversion theorem
states that ¢» € Wy if and only if there is a unique distribution F on (0,00) for which (20.7)
holds. This analytic result, combined with the following probabilistic argument, completes Part
(1). Full details of the divided difference equivalence and the inversion theorem appear in McNeil
and Neslehova (2009).

For fixed r > 0, ratios of simplex volumes give

d—1

P(rS; >z for j=1,...,d) = <1—M> .
T

+

Conditioning on R therefore yields
P(X;>axjforj=1,...,d) =@+ +zq). (20.8)
In particular, every marginal survival function is ¢, and the survival copula is
d

Cylur, ... ug) = [ > ¢~ (uy)

=1
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This proves Part (3).

Conversely, if U ~ Cy and X; = 1~ (U;), then monotonicity of ¢ gives
P(XJ > T for j=1 ... ,d) = Cw(@b(.%’l), ... ,w(l‘d)) = w(.%l —+ -+ iL’d).

The uniqueness in Williamson’s inversion theorem identifies this law with that of RS, proving
Part (2). Finally, ||S|l1 = 1 gives the identities for R and S that hold almost surely, including
their asserted independence. O

For d = 2, the geometry behind (20.5) is shown in Figure 18. The direction S lies on the unit
¢1-simplex, while R controls the distance along its ray.

T2
A
X =RS
Sob------

l So

1 » T

S1

FIGURE 18

Example 20.4 For d > 2, consider

da(t) = (1 —t)T

This generator belongs to Wy \ W41, so it generates copulas up to dimension d, but not in
dimension d + 1.

Solution. If R =1 almost surely, then (20.7) becomes
WalFr](t) = (1= )" = vat).
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Thus g € ¥4. The function fails to be (d — 1)-times differentiable at ¢t = 1, so it does not belong
to W4q1. The corresponding random vector is simply X = S. In particular, if Eq,..., Eg are
independent standard exponential random variables, then

gd Ey Eq
- d E PR ] d E )
> =1L > =1 Ej

and its survival copula is generated by 1)4. O

Proposition 20.5 Let ¢» € ¥;. A random vector with copula Cy can be generated as
follows.

1. Generate R from the Williamson inverse

d— 2

_ W() (—2)" iV (@)
x

] . x>0, (20.9)

where wf_l) denotes the right-hand derivative of 1)(4=2),

2. Independently generate S uniformly on §;. We can generate independent standard

exponential random variables F1, ..., E; and set
Ej
= —— je{l,...,d}. (20.10)
’ Zizl 1
3. Return
E,
Uj=9¢(RSj) =¢ | R—"—, je{l,....d}. (20.11)
k=1 Ey

Proof. The inversion formula (20.9) is the unique inverse of the Williamson transform in (20.7).
Normalizing independent gamma variables with common unit scale gives a Dirichlet random vector;
standard exponentials are gamma variables with shape one, so (20.10) is uniform on S3. Theo-
rem 20.3(3) then shows that X = RS has marginal survival function ¢ and survival copula Cy.
Hence U = (¢(X1),...,9¥(Xq)) has uniform margins and copula Cy, as asserted. O

Although exchangeability makes Archimedean copulas tractable, it also forces all pairwise marginal
copulas to be identical. Two important extensions relax this symmetry.

90



STAT 946 AN INTRODUCTION TO COPULA MODELING SPRING 2016

Remark 20.6 Replace the uniform simplex direction in (20.5) by

7 7
S=(="— . — ,
> k=1 Zk D i1 Lk

where Z1,...,Z; are independent gamma random variables with common unit scale and
respective shapes aq,...,aq > 0. Then S has the Dirichlet distribution with parameter
vector (aq, ..., aq). The survival copula of RS is called a Liouville copula. When all shapes

equal one, this construction reduces to the Archimedean case; unequal shapes generally
produce a nonexchangeable copula. See McNeil and Neslehova (2010).

Nested Archimedean copulas instead combine several Archimedean building blocks. Given disjoint
coordinate groups w1, ..., us, we consider

C(u) = Co(Cr(ur), ..., Crluy)). (20.12)

The expression in (20.12) is not automatically a copula; compatibility conditions between parent
and child generators are required. The construction originated with Joe (1997), and its stochastic
representation was developed by McNeil (2008).

-

Proposition 20.7 Let 9,1 € ¥, and define the three-dimensional nested Archimedean
candidate

C(ui,u2,u3) = C[)(Ul,C]_(UQ,ug)). (20.13)

If
(oo @Z)l)l is completely monotone, (20.14)

then C is a copula.

Proof. Let Fy = £ i), and, for = > 0, define

; (20.15)
)] - (20.16)

Set f = 11)61 o 91. Condition (20.14) says that f is a Bernstein function. Because t + e~ %!
is completely monotone, its composition with f is completely monotone. Thus g 1(-;x) is an

)

Archimedean generator for every x > 0. Denote its copula by C’éf .

go(u; ) = exp(—z¢y ! ()
Yo,1(t;z) = exp [—2g ! (¥
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Using the mixing representation of g, the expression in (20.13) becomes

C(u1,u2,u3) =/ go(u; x)tho (1 (u2) + 1 (us); ) dFy(x)
0
— [ s ) (s ). g ) dFoo) (20.17)
0
For the second equality, observe that

Yot (g0(u; 2); ) = 7 (u).

For each fixed z, the integrand in (20.17) is a three-dimensional distribution function with all
three margins equal to go(-; ). Mixing over F gives margins

/OOO go(u; ) dFp(x) = o (zpo_l(u)) = u.

Hence the mixture is a copula. O

Lecture 21 — Monday, July 18, 2016

The sufficient nesting condition in (20.14) also leads to a recursive frailty representation for deeper
trees. The following example contains three nesting levels.

Proposition 21.1 Consider the nested copula
C(u) = Co (u1, Cy(uz,u3), Ca(ug, C3(us, ug,ur))) , (21.1)

whose tree is shown in Figure 19. Suppose that the sufficient nesting condition holds along
each parent—child edge. Define

i (£ v) = exp [—vyp; " (15(1))]

for (i,7) € {(0,1),(0,2),(2,3)}. The following procedure generates a random vector with
copula C.

1. Generate

Vo ~ £ ipo].
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2. Conditionally on Vp, generate Vp1 and Vo independently according to
Voj | Vo~ 27 o (s V)], 5 € {1,2}.
Conditionally on Vpo, generate

Vaz | Voo ~ L Habas( - Voo)]-

3. Independently of these frailties, generate independent standard exponential random
variables F1, ..., Fy, and return

U = (Yo(E1/Vo), ¥1(E2/Vor), ¥1(Es/Vor), ¥2(Es/Vi2),

(21.2)
V3(Es5/Va3), 13(E6/Vas), ¥3(Er/Vaz)).

Vo
/ \
C 1 C’2

Vo1 Vo2

X
(=) (w) () |
1\
(=) (%] (=)
FIGURE 19

Proof. Condition on all four frailties. By independence of the exponential random variables, the
conditional joint distribution is the product of the corresponding exponential survival probabilities.
Integrating first over Va3 reconstructs the deepest child:

7 7
E {exp [ —Va3 ngl(uj) Voo | = 123 Z@Z}El(uj); Voo | = exp [—Voous ' (Cs(us, ue, ur))] -
=5 =5

After multiplication by the contribution from wuy4, integration over Vs yields

exp [—Vouy ' (Ca(us, Cs(us, ug, ur)))] -
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Likewise, integrating over Vj; turns the contributions from us, us into
exp [—Voug ' (Ci(uz,uz))] .
Including the leaf u; and finally integrating over Vg gives
o (g H(ur) + v (Cr(ug, us)) + vy ' (Ca(ua, Cs(us, us, ur)))) |

which is exactly (21.1).

Remark 21.2 The conditional mixing laws deeper in the tree, such as the law of Vas | Vje,
often have no elementary density or quantile function. Practical simulation may therefore re-
quire specialized methods for exponentially tilted stable laws or numerical Laplace inversion;
see Hofert (2011).

Solution to Exercise 20.2. For Part (1), differentiation gives
J/(t) _ ataflwl(ta).
Using (19.2) and then substituting s = ¢, we obtain
0 ~
1-7= 4/ t ()% dt
0 o0
%
= 4a/ sU'(s)?ds = a1 — 7).
0

Hence
T=1—a(l-"1).

p
For Part (2), ) = (1411

Equation (19.3) gives
—1/6
1 + 2ata> / _ 2—04/6‘

A = li
L 1m<1+t&
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For the upper tail, 'Hopital’s rule and

give
v =2 —lim 1-9()
iy
oy
=2—2lim 1/1(%) =2 - 2%
o' 51
O
Example 21.3 For A € [0, 1], define
C’)\(ul,uQ) = )\M(ul,uz) + (1 — )\)W(ul,uQ). (21.3)

Compute the following quantities.

1. Compute Spearman’s rho ps(C)).
2. Compute Kendall’s tau 7(Cl).
3. Compute Ar(Cy) and Ay (Cy).

The mixture has mass on the two diagonals of the unit square, as illustrated in Figure 20.

U2

weight A

weight 1 — A

\

Uy

FiGURE 20
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Solution. Let U be uniformly distributed on [0,1]. A random vector with copula C) has the
mixture representation

U,U), ith probability A,
(U, 1) £ ¢ Ui probabiliy (21.4)
(U,1—=U), with probability 1 — .
For Part (1),
E[UUs] = AE[U“] + (1 = ME[U(1 = U)] = 3 + %
Proposition 12.5(1) therefore gives
ps(Cy) = 12E[U1 U] — 3 = 2X — 1. (21.5)
For Part (2), first use (21.4) to calculate
. 1+ A
E[M(Uy,Usz)] = AE[U] + (1 — M)E[min{U,1 - U}] = 0
A
E[W (U1, Us)] = AE[(2U — 1)4] = 1
It follows that L4 5 A
E[C)\(Ul, Uz)] = )\T + (1 — )\)Z = 5
Proposition 12.5(2) now gives
7(Cy) =4E[C\(U1,Us)] — 1 =2\ — 1. (21.6)
For Part (3), when ¢ < 1/2,
(g, 9) = Aq,
and hence o
AL(Cy) = lim D@D _
0 ¢
When ¢ > 1/2,
Cx(g:q) = A+ (1= AN)(2¢ —1).
Consequently,
. 1-2¢+C\(q.9)
u(Cy) im 4

This equality of the two tail coefficients also follows from radial symmetry of both M and W. O
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Appendix: Lecture and Tutorial Index

1. Lecture 1—Monday, May 02, 2016

2. Lecture 2— Wednesday, May 04, 2016
3. Lecture 3— Monday, May 09, 2016

4. Lecture 4 — Wednesday, May 11, 2016

5. Lecture 5— Monday, May 16, 2016

6. Lecture 6 — Wednesday, May 18, 2016

7. Lecture 7— Wednesday, May 25, 2016

8. Lecture 8 —Monday, May 30, 2016

9. Lecture 9— Wednesday, June 01, 2016
10. Lecture 10— Monday, June 06, 2016
11. Lecture 11— Wednesday, June 08, 2016
12. Lecture 12— Monday, June 13, 2016
13. Lecture 13— Wednesday, June 15, 2016
14. Lecture 14— Monday, June 20, 2016
15. Lecture 15— Wednesday, June 22, 2016
16. Lecture 16— Monday, June 27, 2016
17. Lecture 17— Wednesday, June 29, 2016
18. Lecture 18 — Monday, July 04, 2016
19. Lecture 19— Wednesday, July 06, 2016
20. Lecture 20— Monday, July 11, 2016
21. Lecture 21 —Monday, July 18, 2016
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